
                          

LETTER • OPEN ACCESS

Engineering the sensitivity of macroscopic physical
systems to variations in the fine-structure constant
To cite this article: B. Zjawin et al 2021 EPL 136 58001

 

View the article online for updates and enhancements.

You may also like
Disturbance-based measure of
macroscopic coherence
Hyukjoon Kwon, Chae-Yeun Park, Kok
Chuan Tan et al.

-

Generation of macroscopic entanglement
in ensemble systems based on silicon
vacancy centers
Jian-Zhuang Wu,  , Ying Xi et al.

-

Modelling the transport of geometrically
necessary dislocations on slip systems:
application to single- and multi-crystals of
ice
T Richeton, LT Le, T Chauve et al.

-

This content was downloaded from IP address 158.75.105.70 on 10/03/2026 at 07:57

https://doi.org/10.1209/0295-5075/ac3da3
/article/10.1088/1367-2630/aa68f5
/article/10.1088/1367-2630/aa68f5
/article/10.1088/1674-1056/ad5d93
/article/10.1088/1674-1056/ad5d93
/article/10.1088/1674-1056/ad5d93
/article/10.1088/1361-651X/aa5341
/article/10.1088/1361-651X/aa5341
/article/10.1088/1361-651X/aa5341
/article/10.1088/1361-651X/aa5341


December 2021

EPL, 136 (2021) 58001 www.epljournal.org

doi: 10.1209/0295-5075/ac3da3

Engineering the sensitivity of macroscopic physical systems
to variations in the fine-structure constant

B. Zjawin
1,2(a)

, M. Bober
1
, R. Ciury�lo

1
, D. Lisak

1
, M. Zawada

1 and P. Wcis�lo
1(b)

1 Institute of Physics, Faculty of Physics, Astronomy and Informatics, Nicolaus Copernicus University
Grudzia̧dzka 5, 87-100 Toruń, Poland
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Abstract – Experiments aimed at searching for variations in the fine-structure constant α are
based on spectroscopy of transitions in microscopic bound systems, such as atoms and ions, or
resonances in optical cavities. The sensitivities of these systems to variations in α are typically
on the order of unity and are fixed for a given system. For heavy atoms, highly charged ions
and nuclear transitions, the sensitivity can be increased by benefiting from the relativistic effects
and favorable arrangement of quantum states. This article proposes a new method for controlling
the sensitivity factor of macroscopic physical systems. Specific concepts of optical cavities with
tunable sensitivity to α are described. These systems show qualitatively different properties from
those of previous studies of the sensitivity of macroscopic systems to variations in α, in which the
sensitivity was found to be fixed and fundamentally limited to an order of unity. Although possible
experimental constraints attainable with the specific optical cavity arrangements proposed in this
article do not yet exceed the present best constraints on α variations, this work paves the way for
developing new approaches to searching for variations in the fundamental constants of physics.
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Introduction. – Although the standard model de-
scribes nature at the microscale with remarkable accu-
racy, it does not provide an explanation of the values of
the parameters on which it is based, i.e., the fundamental
constants. This has triggered a number of questions and
hypotheses, including those about possible variations in
the fundamental constants, which are also motivated by
fundamental forces unification theories in which time and
space variations in the fundamental constants naturally
appear [1].

Recently, considerable experimental effort (both labora-
tory experiments [2–5] and astrophysical observations [6])
has been made to search for variability in the fundamental
constants. In this paper, we focus on the fine-structure
constant α. We show that it is possible to design a
macroscopic physical system for which the sensitivity to
variations in α can be controlled. As a specific example,

(a)E-mail: beata.zjawin@phdstud.ug.edu.pl (corresponding au-
thor)
(b)E-mail: piotr.wcislo@umk.pl

we theoretically consider a class of optical cavities with
singular configurations for which the sensitivity of the fre-
quency of the cavity modes to variations in α can be tuned,
in principle, up to infinity. Although possible experimen-
tal constraints on α variations attainable with the spe-
cific designs proposed in this article would not exceed the
present best constraints, our considerations show that the
sensitivity factor does not need to be fixed for a given
system and that macroscopic systems can have enhanced
sensitivity to variations in α. This introduces new per-
spectives on the search for variations in physical constants
and the related tests of fundamental physics, such as dark
matter searches [4,5,7,8] and tests of extra-dimensional
theories [9].

