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a b s t r a c t 

Temperature dependences of molecular line-shape parameters are important for the spectroscopic studies 

of the atmospheres of the Earth and other planets. A number of analytical functions have been proposed 

as candidates that may approximate the actual temperature dependences of the line-shape parameters. 

In this article, we use our ab initio collisional line-shape calculations for several molecular systems to 

compare the four temperature ranges (4TR) representation, adopted in the HITRAN database [J. Quant. 

Spectrosc. Radiat. Transfer 2017;203:3] in 2016, with the double-power-law (DPL) representation. Besides 

the collisional broadening and shift parameters, we consider also the most important line-shape parame- 

ters beyond Voigt, i.e., the speed dependence of broadening and shift parameters, and real and imaginary 

parts of the complex Dicke parameter. We demonstrate that DPL gives better overall approximation of 

the temperature dependencies than 4TR. It should be emphasized that DPL requires fewer parameters 

and its structure is much simpler and more self-consistent than the structure of 4TR. We recommend the 

usage of DPL representation in HITRAN, and present DPL parametrization for Voigt and beyond-Voigt line 

profiles that will be adopted in the HITRAN database. We also discuss the problem of the Hartmann-Tran 

profile parametrization in which the correlation parameter, η, and frequency of the velocity-changing 
collisions parameter, νvc , diverges to infinity when collisional shift crosses zero; we recommend a simple 

solution for this problem. 

© 2019 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

Knowledge of accurate molecular spectroscopic parameters is 

essential for interpreting and modeling spectra of terrestrial and 

planetary atmospheres, including those of exoplanets or even 

those of brown dwarfs. These parameters are provided in the 

HITRAN [1] and HITEMP [2] molecular spectroscopic databases. 

Broadening and shift of spectral lines due to the collisions of tar- 

get molecules with those of ambient gases are among important 

parameters that need to be used in the opacity calculations. Tra- 
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ditionally, the HITRAN database provided the single temperature 

exponent to the power law, in order to extrapolate the value of 

the collisional half-width at half maximum from the reference 

value given at 296 K to any other temperature. This approach 

works fairly well within the temperature ranges encountered in 

the terrestrial atmosphere. Nevertheless, it is now well known 

that the power law with a single exponent does not work over 

a broader range of temperatures (see for instance [3–8] ). There- 

fore, if one aims to model such parameters at very diverse tem- 

peratures that are encountered in different planetary atmospheres 

(for instance an average temperature on Uranus is about 55 K 

whereas those encountered on hot Jupiters [9] or lava planets 

[10] can reach 10 0 0 - 250 0 K), more sophisticated models have to 

be employed. Combustion applications also require more flexible 

solutions [5,7] . 
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A number of approximations have been proposed as candidates 

that may represent the actual temperature dependences of the 

broadening, γ0 , and shift, δ0 , parameters, see the thorough dis- 

cussion in the Introduction in Ref. [4] . One way of improving the 

single power-law approach for pressure broadening was to split it 

into four temperature ranges (4TR representation) [3] ; in the case 

of the shift parameter, a linear function was split into the four 

ranges [3] . The 4TR approach was adopted in the 2016 edition of 

the HITRAN database [1] . 

Following previous works [11–14] , a double-power-law (DPL) 

was recently proposed to approximate the temperature depen- 

dences of both the broadening and shift [4] , see also Ref [15] for 

the review of the modern line-shape theory. It was shown that the 

DPL reproduces the temperature dependences much better than 

the single power-law function for broadening and linear function 

for shift [4] . 

In this paper, we directly compare the 4TR and DPL approaches 

for several molecular systems. For this purpose, we use our ab ini- 

tio quantum scattering and semiclassical line-shape calculations. 

We observe that for the case of γ0 the two methods work equally 

well, while for δ0 the DPL approximation is better. It has to be em- 

phasized, however, that for these two line-shape parameters ( γ0 

and δ0 ) DPL requires two times fewer parameters than 4TR. 

Besides the two basic line-shape parameters ( γ0 and δ0 ), we 

also performed the comparison between the 4TR and DPL ap- 

proaches for the most important beyond-Voigt line-shape param- 

eters describing the speed dependence of pressure broadening and 

shift ( γ 2 and δ2 ) and the velocity-changing collisions ( ̃  νr 
opt , and ˜ ν i 

opt ). Concerning γ 2 and δ2 parameters, the 4TR approach adopted 

in HITRAN2016 [1,3] assumed constant values of these param- 

eters in each of the temperature ranges. In this case, the DPL 

approach gives a much better approximation despite that it re- 

quires the same number of parameters as 4TR. With respect 

to the ˜ νr 
opt and ˜ ν i 

opt parameters, the approach adopted in HI- 

TRAN2016 [1,3] assumed a simple single power-law function; 

hence, the DPL approach introduced here obviously gives a much 

better approximation. In this paper, we also argue that, from the 

perspective of temperature dependence representation, it is better 

to use the direct approach ( ̃  νr 
opt and ˜ ν i 

opt ) instead of the ˜ νvc and 
η parametrization introduced in the Hartmann-Tran profile [16] ( η
and ̃  νvc diverge to infinity when the collisional shift crosses zero). 

