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 A B S T R A C T

Parameters associated with the collisional perturbation of spectral lines are essential for modeling the 
absorption of electromagnetic radiation in gas media. The HITRAN molecular spectroscopic database provides 
these parameters, although originally they were associated only with the Voigt profile parametrization. 
However, in the HITRAN2016 and HITRAN2020 editions, Voigt, speed-dependent Voigt and Hartmann-Tran 
(HT) profiles have been incorporated, thanks to the new relational structure of the database. The HT profile 
was introduced in HITRAN in 2016 as a recommended profile for the most accurate spectral interpretations and 
modeling. It was parameterized with a four-temperature-range temperature dependence. Since then, however, 
some features of the HT profile have been revealed that are problematic from a practical perspective. These 
are: the singular behavior of the temperature dependencies of the velocity-changing parameters when the shift 
parameter crosses zero and the difficulty in evaluating the former for mixtures. In this article, we summarize 
efforts to eliminate the above-mentioned problems that led us to recommend using the quadratic speed-
dependent hard-collision (qSDHC) profile with double-power-law (DPL) temperature dependencies. We refer 
to this profile as a modified Hartmann-Tran (mHT) profile. The computational cost of evaluating it is the 
same as for the HT profile. We give a detailed description of the mHT profile (also including line mixing) and 
discuss the representation of its parameters, together with their DPL temperature parametrization adopted in 
the HITRAN database. We discuss an efficient algorithm for evaluating this profile and provide corresponding 
computer codes in several programming languages: Fortran, Python, MATLAB, Wolfram Mathematica, and 
LabVIEW. We also discuss the associated update of the HITRAN Application Programming Interface (HAPI).

1. Introduction

A model of the collision-induced shape of spectral lines is needed 
for the accurate reproduction of observed spectra from individual line 

I This article is part of a Special issue entitled: ‘HITRAN 2024’ published in Journal of Quantitative Spectroscopy and Radiative Transfer.
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parameters provided in spectroscopic databases. On the one hand, the 
Voigt profile often cannot reproduce experimental line shapes to better 
than percent accuracy at typical atmospheric pressures and tempera-
tures (see e.g. [1–6]). Additionally, the requirement for accuracy, e.g. in 
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remote sensing of atmospheric composition, has already reached the 
sub-percent level [7]. In particular, measurements of greenhouse gas 
concentrations require highly accurate reference data, which can be 
achieved only with sophisticated beyond-Voigt models of line shapes, 
e.g. [8,9]. Many other fields related to gas metrology also require 
accurate beyond-Voigt line-shape models, e.g., hygrometry [10,11], 
remote pressure and temperature measurements [12–14], and even 
testing ab initio quantum chemical calculations [15,16] and quantum 
electrodynamics for molecules [17].

To address the problem raised above, a variety of sophisticated 
line-shape models were developed over the last decades. They aimed 
at taking into account two main beyond-Voigt physical effects: the 
speed dependence of the pressure-induced width and shift [18] mod-
eled with the hypergeometric [18–20] or quadratic approximation [21,
22] and the collisional changes of the active molecule velocity lead-
ing to Dicke narrowing [23] modeled with the hard- [2,24–28] or 
soft-collision [29–32] approximation. Combinations of hard- and soft-
collision models were also discussed, extending the approaches of 
Rautian and Sobelman [25,33–37] as well as Keilson and Storer [37–
41] (see review in [42]). A more realistic rigid-sphere model [43,
44] of velocity-changing collisions takes into account the mass ratio 
of colliding molecules and incorporates the relative importance of 
the speed- and direction-changing collisions [45–48]. This model is 
used in the billiard-ball (BB) and speed-dependent billiard-ball (SDBB) 
profiles [45,49]. A computationally efficient algorithm to calculate 
billiard-ball profiles [50] enables applications to a wide range of gas 
pressures, down to the Doppler limit. The advantage of the rigid sphere 
approach over simpler models is particularly pronounced in the case 
of molecular hydrogen lines [15,17,48,51]. Finally, velocity-changing 
collisions were modeled with a repulsive inverse-power potential [49] 
in the case of speed-dependent spectral line shapes [52]. Typically, 
the collisional regime, where the pressure broadening greatly exceeds 
the Doppler width, does not provide much information about the 
Dicke-narrowing parameters (this is often the case for most of the 
microwave and far-IR spectra). However, there are also systems exhibit-
ing strong inhomogeneous collisional broadening or narrowing (due to 
pronounced speed-dependent collisional broadening and shift) and for 
them the velocity-changing collisions (their speed-changing part) can 
affect spectra noticeably even in the collisional regime [26,40,45,46,48,
53–58].

An experimental study of Pine [59] supported by theoretical cal-
culations [60] indicated that the accurate description of spectral lines 
requires the correlation between the velocity-changing and dephasing 
collisions to be included, which can lead to a complex-valued Dicke 
narrowing parameter [23] and a line shape asymmetry. First such 
correlations have been introduced by Rautian and Sobelmann [25] 
and later elaborated by others [2,36,61–63] also in the context of 
line-mixing [64–66]. Full quantum calculations of the speed-dependent 
collisional broadening and shift as well as of the complex Dicke narrow-
ing parameter [60,67–70] are based on the generalized Hess method 
(GHM) [71–73]. Unambiguous experimental validation of the theo-
retically predicted complex-valued Dicke narrowing parameter was 
demonstrated in Refs. [15,74]. 

Among line-shape models, the partially correlated speed-dependent 
hard-collision profile [2] with quadratic speed-dependent pressure-
induced width and shift [21] turned out to have a simple algebraic 
form which is a combination of Voigt profiles [5,75]. This property 
makes it very efficient from a computational perspective. Moreover, 
this profile can mimic more elaborate models with good accuracy [76] 
when multispectrum analysis is applied [77,78].

The partially-correlated quadratic speed-dependent hard-collision 
(pCqSDHC) profile was suggested for use in future databases in 2013 [5], 
considering its universality, low computational cost [75] and ability to 
reproduce experimental spectra to typically below 1 permille accuracy. 
This profile was later recommended by the IUPAC (International Union 
of Pure and Applied Chemistry) water-vapor task group as the new 

beyond-Voigt line shape standard for spectroscopic databases [79], 
and it was named the Hartmann-Tran (HT) profile. The authors of 
the original work subsequently diagnosed an inconsistency in the sign 
convention assumed in the original formulation [80,81] and conclu-
sively clarified the issue in a note [82]. In 2016, the HT profile was 
implemented in the HITRAN database [83–85]. In order to improve the 
accuracy in the representation of the temperature dependencies of the 
line-shape parameters, the full temperature range (from 0 to 1000 K) 
was split into four intervals (4TR representation) and within each of 
them, a separate set of parameters associated with a single power law 
in temperature was provided [83].