The detection limits of atomic, molecular, and optical
experiments aimed at searching for α variations are deter-
mined by two factors: 1) the sensitivity of the considered
frequency reference to variations in α and 2) the relative
precision of the frequency measurements. The highest rel-
ative precision is achievable in the optical domain [10,11],
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e.g., with optical cavities approaching 10−17 in the 1 to
100 s time range [12–14]. To quantify the sensitivity of
a frequency reference to variations in α, a dimensionless
coefficient, Kα, is defined as

δν0
ν0

= Kα
δα

α
, (1)

where ν0 is the frequency of the reference [15,16]. The
value of Kα depends on the choice of units; in this
work, we use SI units unless otherwise stated. Searches
for variations in α usually benefit from a comparison
between different ultranarrow atomic or ionic optical tran-
sitions [17–19]. In general, the effective sensitivity coeffi-
cient for a comparison of two optical atomic transitions
is on the order of unity or smaller and increases with
the difference in the nuclear charges of the two atomic
species due to relativistic corrections [16,20,21]. Recently,
a transition in Yb was proposed as a new frequency stan-
dard, having the highest sensitivity coefficient among op-
tical atomic clock transitions, Kα = −13 (K̃α = −15 in
atomic units) [22]. Kα can be further improved by ap-
plying highly charged ions for which Kα increases with
the ionization potential, reaching Kα = 1142 (K̃α = 1140
in atomic units) in Cf16+ [23]. Currently, the strongest
α-dependence has been predicted for a nuclear transi-
tion in 229Th for which Kα ≈ −9000 [24,25]. We note
that for some systems with transitions between nearly de-
generate states, the sensitivity coefficient is strongly en-
hanced [26–29]. However, since the level spacing lies in
the radio/microwave frequency range, the measurements
based on such transitions do not benefit from ultrahigh
relative precision relevant for optical metrology. In addi-
tion to atomic, ionic and nuclear transitions, macroscopic
systems, such as optical resonators, can be used to search
for variations in α [4,5,30,31]. Existing optical resonators
with solid-state spacers are limited to Kα = 1, and there
have been no proposals on how to significantly enhance
their α-dependence. Moreover, for all the systems men-
tioned above, the sensitivity of a frequency reference to
variations in α is fixed without capability to tune it.

In this work, we study macroscopic physical systems.
As an example of such systems, we focus on optical res-
onators. We show that their sensitivity to variations in α
can be controlled and enormously enhanced by replacing
ordinary solid-state spacers (whose length is solely deter-
mined by electrostatic interactions) with classical macro-
scopic systems whose equilibrium points are determined
by a balance between not only electrostatic but also mag-
netostatic interactions. We identify singularities in the
static solutions at which Kα diverges to infinity.

Optical cavity design. – The frequency of the Ncav-
th longitudinal mode of an optical cavity in vacuum is
given by

νcav =
Ncavc

2R
, (2)

where c is the speed of light and R is the distance between
the mirrors. In the case of ordinary optical resonators,
R is simply equal to the length of the solid-state spacer.
Within the Born-Oppenheimer approximation, which in-
cludes only electrostatic interactions, the linear dimen-
sions of any physical object (starting from atoms and
molecules up to crystals and amorphous solids such as ul-
tralow expansion glass) scale as ∝ α−1; see the“Methods”
in [4] for a derivation in SI units and [31,32] for a derivation
in a.u. Therefore, the length of the cavity spacer can be
expressed as

R = ρα−1, (3)

where ρ is a factor that does not depend on α. It follows
from eqs. (2) and (3) that

νcav =
Ncavc

2ρ
α. (4)