We show that DPL gives a better overall approximation of the 

temperature dependencies of the six line-shape parameters than 

4TR, emphasizing that DPL requires fewer parameters and its struc- 

ture is much simpler and more self-consistent than the structure of 

4TR. We recommend the usage of DPL representation in HITRAN, 

and present DPL parametrization for Voigt and beyond-Voigt line 

profiles that will be adopted in the HITRAN database. 

In Sections 2 and 3 , we discuss the methodology and details 

of the fully quantum and semiclassical calculations, respectively. In 

Sections 4–6 , we show the comparison of the two approaches for 

the ( γ0 and δ0 ), ( γ 2 and δ2 ) and ( ̃  νr 
opt and ˜ ν i 

opt ) parameters. In 

Section 7 , we demonstrate the definition of the names of the DPL 

parameter that will be adopted in HITRAN. 

2. Ab initio quantum line-shape calculations 

In this section, we briefly describe the calculations based on 

the close-coupling scheme and we give some details of the poten- 

tial energy surfaces (PESs) for systems considered here. In the case 

of diatomic molecules, an interaction energy, in general, depends 

on the angular orientation of the collisional partners, distance be- 

tween their centers of mass (the intermolecular distances), and, 

if applicable, intramolecular distances. For the purpose of solving 

the close-coupling equations, the dependence on the intermolec- 

ular distance is extracted from a multidimensional PES. This is 

done in two steps. First, the PES is expanded in the complete ba- 

sis of orthonormal angular functions, either bispherical harmon- 

ics (see, for example Eq. (4) in Ref. [17] and Appendix therein) 

or Legendre polynomials (see Eq. (1) in Ref. [18] ), if two collid- 

ing diatomic molecules or a diatomic molecule colliding with an 

atom are concerned, respectively. The coefficients of such an ex- 

pansion depend only on the intra- and intermolecular distances. 

Second, the intramolecular dependence of the interaction energy 

is reduced by projecting the obtained coefficients on the wavefunc- 

tions of the colliding partners (see Eq. (2) in Ref. [18] and the dis- 

cussion therein). The number of resulting radial terms, employed 

in the further calculations, depends on the investigated system (see 

Sections 2.1–2.4 ). These terms are used during solving the close- 

coupling equations [19] . Boundary conditions on the wavefunctions 

of a scattering system relate the solutions of the close-coupling 

equations with the elements of the scattering matrix (S-matrix). 

The S-matrix itself is used in the calculations of the generalized 

spectroscopic cross sections, σ q 

λ
(v i , j i , v f , j f , j 2 ; E kin ) [20–24] . Here, 

v i , v f , and j i , j f are, respectively, the initial and final vibrational and 

rotational quantum numbers of the optically active molecule. j 2 is 

the rotational quantum number of the perturbing molecule (being 

equal to 0 when the perturber is an atom), λ is the rank of the ve- 

locity tensor, q is the tensorial rank of the radiation-matter inter- 

action, and E kin is the relative kinetic energy of the colliding pair. 

The speed-averaged pressure broadening, γ0 , and shift, δ0 , param- 

eters can be obtained from purely ab initio calculations. They are 

connected with the generalized spectroscopic cross sections by the 

following formula: 

�0 (T ) + i 	0 (T ) = ( γ0 (T ) + iδ0 (T ) ) p 

= 

1 

2 πc 
n 〈 v r 〉 

∑ 

j 2 

p j 2 (T ) 

×
∫ 
d x xe −x σ q 

0 

(
v i , j i , v f , j f , j 2 ; E kin = xk B T 

)
, (1) 

where n is the number density of perturbing molecules, c is the 

speed of light in vacuum, T is the temperature, 〈 v r 〉 is the mean 

relative speed of the colliding partners and p j 2 is the population 

of the j 2 -th state of the perturber molecule at the temperature T . 