Since its original formulation [5], the HT profile has been widely 
used for accurate spectra simulations and analysis (e.g. [86,87]) which 
allowed the community to identify some limitations related to the 
parametrization of the velocity-changing collision part. In the HT pro-
file, the complex rate, 𝜈𝑜𝑝𝑡, that scales the hard-collision velocity-
changing operator is parameterized in the following way 
𝜈𝑜𝑝𝑡 = 𝜈𝑉 𝐶 − 𝜂(𝛤0 + 𝑖𝛥0) − 𝜂(𝛤2 + 𝑖𝛥2)(𝑣2∕𝑣2𝑚 − 3∕2), (1)

where 𝜈𝑉 𝐶 is the frequency of velocity-changing collisions and 𝜂 is 
the correlation parameter. 𝛤0 and 𝛥0 are the speed-averaged pressure 
broadening and shift, and 𝛤2 and 𝛥2 are the corresponding speed 
dependence parameters. The actual and most probable speeds of an 
active molecule are denoted as 𝑣 and 𝑣𝑚, respectively. Although the 
definition and detailed discussion of the mHT profile are given in 
Section 2, here we give an expression defining 𝜈𝑜𝑝𝑡 for the mHT profile, 

𝜈𝑜𝑝𝑡 = 𝜈𝑟𝑜𝑝𝑡 + 𝑖𝜈𝑖𝑜𝑝𝑡, (2)

to highlight a key difference between the two profiles. 𝜈𝑟𝑜𝑝𝑡 and 𝜈𝑖𝑜𝑝𝑡 are 
the real and imaginary parts of the Dicke narrowing parameter [69]. 
The much more complicated way of defining 𝜈𝑜𝑝𝑡 in the HT profile 
(which also involves the 𝛤0 and 𝛥0, and 𝛤2 and 𝛥2 parameters) causes 
some problems for spectral analysis and for storing these parameters in 
the database.

A direct comparison of Eqs. (1) and (2) cannot be made because 
Eq. (1) introduces an additional dependence of 𝜈𝑜𝑝𝑡 on the speed of 
the absorbing molecule (the problem of the speed dependence of 𝜈𝑜𝑝𝑡 is 
discussed in the end of this section). Nonetheless, to explain the origin 
of the singular behavior of the 𝜈𝑉 𝐶 and 𝜂 parameters, one can ignore 
the last term (the speed dependence of 𝜈𝑜𝑝𝑡) in Eq. (1) and compare the 
two equations, which allows the expression of 𝜈𝑉 𝐶 and 𝜂 in terms of 
𝜈𝑟𝑜𝑝𝑡 and 𝜈𝑖𝑜𝑝𝑡 [69]: 

𝜈𝑉 𝐶 = 𝜈𝑟𝑜𝑝𝑡 − 𝜈𝑖𝑜𝑝𝑡
𝛤0
𝛥0

, (3)

𝜂 = −
𝜈𝑖𝑜𝑝𝑡
𝛥0

. (4)

It directly results from these equations that the HT profile parame-
ters, 𝜈𝑉 𝐶 and 𝜂, exhibit singular behaviors when 𝛥0 crosses zero. We 
show in Fig.  1(a) an example of a system, the Q(1) 2-0 line in self-
perturbed H2, that exhibits such a behavior (the curves in Fig.  1(b) 
come from ab initio fully quantum calculations, see Ref. [69] and the 
references therein). The black curves in the right plots in panel (b) 
show the temperature dependencies of the real and imaginary parts 
of the Dicke narrowing parameter (𝜈𝑟𝑜𝑝𝑡 and 𝜈𝑖𝑜𝑝𝑡). Both parameters 
exhibit a nice and smooth behavior versus temperature and are well 
approximated with the double-power-law (DPL) representation. How-
ever, when we transform these temperature dependencies into the HT 
profile parametrization (using Eqs. (3) and (4)), then the singularities 
appear at the point where the shift parameter, 𝛥0, crosses zero, see Fig. 
1. It is very problematic to represent such temperature dependencies 
in a database. It should be emphasized that the singular behavior of 
𝜈𝑉 𝐶 and 𝜂 does not originate from the properties of the complex Dicke 
narrowing parameter but from the parametrization of the HT profile 
(see Eq. (1)).

Journal of Quantitative Spectroscopy and Radiative Transfer 347 (2025) 109596 

2 



P. Wcisło et al.

Fig. 1. Examples of temperature dependencies of the velocity-changing line-
shape parameters. (a) HT-profile parametrization: the frequency of velocity-
changing collisions, 𝜈̃𝑉 𝐶 (tilde denotes the pressure-independent version of 
𝜈𝑉 𝐶 , i.e., 𝜈𝑉 𝐶 = 𝑝 𝜈̃𝑉 𝐶 ), and the correlation parameter 𝜂. (b) Parametrization 
recommended in this paper based on a direct decomposition of the complex 
Dicke parameter into its real, 𝜈̃𝑟𝑜𝑝𝑡, and imaginary, 𝜈̃𝑖𝑜𝑝𝑡, parts.

The temperature dependencies of the HT profile parameters 𝜈𝑉 𝐶 and 
𝜂 can also be problematic in some other cases in which 𝛥0 does not cross 
zero. Examples of it are shown in the left panels in Fig.  1(a) and (b) 
for the case of the P(1) 1-0 line in Ar-perturbed CO. The temperature 
dependence of the 𝜈𝑟𝑜𝑝𝑡 parameter is well reproduced by a DPL, whereas 
the 𝜈𝑖𝑜𝑝𝑡 parameter exhibits a strange behavior at low temperatures that 
makes it difficult to be well approximated with a DPL. The magnitude of 
𝜈𝑖𝑜𝑝𝑡 is much smaller than 𝜈𝑟𝑜𝑝𝑡 and errors in representing the temperature 
dependence of 𝜈𝑖𝑜𝑝𝑡 have almost negligible influence on the line shape. 
However, when we use the HT profile parametrization, much of the 
strange behavior of 𝜈𝑖𝑜𝑝𝑡 also propagates to 𝜈𝑉 𝐶 which makes it difficult 
to be represented with the DPL (see the lower left panel in Fig.  1(a)), 
resulting in a huge impact on the line shape.

The physical meaning of the real and imaginary parts of 𝜈𝑜𝑝𝑡 follows 
from the generalized Hess method [71–73], which links them to the 
first-principles quantum-scattering calculations. The sign of 𝜈𝑖𝑜𝑝𝑡 can 
be both positive and negative. It depends on the molecular system, 
transition, and temperature (for instance, see Fig. 10 in Ref. [69]) and 
both signs are physical. In Ref. [74], the ab initio 𝜈𝑖𝑜𝑝𝑡 was validated ex-
perimentally confirming its physical meaning. The sign of 𝜂 is a matter 
of convention adopted in the phenomenological parametrization, see 
Eq. (4). 

The second problematic feature of the parametrization of the HT 
profile is the nontrivial way of evaluating 𝜈𝑉 𝐶 and 𝜂 for mixtures. 
For the mHT profile, all the line-shape parameters for a mixture are 
calculated as a simple weighted sum of the contributions from the 
different perturbers, see Section 2.4. However, for the HT profile, the 

complicated definition of the complex Dicke parameter (Eq. (1)) implies 
a nontrivial way in which the 𝜈𝑉 𝐶 and 𝜂 parameters are calculated for 
mixtures (see Appendix  A for derivation): 

𝜂 =
∑

𝑖 𝜂𝑖(𝛾2,𝑖 + 𝑖𝛿2,𝑖)𝑝𝑖
∑

𝑖(𝛾2,𝑖 + 𝑖𝛿2,𝑖)𝑝𝑖
, (5)

𝜈𝑉 𝐶 =
∑

𝑖

[

𝜈̃𝑉 𝐶,𝑖 + (𝛾0,𝑖 + 𝑖𝛿0,𝑖)(𝜂 − 𝜂𝑖)
]

𝑝𝑖, (6)

where 𝑝𝑖 is the partial pressure of the 𝑖th constituent. Eqs. (5) and (6) 
are exact and do not involve any approximation. They are, however, 
problematic from a practical perspective. The summation rule for mix-
tures is different and more complicated than for all the other line-shape 
parameters. This would make the database less intuitive to use and 
might potentially lead to some confusion and mistakes.