After substituting eq. (4) into eq. (1), one can simply show

that Kα = 1 (in atomic units K̃α = −1). This analysis
was carried out in ref. [4] in SI units and in refs. [30,31]
in atomic units. Considering the relativistic effects in
solid-state structures leads to a deviation from Kα = 1
on the order of 0.1 for gold and lead, with less deviation
for lighter elements such as those of cavity spacer mate-
rials [30,31,33]. This implies that Kα ≈ 1 for ordinary
cavities.
We show how to engineer the sensitivity of optical res-

onators to variations in α. Our method is based on
replacing an ordinary solid-state spacer with a differ-
ent mechanism that determines the distance between the
mirrors, R. For an ordinary solid-state spacer, the α-
dependence of R is given by eq. (3). Here, we show that
the α-dependence of R can be arbitrarily tuned over a
wide range when R is determined not by the length of the
solid-state spacer but by the balance between electrostatic
and magnetostatic forces, as illustrated in fig. 1. Note that
the relation in eq. (2) is valid for any type of mechanism
that sets the spacing of the mirrors, R, and once the R(α)-
dependence is calculated, the sensitivity coefficientKα can
be directly determined from eqs. (1) and (2).

The α-dependencies of the electrostatic and magneto-
static forces. To calculate the α-dependence of R for
the arrangement shown in fig. 1, we start by discussing
the α-dependencies of the electrostatic force between two
charged spheres, FQ, and the magnetostatic force between
two magnets, FM . The electrostatic force can be expressed
as

FQ(r) =
N2

e e
2

4πε0
r−2 = ξQαr

−2, (5)

where Ne is the number of elementary charges stored in
each of the spheres, e is the elementary charge, ε0 is the
vacuum permittivity, ξQ = N2

e �c, � is the reduced Planck
constant, c is the speed of light and the fine-structure con-
stant is given by

α =
e2

4πε0�c
. (6)
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Fig. 1: The concept of an optical resonator with tunable sensi-
tivity to fine-structure constant variations. The separation be-
tween the mirrors, R, is determined by the equilibrium between
the electrostatic and magnetostatic interactions. The separa-
tion between the magnets is the same as the cavity length, R,
and the separation between the charged spheres is R − l. The
position of the equilibrium point is dictated by the l/R0 ratio,
where l is the length of the offset rod and R0 is the zero-offset
equilibrium cavity length (the separation between the mirrors
when no offset is applied and the forces are in balance). The
mirrors can move only along the cavity axis; for simplicity, we
do not present a mechanical system that limits movement in
other dimensions.

The magnetostatic force acting between two parallel and
coaxial magnets, each having a magnetic moment μ, can
be written as

FM (r) =
3μ0

2π

μ2

r4
=

3

2π

1

ε0c2
μ2

r4
. (7)

To analyze the dependence of a magnetic moment, μ,
on α, we consider the example of a magnetic interaction
originating from the intrinsic magnetic dipole moment of
an electron, μs, which can be written as

μs = −gsμBS, (8)

where gs, μB and S are the electron g-factor, Bohr magne-
ton and spin (S = 1/2), respectively. The Bohr magneton
is given by μB = (e�)/(2me), where me is the electron
mass. Perturbation calculations show that gs can be ex-
pressed as

gs = 2 + 2C2

(α
π

)
+ 2C4

(α
π

)2

+ 2C6

(α
π

)3

+ · · · , (9)

where the Schwinger correction, C2, equals 1/2. The co-
efficients Ci, for i = 4, 6, are calculated analytically, and
the coefficients Ci, for i = 8, 10, are evaluated numeri-
cally [34]. Equation (9) shows that, to the first order, gs
does not depend on α, and the first leading term changes
the effective sensitivity of gs to α, (dgs/dα)/(gs/α), by
only 0.0012. We ignore this small correction, which al-
lows us to write μs = −2 1

2μB = −μB and, hence,

μ2 = N2
μμ

2
B = N2

μe
2
�
2/(2me)

2 for Nμ contributing elec-
trons. Therefore, the α-dependence of the magnetostatic
force in SI units is

FM (r) =
3

2πc2ε0

N2
μe

2
�
2/(2me)

2

r4
=

3�3

2m2
ec

N2
μ

r4

(
e2

4πε0�c

)
.