The γ0 and δ0 parameters are the speed-averaged values of 

pressure broadening and shift parameters. Even though the ex- 

act, active molecule, speed dependence, γ ( v ) and δ( v ), can be de- 
termined numerically with the ab initio calculations, it is diffi- 

cult to represent them in the spectroscopic databases. To address 

this problem, the speed dependence is expressed in terms of the 

quadratic approximation [25–27] : 

γ (v ) + iδ(v ) ≈ γ0 + iδ0 + ( γ2 + iδ2 ) 

(
v 2 

v 2 m 

− 3 

2 

)
, (2) 

with v m 

being the most probable (absolute) speed. The parameters 

γ 2 and δ2 can be expressed as a function of temperature [28] : 

γ2 (T ) + iδ2 (T ) = 

v m 

2 

d 

dv 
∑ 

j 2 

p j 2 (T ) 
(
γ ( v ) + iδ( v ) 

)∣∣∣
v = v m 

. (3) 

We provide the exact formulas for γ ( v ) and δ( v ) in Appendix C . 
Similarly to γ0 and δ0 , the Dicke parameter, ˜ νopt , can also be 

obtained from purely ab initio calculations, based on the general- 

ized spectroscopic cross sections [28,29] : 

νopt (T ) = ̃

 νopt (T ) p = 

1 

2 πc 
n 〈 v r 〉 M 2 

∑ 

j 2 

p j 2 (T ) 

×
∫ ∞ 

0 

dx xe −x 
(
2 

3 
xσ q 

1 

(
v i , j i , v f , j f , j 2 ; E kin = xk B T 

)
−σ q 

0 

(
v i , j i , v f , j f , j 2 ; E kin = xk B T 

))
, (4) 
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where M 2 = 

m p 

m + m p 
, with m and m p being the masses of the active 

and perturbing molecules, respectively. 

Eqs. (1) , (3) and (4) are general expressions illustrating how to 

calculate the temperature dependence of the spectroscopic param- 

eters from first principles. In Sections 4–6 we discuss how well 

they can be approximated with the DPL and 4TR representations. 

It should be noted that the fully ab initio line-shape parame- 

ters are best suited with the sophisticated line-shape models that 

include the full ab initio speed dependence and reliable model 

of the velocity-changing collisions (such as billiard-ball [30,31] or 

Blackmore [32] profiles). If the ab initio line-shape parameters 

are directly used with simple phenomenological profiles based 

on hard- or soft-collision models and approximated forms of the 

speed dependencies of the pressure broadening and shift (such 

as the Hartmann-Tran profile [16,33,34] ), one should expect ad- 

ditional percent-level discrepancy with experimental line profiles 

(for some atypical systems, such as Ar-perturbed H 2 , this discrep- 

ancy is much larger). Depending on the molecular system, differ- 

ent strategies may be applied to reduce these errors. For instance, 

for systems exhibiting large Dicke narrowing a correcting function 

(called beta-correction) to the ˜ νopt parameter can be used to im- 

prove the performance of the hard-collision model [35] . Recently, 

Hartmann proposed a general approach to this problem [36] , in 

which the ab initio line-shape parameters are used with one of 

the sophisticated line-shape models to generate reference shapes 

in a wide range of pressures, and then the reference spectra are 

fitted with some simpler phenomenological model. In this scheme 

the fitted line-shape parameters lose their physical meaning, but 

the shapes of molecular lines better agree with experiment. Similar 

tests were done before, for instance see Ref. [37] (in that work, due 

to a lack of ab initio parameters, a sophisticated line-shape model 

was used with parameters determined experimentally). Recently, 

this approach was tested for the requantized Classical Molecu- 

lar Dynamics Simulations corrected with the use of experimental 

spectra [38] . 

2.1. H 2 -He 

Here, we employ the recently reported, three-dimensional (3D) 

PES [29] , which is an extension of the PES reported in Ref. [39] . The 

PES from Ref. [39] was argued [18] to be the most reliable among 

all the considered PESs in terms of reproducing the experimental 

data. The newer PES [29] covers a larger range of intramolecular 

distances than the previous one, which allows us to investigate the 

overtones. Moreover, this PES has better long range asymptotic be- 

havior. 

The PES was expanded over Legendre polynomials, and then av- 

eraged over the wavefunctions of the hydrogen molecule in the ini- 

tial and final rovibrational states. This led to 2 ×4 radial terms per 

each rovibrational transition and 144 terms for purely rotational 

transitions (for details see Section 3.3 of Ref. [29] and Section 2 of 

Ref. [40] ). 

The close-coupling equations were solved for about 260 values 

of kinetic energy in a range from 0.1 up to 90 0 0 cm 

−1 . In the cal- 

culations we used the log-derivative/Airy hybrid propagator [41] . 

The log-derivative method was used for the intermolecular dis- 

tances in a range from 1 to 20 a 0 and the Airy propagator for in- 

termolecular distances in a range from 20 to 100 a 0 . Due to the 

fact that the PES does not couple ortho and para states, we dealt 

with separate basis sets for these two cases, associated with odd 

or even values of rotational levels j . One asymptotic closed level 

was kept throughout all the calculations. 