Besides addressing the two above-mentioned problematic features 
stemming from the parametrization of the HT profile, there are some 
other advantages of the mHT profile parametrization related to its 
physical meaning. First, the explicit decomposition of 𝜈𝑜𝑝𝑡 into its real, 
𝜈𝑟𝑜𝑝𝑡, and imaginary, 𝜈𝑖𝑜𝑝𝑡, parts offers direct access to their line-shape 
interpretation, see the detailed discussion in Appendix A of Ref. [69]. 
Second, within the HT profile the speed dependence of the complex 
Dicke narrowing parameter is enforced by the speed dependencies of 
the broadening and shifting parameters, which is not physical, see 
Appendix B of Ref. [69].

The HT profile parametrization implemented in the HITRAN 2016 
database [83–85] was based on temperature dependencies of the line-
shape parameters split into four temperature ranges (4TR represen-
tation). However, it was demonstrated in Ref. [69] that the double-
power-law (DPL, defined in [88] for 𝛾0 and 𝛿0 and generalized for other 
line-shape parameters in [69]) gives a better overall approximation 
of the temperature dependencies than does the 4TR. The DPL also 
requires fewer parameters and its structure is much simpler and more 
self-consistent [69].

In this article, we summarize the efforts made to solve the problems 
outlined in the above paragraphs, which leads us to recommend using 
the quadratic speed-dependent hard-collision (qSDHC) profile with 
DPL temperature dependencies. To keep consistency with the previous 
HITRAN notation [85], we refer to this profile as a modified Hartmann-
Tran (mHT) profile. In Section 2, we give a detailed description of the 
mHT profile (Section 2.1), including discussions of the 𝛽 correction 
function (Section 2.2), line mixing (Section 2.3), and gas mixtures 
(Section 2.4; the details on gas mixtures are provided in Appendix 
A). In Section 3, we present an efficient algorithm for evaluating the 
mHT profile, and provide the corresponding computer codes in several 
programming languages: Fortran, Python, MATLAB, Mathematica, and 
LabVIEW. These codes are available in the Supplementary Materials 
to this work and at the GitHub platform [89]. In Section 4, we dis-
cuss the representation of the mHT profile parameters together with 
their DPL temperature parametrization which will be included in the 
HITRAN2024 official release [90], and we discuss the corresponding 
updates of the HITRAN Application Programming Interface (HAPI). 
Section 5 summarizes this work.

2. New beyond–Voigt line-shape profile recommended for the HI-
TRAN database

In addition to the basic collisional effects that are included in the 
Voigt profile (pressure shift and broadening and the Doppler broaden-
ing of a line), the mHT profile includes the effects of speed dependence 
of the broadening and shift, and of the velocity-changing collisions. 
The speed dependencies are approximated with quadratic functions 
and velocity-changing collisions are described using the hard-collision 
model (within this model, the velocity is completely thermalized after 
each collision).

In Section 2.1, we define all the line-shape parameters of the 
mHT profile for the case of isolated lines (in the format adopted 
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in HITRAN2024 [90]) and we give explicit formulas to evaluate the 
profile. The hard-collision approximation is sufficient for most of the 
molecular systems that are present in HITRAN. However, for light 
molecules, for which Dicke narrowing is pronounced, the hard-collision 
approximation can be insufficient. To handle this complication we use 
a simple correction factor, the 𝛽-correction, which does not require 
any additional parameter, and which is given by a simple analytical 
function, see Section 2.2. In Section 2.3, we discuss how the mHT 
profile is treated in HITRAN when line-mixing is present. In Section 2.4, 
we discuss the case of gas mixtures.

2.1. The isolated line case

We denote the mHT profile as 𝐼𝑚𝐻𝑇 (𝜈). The profile is normalized, 
which means that 

∫ 𝐼𝑚𝐻𝑇 (𝜈)𝑑𝜈 = 1. (7)

The mHT profile involves six collisional line-shape parameters: 
𝛤0, 𝛥0, 𝛤2, 𝛥2, 𝜈

𝑟
𝑜𝑝𝑡, 𝜈

𝑖
𝑜𝑝𝑡, (8)

which are provided in the HITRAN database [90] in the pressure-
normalized form: 
𝛾0 = 𝛤0∕𝑝, 𝛾2 = 𝛤2∕𝑝, 𝜈̃𝑟𝑜𝑝𝑡 = 𝜈𝑟𝑜𝑝𝑡∕𝑝

𝛿0 = 𝛥0∕𝑝, 𝛿2 = 𝛥2∕𝑝, 𝜈̃𝑖𝑜𝑝𝑡 = 𝜈𝑖𝑜𝑝𝑡∕𝑝,
(9)

and are given in the units of cm−1atm−1. Additionally, the mHT profile 
involves the Doppler-broadening parameter 

𝛤𝐷 =
√

ln 2 𝜈𝐷, (10)

where 𝜈𝐷 = 𝜈0𝑣𝑚∕𝑐, 𝑐 is the speed of light, and 𝜈0 is the unperturbed 
frequency of the transition. 𝛤0 and 𝛤𝐷 are the half width at half max-
imum (HWHM) of the Lorentz and Doppler broadening components, 
respectively.

The mHT profile, 𝐼𝑚𝐻𝑇 (𝜈), can be calculated as 

𝐼𝑚𝐻𝑇 (𝜈) = 𝑅𝑒[𝐼𝑚𝐻𝑇 (𝜈)], (11)

where 𝐼𝑚𝐻𝑇 (𝜈) is a complex mHT function that is given by 

𝐼𝑚𝐻𝑇 (𝜈) =
𝐼∗𝑞𝑆𝐷𝑉 (𝜈)

1 − (𝜈𝑟𝑜𝑝𝑡 + 𝑖𝜈𝑖𝑜𝑝𝑡)𝜋𝐼
∗
𝑞𝑆𝐷𝑉 (𝜈)

, (12)

where 𝐼𝑞𝑆𝐷𝑉 (𝜈) is a complex quadratic speed-dependent Voigt profile 
that is given by 
𝐼𝑞𝑆𝐷𝑉 (𝜈) =
1
𝜋 ∫ 𝑑3𝑣𝑓𝑚(𝑣)

1
𝛤 (𝑣) + 𝑖𝛥(𝑣) − 𝑖(𝜈 − 𝜈0 − 𝜈𝐷𝑣𝑧∕𝑣𝑚)

,
(13)

where 𝑣𝑧 is the 𝑧-component of an active molecule velocity, 𝑣, 𝑓𝑚(𝑣) =
(
√

𝜋𝑣𝑚)−3𝑒−(𝑣∕𝑣𝑚)
2  is the Maxwellian velocity distribution of ⃗𝑣 and 𝛤 (𝑣)+

𝑖𝛥(𝑣) is a quadratic function 
𝛤 (𝑣) + 𝑖𝛥(𝑣) = 𝛤0 + 𝑖𝛥0 + (𝛤2 + 𝑖𝛥2)(𝑣2∕𝑣2𝑚 − 3∕2). (14)

The asterisk in Eq. (12) denotes that 𝛤 (𝑣)+ 𝑖𝛥(𝑣) in Eq. (13) is replaced 
with (𝛤 (𝑣) + 𝜈𝑟𝑜𝑝𝑡) + 𝑖(𝛥(𝑣) + 𝜈𝑖𝑜𝑝𝑡). The expression for 𝐼∗𝑞𝑆𝐷𝑉 (𝜈) can be 
written in an explicit form 

𝐼∗𝑞𝑆𝐷𝑉 (𝜈) =
1
𝜋 ∫ 𝑑3𝑣𝑓𝑚(𝑣)

× 1
𝛤0 + 𝑖𝛥0 + (𝛤2 + 𝑖𝛥2)(𝑣2∕𝑣2𝑚 − 3∕2) + 𝜈𝑟𝑜𝑝𝑡 + 𝑖𝜈𝑖𝑜𝑝𝑡 − 𝑖(𝜈 − 𝜈0 − 𝜈𝐷𝑣𝑧∕𝑣𝑚)

.
(15)

Eqs. (11), (12) and (15) give a direct recipe for evaluating the mHT 
profile.