(10)
After substituting α = e2/(4πε0�c), we obtain the
α-dependence of FM in SI units

FM (r) =
3�3

2m2
ec

N2
μ

r4
α = ξMαr−4, (11)

where ξM = (3�3N2
μ)/(2m

2
ec). The analysis provided here

can be repeated for magnetic interactions originating from
the orbital angular momentum, μl, which leads to the
same α-dependence of the magnetostatic force. Thus,
both electrostatic (FQ) and magnetostatic (FM ) forces are
proportional to α in SI units and depend on r as ∝ r−2

and ∝ r−4, respectively.

The equilibrium point of the cavity. In the arrange-
ment illustrated in fig. 1 the separations between the mag-
nets and between the mirrors are the same and are denoted
as R. One of the charged spheres is placed on a solid-state
rod that acts as an offset from the position of the magnet.
Therefore, the separation between the charged spheres is
R − l. The offset rod plays a central role in this configu-
ration since it changes the local power-law R-dependence
of the electrostatic contribution to the force acting on the
mirrors, FQ = ξQα(R − l)−2. This force can be locally
represented as FQ ∝ R−N . Without the offset rod (for
l = 0), N = 2. When a nonzero offset is applied (l �= 0),
the power

N = 2
R

R− l
(12)

can be arbitrarily tuned in the range of 2 to infinity by
changing the values of R and l (we consider here only the
relevant R > l case); see appendix A in the Supplemen-
tary Material Supplementarymaterial.pdf (SM) for the
derivation. For the magnetostatic force, there is no off-
set rod; therefore, the force depends on R as FM ∝ R−4

(N = 4). The two forces, FM and FQ, are shown as a
function of R/R0 (black and green lines, respectively) in
the upper panel in fig. 2. Since the result is shown on
a log-log plot, the power N in eq. (12) gives the local
slope of the curves. The zero-offset equilibrium length,
R0 =

√
ξM/ξQ, is the distance between the magnets when

the electrostatic and magnetostatic forces are in balance
with no applied offset (l = 0). The value of the l/R0 ra-
tio determines the relative position of the black and green
curves in fig. 2, which determines the number of equilib-
rium points, i.e., the number of static solutions in which
the forces are balanced. The balance is achieved when
FQ(r = R − l) = FM (r = R), that is, after substituting
the expressions from eqs. (5) and (11)

ξQ
1

(R− l)2
= ξM

1

R4
. (13)
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Fig. 2: Upper panel: electrostatic (FQ) and magnetostatic
(FM ) forces (green and black lines, respectively) as a function
of the normalized cavity length, R/R0. The forces are normal-
ized to F0 = FM (R0) = FQ(R0) for l = 0. The offset-to-R0

ratio, l/R0, equals 0.1, 0.25 and 0.5 for the dotted, solid and
dashed green lines, respectively. In the case of attractive elec-
trostatic and repulsive magnetostatic forces, the blue and red
dots correspond to the stable and unstable equilibrium points,
respectively (the stability is exchanged for reversed signs of the
forces). Bottom panel: the sensitivity coefficient as a function
of the offset-rod length. The solution depicted with the blue
line is stable for attractive electrostatic and repulsive magne-
tostatic forces. The solution shown with the red curve is stable
for the reversed signs of the forces (the red and blue lines in
the bottom panel correspond to the red and blue points in the
upper panel). The orange line indicates the sensitivity for the
case with no offset rod (l = 0). The brown and magenta lines
indicate the sensitivities for an ordinary cavity with a solid-
state spacer and for an electronic transition in a nonrelativistic
atom, respectively. R0 is an equilibrium value of R when there
is no offset rod and l = 0.