It should be noted that the mHT profile can be obtained from the 
original HT profile [5,79] by setting the correlation parameter, 𝜂, to 
zero and generalizing the frequency of velocity-changing collisions, 

𝜈𝑉 𝐶 , to a complex number. For most of the previous measurements in 
which the HT profile was used, the 𝜂 parameter was either very small 
or even set to zero. Therefore, such data obtained from the HT profile 
can be straightforwardly used in the mHT parametrization.

2.2. The 𝛽 correction function

The hard-collision model of velocity-changing collisions, which is 
used in the mHT profile, aptly handles the velocity-changing line-shape 
effects (such as the Dicke narrowing) for the majority of molecular 
species. However, in the cases with a prominent degree of Dicke 
narrowing (e.g., molecular hydrogen transitions) the hard-collision 
model does not reproduce line shapes at the required accuracy level. 
To overcome this problem, a simple analytical correction (the 𝛽 cor-
rection function) was introduced [83,91] that allows one to mimic 
(with the mHT profile) the behavior of the more physical billiard-ball 
model [45,49] and, hence, to considerably improve the accuracy of the 
mHT profile in this (prominent Dicke narrowing) regime at negligible 
numerical cost.  The correction is made by replacing 𝜈𝑟𝑜𝑝𝑡 with 𝛽𝛼(𝜒)𝜈𝑟𝑜𝑝𝑡, 
where 𝛼 is the perturber-to-absorber mass ratio and 𝜒 = 𝜈𝑟𝑜𝑝𝑡∕𝛤𝐷 (see 
Ref. [91] for details). The 𝛽𝛼(𝜒) function can be evaluated [91] as 

𝛽𝛼(𝜒) = 𝐴𝛼 tanh
(

𝐵𝛼 log10 𝜒 + 𝐶𝛼
)

+𝐷𝛼 , (16)

where 
𝐴𝛼 = 0.0534 + 0.1585𝑒−0.4510𝛼 , (17a)

𝐵𝛼 = 1.9595 − 0.1258𝛼 + 0.0056𝛼2 + 0.0050𝛼3, (17b)

𝐶𝛼 = −0.0546 + 0.0672𝛼 − 0.0125𝛼2 + 0.0003𝛼3, (17c)

𝐷𝛼 = 0.9466 − 0.1585𝑒−0.4510𝛼 . (17d)

It should be emphasized that the 𝛽 correction does not require any ad-
ditional transition-specific parameter (it depends only on the perturber-
to-absorber mass ratio 𝛼).

To date, the 𝛽 correction has been widely tested in numerous 
experiments and simulations [16,17,70,92–107] often demonstrating 
that it outperforms the non-corrected profile. In Section 3.3, we discuss 
practical details regarding how the 𝛽 correction is implemented in our 
mHT routines.

2.3. Line mixing

Accurate modeling of molecular spectra at atmospheric conditions 
often requires including the line mixing effect [42,108,109]. Line mix-
ing arises from collisional coupling [42,110–113] of molecular states 
corresponding to different optical transitions and is especially promi-
nent in cases of closely spaced molecular lines [101,114–117] and 
high-pressure spectra [118,119], but also in the troughs between lines 
(as it is seen in atmospheric spectra of CO2 and O2 used by the OCO 
mission, see e.g. Refs. [120,121]).

Molecular spectra affected by speed-dependent effects [18], Dicke 
narrowing [23], and line mixing [110,122] can be described within the 
framework of the theory developed by Smith et al. [64,65]. Within the 
hard collision model [24,25] the molecular spectrum takes the form 
of matrix generalizations [66] of the speed-dependent hard-collision 
profiles. In the general case, such a spectrum cannot be represented 
by an ordinary sum of separately parameterized individual lines with 
their parameters varying linearly with pressure. Instead, the band of 
overlapping lines should be evaluated as a whole.

This theory and its simplification were successfully used in the 
analysis of experimental data [123–126]. Strong line mixing leads to a 
nonlinear pressure dependence of line-shape parameters and variation 
of the line intensity. On the other hand, when line mixing is weak in 
the first order approximation [127], assuming speed-independent off-
diagonal elements describing the collisional coupling between lines, 
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the general expression of Ref. [66] can be reduced to a sum of asym-
metric speed-dependent hard-collision profiles [35] with line shape 
parameters that vary linearly with pressure [66,123,124] and with 
unperturbed line intensities. The role of speed dependence of line 
mixing in data fitting was also recently discussed in Ref. [128]. On the 
other hand, Thibault et al. [129] showed in their calculations that the 
speed dependence of off-diagonal elements of the relaxation matrix can 
be weak. This finding was also supported by results from [130] where 
the speed dependence of line mixing asymmetry was not experimentally 
accessible. The asymmetric speed-dependent hard-collision profile [35] 
is a linear combination of the speed-dependent hard collision profile 
and its dispersive component.

Summing up, in the regime of weak line coupling, line mixing can 
be easily handled by the mHT profile (without any further numerical 
cost) by combining its real and imaginary parts 
𝐼𝑚𝐻𝑇 (𝜈) = 𝑅𝑒[(1 − 𝑖𝑌 )𝐼𝑚𝐻𝑇 (𝜈)], (18)

where 𝑌  is the first-order Rozenkranz line-mixing asymmetry param-
eter [127], and its pressure-normalized counterpart is denoted as 
𝑦 = 𝑌 ∕𝑝 and is given in the units atm−1. It should be noted that 
there are two possible sign conventions related to the line-mixing 
parameter [82]. Although both yield correct results, the sign of the 𝑖𝑌
contribution in Eq. (18) must be the same as the sign of the 𝑖(𝜈 − 𝜈0 −
𝜈𝐷𝑣𝑧∕𝑣𝑚) part of Eq. (15). Suppose both signs are negative, as in the 
case of the present article. In that case, one can identify the real part 
of 𝐼𝑚𝐻𝑇 (𝜈) as the absorption coefficient, and its imaginary part as the 
dispersion coefficient, but with a negative sign. In the other convention, 
with both positive signs, the absorption coefficient is unchanged and 
the dispersion coefficient is equal to the imaginary part of the 𝐼𝑚𝐻𝑇 (𝜈)
without the sign change.