After ignoring the solutions for l > R, which are irrelevant
for this analysis, eq. (13) can be written in the form of a
quadratic function,

R2 −R0R+R0l = 0. (14)

Balance between the two forces is achieved for R that are
solutions of eq. (14):

R =
1

2
R0

(
1∓

√
1− 4

l

R0

)
. (15)

In the particular case of l/R0 = 0.25, there is exactly
one equilibrium point (the crossing point of the green and
black solid lines in fig. 2). Smaller and larger values of
l/R0 lead to two (green dotted line in fig. 2) and zero
(green dashed line in fig. 2) static solutions, respectively.
When the number of static solutions is two, their stability
depends on which force is chosen to be attractive. In the
configuration presented in fig. 1, when the electrostatic
force is attractive and the magnetostatic force is repulsive,
the solution marked with the blue dot in the upper panel
in fig. 2 is stable, and the red-marked solution is unstable.
For opposite signs of the forces, the situation is reversed:
the red-marked solution is stable, and the blue-marked
solution is unstable.

Susceptibility to variations in α. – The α-
dependence of R can be directly determined from eq. (15).
Since R0 does not depend on α, the α-dependence arises
only from the length of a solid-state spacer, l. As noted
above (see the discussion before eq. (3)), the linear dimen-
sions of solid-state spacers are proportional to α−1; hence,
l can be written as

l = λα−1, (16)

where λ is a parameter that does not depend on α. It
follows from eqs. (15) and (16) that the α-dependence of
R is given by

R(α) =
1

2
R0

(
1∓

√
1− 4

λ

R0
α−1

)
. (17)

Substituting this result into eq. (2) gives the α-dependence
of the frequency of a cavity mode:

νcav(α) =
Ncavc

R0

1

1∓
√

1− 4 λ
R0

α−1
. (18)

It follows from eq. (1) that the sensitivity coefficient can
be evaluated as

Kα =
α

νcav

dνcav
dα

. (19)

Substituting the νcav(α) function from eq. (18) into
eq. (19) gives (the details of this step are given in ap-
pendix B in the SM)

Kα =
1

2
± 1

2

1√
1− 4 l

R0

. (20)

A crucial point of our concept is that the value of Kα

can be continuously tuned from −∞ to +∞ (excluding a
small range from Kα = 0.5 to 1) by changing the l/R0 ra-
tio. The adjustment of the Kα value towards the singular
point (where Kα diverges to ∞) is illustrated in the bot-
tom panel in fig. 2. The finite value of Kα corresponds to
the stable configurations represented by the intersection of
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the dotted green line and the black line (blue or red point
depending on the signs of the forces). When the l/R0 ratio
increases, the green dotted line moves towards the green
solid line. The singular point occurs when the blue and
red points converge to a single point, and the secant green
dotted line becomes the tangent solid green line, that is,
when l/R0 = 0.25. In this configuration, Kα diverges
to infinity. The Kα-dependence on l/R0 is presented in
the bottom panel in fig. 2. The blue and red lines rep-
resent the stable and unstable branches, respectively, of
the configuration presented in fig. 1, i.e., for the case of
an attractive electrostatic force and a repulsive magne-
tostatic force. We also mark the values of Kα for some
typical frequency references: the ordinary cavity with a
solid-state spacer (Kα = 1, brown dashed line), the con-
figuration without an offset (Kα = 0, orange dashed line)
and a nonrelativistic atomic transition (Kα = 2, magenta
dashed line).

We showed that adding a macroscopic arrangement that
combines electrostatic and magnetostatic interactions to
a solid-state spacer results in strong enhancement of the
sensitivity of an optical cavity to variations in α. How-
ever, the configuration illustrated in fig. 1 is not the only
configuration that exhibits this feature. We discuss this
finding in detail in appendix D in the SM, where we
demonstrate that the strong enhancement in the sensi-
tivity to variations in α can be achieved in an arrange-
ment that is based on a balance between electrostatic and
gravitational interactions. Although a configuration that
involves gravitational force is unrealistic from the point of
view of experimental realization, it is noteworthy to men-
tion it since it shows that the arrangement in fig. 1 is not
the only macroscopic physical system in which Kα is not
fixed and can be arbitrarily tuned.