2.4. Formulas for gas mixture

In the mHT profile, all the line-shape parameters for a mixture are 
calculated as a simple weighted sum of the contributions from different 
perturbers, i.e.: 
𝛤0 =

∑

𝑗
𝑝𝑗𝛾0,𝑗 , 𝛤2 =

∑

𝑗
𝑝𝑗𝛾2,𝑗 , 𝜈𝑟𝑜𝑝𝑡 =

∑

𝑗
𝑝𝑗 𝜈̃

𝑟
𝑜𝑝𝑡,𝑗 , 𝑌 =

∑

𝑗
𝑝𝑗𝑦𝑗

𝛥0 =
∑

𝑗
𝑝𝑗𝛿0,𝑗 , 𝛥2 =

∑

𝑗
𝑝𝑗𝛿2,𝑗 , 𝜈𝑖𝑜𝑝𝑡 =

∑

𝑗
𝑝𝑗 𝜈̃

𝑖
𝑜𝑝𝑡,𝑗

(19)

where 𝑝𝑗 is the partial pressure of the 𝑗th species in the mixture. Note 
that in the case of the HT profile, due to the unfortunate parametriza-
tion of the complex Dicke narrowing parameter, the expressions for 
these parameters for mixtures are much more complicated, see Eqs. (5) 
and (6), and the derivation in Appendix  A.

3. Numerical evaluation of the profile and fast computer routines 
for different programming languages

A key advantage of the mHT profile, from the perspective of its 
efficient numerical evaluation, is that it can be expressed as a quotient 
of two qSDV profiles, see Eq. (12). It is so, because (as demonstrated 
by Boone et al. [22]) the qSDV profile can be expressed as a simple sum 
of two complex probability functions (CPFs). Therefore, the problem 
of fast evaluation of the mHT profile reduces to having an efficient 
algorithm for evaluating the complex probability function.

3.1. qSDV profile expressed as a sum of complex probability functions 
(CPFs)

It directly follows from the definition of a simple Voigt profile that 
it can be expressed in terms of the CPF. The problem gets complicated 
when the broadening and shift parameters depend on the speed of 
an active molecule. In general, to evaluate the profile value for a 
given light frequency, 𝜈, the integral in Eq. (13) has to be numerically 

Fig. 2. The relative accuracy of the complex probability function (CPF) 
routines (i.e., the routines that calculate the complex probability function, 
𝑤(𝑧), where 𝑧 = 𝑥 + 𝑖𝑦). In the Voigt-profile limit, the 𝑥 and 𝑦 parameters 
have the physical meaning of detuning from line center and Lorentzian 
broadening (both normalized to Doppler broadening, 𝜈𝐷), respectively. The 
color scale represents the relative accuracy of the routines expressed in orders 
of magnitude, e.g., −15 corresponds to a relative accuracy better than 10−15. 
The reference CPF for generating these plots was calculated based on direct 
integration of Eq. (27).

calculated. It was, however, demonstrated in Ref. [22] that in the 
case of quadratic speed dependence (see Eq. (14)) the integral can be 
expressed as a sum of two CPFs, 𝑤(𝑧), and Eq. (15) can be written as 

𝐼∗𝑞𝑆𝐷𝑉 (𝜈) =
1

𝜋𝜈𝐷

(

𝑤
(

𝑖𝑍1
)

−𝑤
(

𝑖𝑍2
))

. (20)

In this work, we mostly follow the notation from Ref. [75] (see also 
Ref. [5]): 

𝑍1 =

√

𝐶0 − 𝑖(𝜈 − 𝜈0)
𝐶2

+
(

𝜈𝐷
2𝐶2

)2
−

𝜈𝐷
2𝐶2

, (21)

𝑍2 =

√

𝐶0 − 𝑖(𝜈 − 𝜈0)
𝐶2

+
(

𝜈𝐷
2𝐶2

)2
+

𝜈𝐷
2𝐶2

, (22)

where we follow the convention in which the pressure shift and its 
speed dependence enter the model with a positive sign [81,82] 

𝐶0 = 𝛤0 + 𝑖𝛥0 + 𝜈𝑟𝑜𝑝𝑡 + 𝑖𝜈𝑖𝑜𝑝𝑡 −
3
2
(𝛤2 + 𝑖𝛥2) (23)
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Table 1
A comparison of the single-thread CPU timings (in seconds) of the CPF evaluation with different programming languages. We 
tested the cpf_accurate and cpf_fast algorithms described in Section 3.2, and the hum1_wei and weideman(64) functions from the 
hapi.py package [84], as well as their corresponding HAPI references. The calculations were performed on the same 1000 × 1000 
grids, either focusing only on the line core (±3 full width at half maximum, FWHM) or also including the line wings (±25 FWHM). 
For the cpf_accurate routine the evaluation time is nearly the same for both ranges. For the cpf_fast routine the evaluation time is 
slightly longer for the line core (in this range the simple Humlíček’s algorithm cannot be used). All the routines presented in the 
table (except the HAPI library) are appended as Supplementary Material to this work and are available at the GitHub platform 
[89].

CPU timing 11th Gen Intel Core i9-11900K @ 3.50 GHz
±25FWHM ±3FWHM ±25FWHM ±3FWHM

cpf_accurate cpf_fast

Python 3.12.3 0.32 0.32 0.26 0.29
Fortran 18 0.085 0.086 0.046 0.054
FORTRAN77 0.087 0.087 0.032 0.051
MATLAB 9.13 1.5 1.5 0.6 1.0
Mathematica 14 7.1 7.1 6.3 5.1
LabVIEW 2025 Q1 0.24 0.24 0.11 0.16

weideman(64) hum1_wei

Python 3.12.3 (HAPI) 69.6 67.6 46.2 69.6

and 
𝐶2 = 𝛤2 + 𝑖𝛥2. (24)

3.2. Optimal algorithm for evaluating the CPF

The complex probability function (CPF) is defined as 
𝑤(𝑧) = 𝑒−𝑧

2erfc(−𝑖𝑧), (25)

where 𝑧 is a complex number, and erfc(−𝑖𝑧) is the complementary error 
function, that is defined as 

erfc(−𝑖𝑧) = 1 + 2𝑖
√

𝜋 ∫

𝑧

0
𝑒−𝑧̃

2
𝑑𝑧̃. (26)

For Im(𝑧) > 0 (which is the case for the line shape applications 
considered here, meaning the value of the pressure broadening is 
positive), the above integral over a complex argument can be written 
as an integral over a real argument [131]. 

erfc(−𝑖𝑧) = 𝑖
𝜋
𝑒𝑧

2

∫

∞

−∞

𝑒−𝑡2

𝑧 − 𝑡
𝑑𝑡, (27)

which constitutes one of the simplest recipes for evaluating the CPF.
Due to the importance of the CPF in many fields, considerable ef-

forts have been made over the past several decades to develop a fast and 
accurate algorithm for evaluating it. In 1975, a Taylor series expansion 
and continued fraction approach were reported [132]. A few years 
later, Humlíček developed the rational approximation algorithm [133,
134]. Note that the approaches from both Ref. [132] and Refs. [133,
134] divide the complex plane (spanned by the Voigt broadening 
and detuning parameters) into regions in which different methods of 
evaluating the CPF are used. The state of knowledge in the evaluation 
of the CPF (before 1993) was reported in Ref. [135] addressing issues 
that include: analytical approximations, power series expansions, di-
rect numerical integration, Fourier-transform-based methods, and those 
based on interpolations. Further tests, extensions and improvements of 
the Humlíček algorithm were published in Refs. [136–140]. In 2007, 
the Lagrange polynomial was used for the region of small broaden-
ing and detuning [141]. In 1994, Weideman introduced self-recurred 
rational expansions [142] that were further used as part of other 
algorithms [143,144].

The Fortran computer code for evaluating the HT profile reported 
in Ref. [75] is based on Humlíček’s asymptotic approximation [134]. 
An algorithm by Schreier [143], which combines the Humlíček [134] 
approach and Weideman’s [142] 24-term rational approximation, was 
the default CPF used for the HT profile calculation in the HITRAN 
Application Programming Interface (HAPI) [84].

In this work, we reviewed the CPF routines known in the lit-
erature from the perspective of developing optimal CPF and mHT 
algorithms and, in particular, from the perspective of their applications 
in HAPI [84]. We found that the 64-term Weideman rational approxi-
mation [142] provides the best available compromise between accuracy 
and speed of the computer routine, and we use it as a starting point for 
developing our CPF routine dedicated for mHT calculations. We also 
consider Schreier’s algorithm [143] which is faster (but less accurate) 
to develop a fast version of our CPF routine.

Both approaches require the evaluation of Weideman’s rational 
approximation series table (obtained via fast Fourier transform, FFT), 
and several constants, which depend only on the number of approx-
imation terms. For the mHT profile calculation, we fix the number of 
terms in Weideman’s series, which allowed us to significantly accelerate 
our computational routines by pre-calculating the constant factors (in 
particular the FFT-based factors). We found that, for the mHT calcu-
lation, reducing the number of Weideman terms from 64 to 42 offers 
acceleration with a negligible loss in accuracy. Furthermore, in the 
42-term case, because the initial five terms are small, we truncated 
them, while maintaining the same accuracy but further accelerating the 
calculations. Therefore, our accurate routine is the sum of the last 37 
terms of the 42-term Weideman approximation. We refer to our mod-
ified Weideman rational approximation as cpf_accurate. Additionally, 
we changed the order of the Weideman/Humlíček function selector 
in Schreier’s [143] algorithm to achieve further optimization of this 
method. We refer to our optimized Schreier method as cpf_fast.

Fig.  2 presents the accuracy of both CPF routines. In the considered 
detuning and broadening parameter ranges, the cpf_accurate reproduces 
the exact CPF function with at least seven-digit precision for the real 
part and ten-digit precision for the imaginary part. The accuracy of the
cpf_fast offers only two-digit accuracy in some regions, however, it is 
still a good, four-digit approximation when the 𝑦 parameter is greater 
than 10−4, which is a typical condition for most applications (𝑦 is the 
imaginary part of the complex argument, 𝑧 = 𝑥 + 𝑖𝑦, of the CPF). The 
reference function for generating Fig.  2 was based on direct integration 
of Eq. (27).

We implemented both CPF routines in five popular programming 
languages: Python, Fortran, MATLAB, Mathematica and LabVIEW (the 
codes were written in the following language versions: Python 3.12.3, 
Fortran 18, MATLAB 9.13, Mathematica 14 and LabVIEW 2015 SP1). 
Table  1 presents the evaluation time in seconds of both routines on 
two sample grids: focusing only on the center of the line (±3FWHM) or 
also including the far wings (±25FWHM). As expected, Fortran is the 
fastest. The numerical tests were performed on a single thread of the 
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Table 2
The parametrization of the DPL temperature dependence of the beyond-Voigt line-shape parameters. The line-shape parameters are expressed in units of cm−1/atm, 
except for the y(T) parameter, which is expressed in unit of atm−1. 

Description of the parameters
The notation of
the line-shape
parameters

DPL parametrization of the temperature
dependence of the line-shape parameters The formulas illustrating how

the parameters should be translated into
the line-shape parameters (Tref = 296 K)Coef. 1 Coef. 2 Exp. 1 Exp. 2

Pressure broadening 𝛾0(T) g0 g′0 n n′ 𝛾0(T) = g0(Tref∕T)𝑛+g′0(Tref∕T)𝑛
′

Pressure shift 𝛿0(T) d0 d′0 m m′ 𝛿0(T) = d0(Tref∕T)𝑚+d′0(Tref∕T)𝑚
′

Speed dependence of the pressure broadening 𝛾2(T) g2 g′2 j j′ 𝛾2(T) = g2(Tref∕T)𝑗+g′2(Tref∕T)𝑗
′

Speed dependence of the pressure shift 𝛿2(T) d2 d′2 k k′ 𝛿2(T) = d2(Tref∕T)𝑘+d′2(Tref∕T)𝑘
′

Real part of the Dicke parameter 𝜈ropt (T) r r′ p p′ 𝜈ropt (T) = r(Tref∕T)𝑝+r′(Tref∕T)𝑝
′

Imaginary part of the Dicke parameter 𝜈iopt (T) i i′ q q′ 𝜈iopt (T) = i(Tref∕T)𝑞+i′(Tref∕T)𝑞
′

First-order Rosenkranz line-mixing parameter 𝑦(T) y0 y′0 e e′ 𝑦(T) = y0(Tref∕T)𝑒+y′0(Tref∕T)𝑒
′

Fig. 3. Example of spectra generated with the mHT profile (black curve) with the DPL temperature dependence parametrization for the case of the S branch 
of the 1-0 band in HD perturbed by He at three different temperatures at 𝑝 = 0.2 atm. The spectra were generated with HAPI (the line-shape parameters were 
calculated in Ref. [145]). The same spectra generated with the Voigt profile (red curves) show that for some cases it is critical to properly handle in the database 
the beyond-Voigt line-shape effects (at low temperatures the profiles can differ by as much a factor of 2 for this system).

11th Gen Intel Core i9-11900K @ 3.5GHZ CPU with 128 GB RAM (2x 
64 GB) available (during the tests, only ∼1 GB of RAM was occupied).

3.3. Computer routines for evaluating the mHT profile

In addition to the CPF routines reported in the previous section, 
within this work we provide optimized computer routines to evaluate 
the mHT profile (in the same five programming languages as the CPF: 
Python, Fortran, MATLAB, Mathematica, and LabVIEW). The present 
versions of the routines are provided in the Supplementary Materials. 
Furthermore, the most recent versions are available on the GitHub 
platform [89]. The routines are supplemented with several simple 
examples illustrating how to use them.

The mHT profile routines are based on Eqs. (12) and (18). The 
𝐼∗𝑞𝑆𝐷𝑉 (𝜈) function needed to evaluate the expression from Eq. (12) is 
determined using the CPF, 𝑤(𝑧), see Eq. (20). The mHT computer code 

reported here by default uses the cpf_accurate routine for evaluating 
CPF, see Section 3.2 (one can simply modify the mHT code to switch 
to the cpf_fast routine).

The 𝛽 correction function (see Sec. II B) by default is turned off. To 
activate it one has to set the perturber-to-absorber mass ratio param-
eter, 𝛼, to its proper value. The 𝛽 correction is activated when 𝛼 < 5, 
and by default, if not specified explicitly, 𝛼 is set to 10. Compare the
example_absorption and example_mHT_optional_parameters code examples 
in the Supplementary Materials and in Ref. [89] (the 𝛽 correction is 
turned off in the first example and turned on in the second one).

4. The mHT profile in the HITRAN database

In this section, we discuss how the mHT profile is introduced into 
the upcoming release of the new edition of the HITRAN database [90]. 
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In Section 4.1, we discuss the representation of the temperature depen-
dencies of the mHT profile line-shape parameters. In Section 4.2, we 
show how the mHT profile is integrated with HAPI and demonstrate 
an example of using it.