Susceptibility to variations in other parameters.
– In the third section, we consider the sensitivity of the
macroscopic system illustrated in fig. 1 to variations in α
under the assumption that other factors that may affect
the cavity mode frequency do not change. Our analysis
shows that macroscopic systems are not fundamentally
limited to have fixed sensitivity factors. Although the
particular configurations proposed in this article would
not exceed the present best experimental constraints on α
variations, it is interesting to analyze their enhancement
in sensitivity to potential sources of noise. We consider
two examples: thermal noise of the mirror coatings and
substrates and fluctuations in the offset-rod length.

Example 1: thermal fluctuations of the mirror substrates
and coatings. For the configuration illustrated in fig. 1,
the equilibrium position R is given by eq. (15). If the ther-
mal fluctuations of the mirror substrates and coatings are
to be accounted for then the equilibrium point R cannot
be identified with the mirror spacing. In the denominator
of eq. (2), R should be replaced with R+ ε, where ε is an
offset due to the way the mirrors are mounted, the mirror
substrates thickness, etc. For simplicity, we may assume

that mirror mounting is designed in a way that ε = 0, but
we cannot assume that its noise, δε, is zero. Noise in R,
δR, and δε enters eq. (2) independently; hence, the singu-
lar behavior of R does not enhance the noise of the cavity
mode frequency originating from thermal fluctuations of
the mirror substrates and coatings (δε). Therefore, the
enhancement in Kα directly improves the ratio of the hy-
pothetical α-variation signal to this source of noise (with
respect to an ordinary cavity with a solid-state spacer). It
should be noted that the performance of the present best
optical resonators is limited by the thermal noise of the
mirror coatings [35].

Example 2: fluctuations in the length of the offset rod.
In this section, we analyze another example of an instabi-
lity source that exhibits qualitatively different behavior
than the example in the previous subsection, that is, fluc-
tuations in the offset rod length (l in fig. 1). To quantify
it, we define a dimensionless coefficient, Kl, as

δν0
ν0

= Kl
δl

l
. (21)

In the third section, eq. (18), we showed that for the con-
figuration illustrated in fig. 1, the frequency of a cavity
mode can be written as

νcav(l) =
Ncavc

R0

1

1∓
√

1− 4 l
R0

. (22)

By substituting it into the formula for the sensitivity co-
efficient,

Kl =
l

νcav

dνcav
dl

, (23)

we obtain

Kl = −1

2
∓ 1

2

1√
1− 4 l

R0

. (24)

For the configuration presented in fig. 1, the sensitivity
coefficients Kl and Kα have a similar form. It means
that this specific configuration has enhanced sensitivities
to both instability in l and variations in α.

In appendix D in the SM we discuss a different con-
figuration in which the enhanced Kα does not entail an
enhancement in Kl. For the configuration illustrated in
fig. D.1 in the SM, the sensitivity coefficient to the fluctu-
ations in the length of the offset rod is

Kl = −1, (25)

see appendix D in the SM for the derivation. A
comparison of eqs. (24) and (25) shows that the
choice of a specific macroscopic system may dramati-
cally change the enhancement of the cavity to a given
quantity.
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Summary and discussion. – We proposed a con-
struction of a macroscopic physical system with enhanced
sensitivity to variations in α. In contrast to various meth-
ods previously proposed for searches of variations in α,
the approach considered here allows the α-sensitivity to
be arbitrarily tuned, in principle, up to infinity. Instead of
benefiting from favorable arrangements of quantum states
in natural microscopic bound systems (such as atoms,
molecules or ions), we show that Kα can be engineered
by designing a synthetic macroscopic system that reveals
some singularities in the equilibrium points. In particu-
lar, we calculated the singular points in which Kα diverges
to infinity for the optical resonator configuration that in-
cludes electrostatic and magnetostatic interactions. Our
result is qualitatively different from those of previous stud-
ies of the sensitivity of optical resonators to variations in
α, in which Kα was found to be fundamentally limited to
an order of unity. This approach opens a way for further
searches with other arrangements that would be possible
from the perspective of an experimental realization. Fi-
nally, the concept demonstrated here has the potential
to be extended to other fundamental constants, e.g., the
proton-to-electron mass ratio.
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