4.1. Representation of the temperature dependencies of the mHT profile 
line-shape parameters in the HITRAN database

The analysis from Ref. [69] concluded that the double-power-law 
(DPL) representation of temperature dependencies of collision-induced 
line-shape parameters of the mHT profile gives a better overall approx-
imation of the temperature dependencies than the other approaches. 
Moreover, the DPL also requires fewer parameters and its structure is 
much simpler and more self-consistent [69]. In this work, we follow the 
conclusions of Ref. [69] and recommend the DPL parametrization as the 
most general temperature dependence representation in HITRAN. Note, 
however, that in many cases (e.g., when the temperature dependencies 
are available in a narrow temperature range or the temperature depen-
dence is weak) the simpler functions such as the single power law or 
a linear function suffice and are adopted in HITRAN. In Table  2, we 
present the full list of the seven line-shape parameters (the six line-
shape parameters for an isolated line, see Eq. (9), plus the line-mixing 
parameter, 𝑦) with the names and definitions of their DPL temperature-
dependence coefficients that are adopted in HITRAN within its flexible 
relational structure [146,147]. In this approach, a set of 28 coefficients 
(four DPL coefficients per each of the seven line-shape parameters) is 
used to quantify the collision-induced line-shape effects (as listed in 
Table  2) per each perturber species.

4.2. The mHT profile in the HITRAN application programming interface 
(HAPI)

Calculating molecular spectra based on a complex line-shape model 
(such as the mHT profile) and using the corresponding line-shape 
parameter datasets (including their temperature dependencies) may 
be challenging for non-expert database users. To make this structure 
simpler to access, the HITRAN Application Programming Interface 
(HAPI) [84] has been developed, and recently the mHT profile was 
adopted in HITRAN. At the present time, the mHT profile has only 
been parameterized in HITRAN for a small set of data; going forward 
we hope new accurate spectroscopic measurements will enable us 
to populate more bands and molecules with these parameters. HAPI 
allows the HITRAN users to download the necessary parameters and 
simulate the spectra at arbitrary thermodynamic conditions. In this 
section, we demonstrate an example of using HAPI to model spectra 
using the mHT profile.

So far the full mHT data (together with their DPL temperature 
representation) were introduced to HITRAN for the case of molec-
ular hydrogen (the H2 and HD isotopologues perturbed by He and 
H2) [148]. Here we show an example of HAPI (Python based) code 
that downloads from HITRAN the necessary data and simulates spectra 
(absorption coefficient) of He-perturbed H2. The user needs to create a 
directory for data storage. In our case it is hitran_data. Subsequently, the 
user must link it with the database and fetch the desired molecule infor-
mation in the selected parametrization. Note that HD is the name of the 
local files (2 files are created: HD.header and HD.data), while the HD 
molecule in the HITRAN database is referred to with its isotopologue 
ID, ISO_ID=115.

from hapi import *
db_begin ('hitran_data')
fetch_by_ids('HD',115,
ParameterGroups=['160-char','mHT'])

After specifying the pressure, temperature as ordinary Python lists
press and temp, and xmin and xmax for the wavenumber span and step

for the distances between 𝑥-axis points, the following code is used to 
generate the desired spectra with HAPI:
from hapi import *
db_begin ('hitran_data')
nu,coef = absorptionCoefficient_mHT(

 SourceTables='HD',
 Diluent={'He':1.0},
 WavenumberRange=[xmin,xmax],
 WavenumberStep=step,
 Environment={'p':press,'T':temp},
 HITRAN_units=True)
A description of the instructions used can be found in Ref. [84]. 

In Fig.  3, we show an example of mHT spectra simulated with HAPI, 
the S branch of the fundamental band in He-perturbed HD at three 
different temperatures (𝑇 = 1000, 300, and 50 K) at 𝑝 = 0.2 atm. 
Recently, the use of HAPI with the mHT profile was demonstrated 
in another example of HD lines perturbed by an H2 and He mixture 
bath [106]. We note that the goal of Fig.  3 is to demonstrate an example 
of using mHT with HAPI and emphasize the role of the Dicke effect for 
systems relevant to astrophysical studies. A detailed line-shape analysis 
of accurate spectra of molecular hydrogen were performed in a series 
of previous works [15,74,83,106].

5. Conclusion

In this work, we analyzed some problematic features of the 
Hartmann-Tran (HT) line-shape. The two most important ones are the 
singular behavior of the temperature dependencies of the velocity-
changing parameters when the shift parameter crosses zero and 
the difficulty in evaluating the velocity-changing parameters for 
mixtures. We demonstrated a straightforward way to eliminate the 
above-mentioned problem. We refer to such a refined profile as the 
modified Hartmann-Tran (mHT) profile. The computational cost of 
evaluating it is the same as for the HT profile. We gave a detailed 
description of the mHT profile (also including line mixing) and 
discussed the representation of its parameters, together with their 
DPL temperature parametrization. We presented an efficient algorithm 
for evaluating the mHT profile and provided corresponding computer 
codes in several programming languages: Fortran, Python, MATLAB, 
Mathematica, and LabVIEW. We recommend using the mHT profile 
with the DPL temperature dependencies in the HITRAN database. The 
current HT parametrization will be retained for consistency reasons. 
At the moment only the HITRAN data for molecular hydrogen can be 
updated in the full representation of this new parametrization. The 
other molecules that have HT data do not contain the correlation 
parameters (with some exceptions) and do not have sufficient data to 
allow for a DPL representation. The parameters will be duplicated into 
the mHT parametrization. Going forward, we encourage scientists to fit 
their data using the mHT profile rather than with the HT profile. We 
also discussed the corresponding update of the HITRAN Application 
Programming Interface (HAPI).
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Appendix A. The complex Dicke parameter for mixtures

In general, to handle the velocity-changing collisions in a line-shape 
model for a mixture of perturbers, one must calculate the velocity-
changing operator as a weighted sum of the velocity-changing operators 
for all perturbing species, see Sec. V.B in Ref. [47] (the full approach 
was implemented in a few recent works [15,48,149]). However, when 
the same velocity-changing operator is used for all the perturbing 
species (which is the case for both HT and mHT profiles), the prob-
lem simplifies to calculating a weighted sum of the complex Dicke 
narrowing parameters, 𝜈̃𝑜𝑝𝑡,𝑖, 

𝜈𝑜𝑝𝑡 =
∑

𝑖
𝑝𝑖𝜈̃𝑜𝑝𝑡,𝑖, (A.1)

where 𝑝𝑖 is the partial pressure of the 𝑖th constituent. In the case of the 
HT profile, 𝜈𝑜𝑝𝑡 and 𝜈̃𝑜𝑝𝑡,𝑖 depend on the speed of the active molecule.

A.1. mHT profile

In the case of the mHT profile, the problem of calculating 𝜈𝑜𝑝𝑡 for 
mixtures is simple and straightforward. 𝜈𝑜𝑝𝑡 is a direct sum of its real 
and imaginary parts, 𝜈𝑜𝑝𝑡 = 𝜈𝑟𝑜𝑝𝑡 + 𝑖𝜈𝑖𝑜𝑝𝑡, hence it follows from Eq. (A.1) 
that 𝜈𝑟𝑜𝑝𝑡 and 𝜈𝑖𝑜𝑝𝑡 for mixtures are calculated as simple weighted sums 
(exactly the same as for the four other line-shape parameters from 
list (8)) 
𝜈𝑟𝑜𝑝𝑡 =

∑

𝑖
𝑝𝑖𝜈̃

𝑟
𝑜𝑝𝑡,𝑖, (A.2)

𝜈𝑖𝑜𝑝𝑡 =
∑

𝑖
𝑝𝑖𝜈̃

𝑖
𝑜𝑝𝑡,𝑖. (A.3)

A.2. HT profile

In the case of the HT profile, the problem of calculating 𝜈𝑜𝑝𝑡 for 
mixtures is much more complicated. For the 𝑖th mixture constituent, 
the complex Dicke narrowing parameter is parameterized as 

𝜈̃𝑜𝑝𝑡,𝑖 = 𝜈̃𝑉 𝐶,𝑖 − 𝜂𝑖(𝛾0,𝑖 + 𝑖𝛿0,𝑖) − 𝜂𝑖(𝛾2,𝑖 + 𝑖𝛿2,𝑖)(𝑣2∕𝑣2𝑚 − 3∕2). (A.4)

On the one hand, substituting Eq. (A.4) into Eq. (A.1), we get 

𝜈𝑜𝑝𝑡 =
∑

𝑖
𝑝𝑖𝜈̃𝑉 𝐶,𝑖 −

∑

𝑖
𝑝𝑖𝜂𝑖(𝛾0,𝑖 + 𝑖𝛿0,𝑖) − (𝑣2∕𝑣2𝑚 − 3∕2)

∑

𝑖
𝑝𝑖𝜂𝑖(𝛾2,𝑖 + 𝑖𝛿2,𝑖).

(A.5)

On the other hand, 𝜈𝑜𝑝𝑡 can be written as in Eq. (1), but the parameters 
describe the effective values for a mixture 
𝜈𝑜𝑝𝑡 = 𝜈𝑉 𝐶 − 𝜂(𝛤0 + 𝑖𝛥0) − 𝜂(𝛤2 + 𝑖𝛥2)(𝑣2∕𝑣2𝑚 − 3∕2). (A.6)

A direct comparison of speed-independent and speed-dependent terms 
in Eqs. (A.5) and (A.6) gives

𝜈𝑉 𝐶 − 𝜂(𝛤0 + 𝑖𝛥0) =
∑

𝑖
𝑝𝑖𝜈̃𝑉 𝐶,𝑖 −

∑

𝑖
𝑝𝑖𝜂𝑖(𝛾0,𝑖 + 𝑖𝛿0,𝑖), (A.7)

𝜂(𝛤2 + 𝑖𝛥2) =
∑

𝑖
𝑝𝑖𝜂𝑖(𝛾2,𝑖 + 𝑖𝛿2,𝑖). (A.8)

Eq.  (A.8) directly gives the expression for the 𝜂 parameter given in 
Eq. (5). Eq. (A.7) with 𝜂 substituted with the expression from Eq. (5) 
gives 𝜈𝑉 𝐶 , see Eq. (6).
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Appendix B. Computer routines for efficient evaluation of the 
mHT profile

This appendix summarizes the details of the cpf_accurate and cpf_fast
routines.

B.1. cpf_accurate

This algorithm is based on the Weideman’s 64-term rational ap-
proximation [142], which we optimized specifically for the purpose of 
generating the mHT function. We reduced the approximation terms to 
42 and pre-calculated the 𝐿 constant (𝐿 =

√

𝑁∕
√

2, where 𝑁 is the 
number of approximation terms, here 𝑁 = 42). Because 𝑁 was fixed, 
we also pre-calculated the coefficients of the 𝑎 table, which are usually 
obtained through FFT. The elements of the 𝑎 table are the coefficients 
of the polynomial 𝑝. We found that the first five elements of 𝑎 are below 
10−16 and we truncated them, which is identical to substituting these 
low values with zeros. We found that this operation has no effect on the 
result of the cpf function and it accelerates the calculation by reducing 
the number of operations. The construction of the polynomial 𝑝 was 
usually done with for loops. In our codes we applied Horner’s scheme 
to accelerate the calculation of 𝑝. Ultimately, for the evaluation of the 
cpf value from the 𝐿, 𝑝, and the input parameters, we rearranged the 
operations and reduced one division for further acceleration. We also 
pre-calculated the inverse square root of 𝜋 to avoid evaluating it with 
every run of the code.

B.2. cpf_fast

This algorithm is based on the approach of dividing the com-
plex plane of the CPF input parameters into subregions, an idea ini-
tially proposed by Humlíček [134]. Although Humlíček divided it into 
four subregions, suggesting different approaches for each of them, 
Schreier developed another approach [143], which is often referred to 
as hum1_wei24. He used Humlíček’s approximation in its first subregion 
(|𝑥| + 𝑦 < 15, where 𝑥 and 𝑦 are the CPF real and imaginary inputs, 
respectively), and applied the 24-term Weideman approximation [142] 
in the remaining three ranges.

Within this work, we optimized the Weideman approximation part 
the same way as we did for the cpf_accurate, i.e. we pre-calculated the 
𝐿 and 𝑎 constants with 𝑁 = 24 this time, as well as 

√

𝜋−1, and we 
rearranged the operations in the final line of the Weideman part of the 
code. We also simplified the selection of the methods dependent of the 
region. Because the Humlíček part of the code is faster, the function 
will not load the Weideman part unless it is required.

Appendix C. Refinements to the DPL fitting procedure

The double-power-law (DPL) temperature dependency representa-
tion has been adopted in the HITRAN database since 2020 [69], in the 
following form:
Param.(T) =

𝐶𝑜𝑒𝑓 .1(Tref∕T)Exp.1 + 𝐶𝑜𝑒𝑓 .2(Tref∕T)Exp.2. (C.1)

We have identified several issues regarding the practical applications 
of the DPL function.

Since the two terms of the DPL function are mathematically iden-
tical, the coefficients were not uniquely identified, which was an issue 
from the perspective of database storage.

Another issue was the unbounded nature of the DPL fitting pro-
cedure. The fitted coefficients would sometimes evaluate to huge, 
similar values with opposite signs. The lack of bounds led to extremely 
long fitting times as numerous local minima of the fitting function 
corresponded to points where the two terms compensated in different 
configurations. Not only did it lead to unequivocal, unstable solutions 

to the same fitting problems but also the DPL coefficients were several 
orders of magnitude greater than the original line-shape parameters. 
Because of their similarity and magnitude, storing the coefficients with 
sufficient numerical precision to accurately represent the temperature 
dependencies required more database space. In some cases, 16 digits 
were required to reconstruct the temperature dependencies.

To solve these issues and guarantee the homogeneity of the database 
entries we set the following conditions for the definition and fitting 
procedure of the DPL function:

• 𝐶𝑜𝑒𝑓 .1 > 𝐶𝑜𝑒𝑓 .2, which guarantees unique definition of the DPL 
coefficients.

• |𝐶𝑜𝑒𝑓 .2|−|𝐶𝑜𝑒𝑓 .1|
|𝐶𝑜𝑒𝑓 .1| > 10−3. This constraint ensures that Coef.1 and 

Coef.2 are sufficiently different in absolute value. Specifically, 
their difference must be large enough to affect at least the fourth 
significant digit. This bound prevents the method from assign-
ing nearly identical large values with opposite signs, improving 
computational efficiency and reducing storage requirements.

• The HITRAN database will provide DPL coefficients with up to 
eight significant figures.

Data availability

The data used to generate the figures is provided in online reposi-
tory at www.dx.doi.org/10.18150/VOOJLH.
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