For the present study we investigated the following lines: 

O(2) 0-0, O(3) 2-0, Q(1) 2-0, Q(1) 4-0, Q(3) 5-0, S(0) 0-0, S(0) 1- 

0, S(1) 1-0, and S(1) 9-0. 

2.2. H 2 -H 2 

For the H 2 -H 2 system we used the 6D PES reported in Ref. [42] . 

This PES is a combination of two previous PESs: the 6D PES of 

Hinde [43] , which takes into account the stretching of both hydro- 

gen molecules, and the 4D PES of Patkowski et al. [44] , calculated 

with rigid hydrogen monomers with the bond length set to the vi- 

brational ground-state averaged value. The PES from Ref. [42] was 

expanded over the bispherical harmonics, leading to 15 terms, 

which were later averaged over the wavefunctions of the hydrogen 

molecule. 

The close-coupling equations were solved for about 250 val- 

ues of kinetic energy between 0.1 and 50 0 0 cm 

−1 . We used the 

log-derivative/Airy hybrid propagator [41] with the log-derivative 

method active in the range from 2.5 to 30 a 0 and Airy propaga- 

tor between 30 and 50 a 0 . The calculations were performed for 

the rotational levels of the perturbing molecule, j 2 , from 0 up to 5. 

Similar to the H 2 -He system, we analyzed the transitions between 

the ortho and para states separately. We investigated the electric 

quadrupole ( q = 2 ) Q v (1) lines of the fundamental band and of the 

first overtone. 

2.3. CO-He 

The 12 C 16 O rovibrational energy levels, used in the basis for 

the CO-He and CO-Ar dynamical calculations, are those provided 

by the HITRAN2016 database. The energy levels of CO in HI- 

TRAN2016 are based on Li et al . [45] with some corrections asso- 

ciated with the implementation of the Coxon and Hajigeorgiou po- 

tential [46] . The dynamical calculations were performed on the 3D 

CO-He PES of Heijmen et al . [47] . A Fortran code provided by van 

der Avoird [47] contains the vibrationally averaged PES in the fun- 

damental and first excited vibrational states of 12 C 16 O. The result- 

ing PESs have been expanded over 14 Legendre polynomials (up to 

l = 13). The close-coupling calculations are very similar to the ones 

performed on these PESs, in Ref. [48] and, thus, will not be de- 

scribed. In order to deduce the pressure broadening and shift coef- 

ficients for the purely rotational and rovibrational R(0) 0-0, R(0) 1- 

0, R(20) 0-0 and R(20) 1-0 lines, necessary [48] S-matrix elements 

were computed for about 180 and 140 relative kinetic energies, 

ranging from 0.1 to 20 0 0 cm 

−1 , for the R(0) 0-0, R(0) 1-0, R(20) 0- 

0 and R(20) 1-0 lines, respectively. 

2.4. CO-Ar 

The PES used for the calculations of CO-Ar cross sections 

was the purely ab initio potential calculated by Sumiyoshi and 

Endo [49] . The C-O bond length values, r CO , spanned a range from 

1.00 Å to 1.35 Å in increments of 0.05 Å. This range of r CO covers 

99.98% of the squared wavefunction amplitude of the upper vibra- 

tional state ( ν = 1 , j = 0 ), what we consider sufficient for calcula- 

tions of ν = 0 → 1 transitions. The PES was vibrationally averaged 

over the lower and upper vibrational states and expanded in the 

basis of Legendre polynomials with terms up to the n = 10 order. 

The S-matrices were calculated with the log-derivative/Airy hy- 

brid propagator [41] . The log-derivative method was used from 2 

Å to 10 Å and the Airy propagator was used from 10 Å to the end 

of propagation. The end of propagation was set no closer than the 

CO-Ar distance of 20 Å. It was increased to the separation at the 

furthest classical turning point found in the centrifugal potential if 

the point was found to be lying further than 20 Å. The grid of col- 

lision energies at which the S-matrices were obtained consisted of 

376 points. It was limited by the maximal energy of 1700 cm 

−1 

and the grid density was adjusted to obtain smooth σ q 
0 

curves, 

with denser sampling at low collision energies and sparser sam- 

pling at high collision energies. The lines of the fundamental band 
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Fig. 1. Ab initio temperature dependences of the pressure broadening parameter γ 0 , (black lines) and its 4TR and DPL approximations (red and green lines, respectively). 

To resolve overlapped curves below every graph we show the absolute residuals (the same color notation). The first temperature range is not covered by the semiclassical 

MCRB calculations. The residuals are in the same units as the main plots, i.e., 10 −3 cm 

−1 atm 

−1 . 

for which the spectroscopic cross sections were obtained are: P(1), 

P(2), P(8), R(0), R(1), and R(7). 

3. Ab initio semiclassical line-shape calculations 

The calculation of the half-width and line shift for the H 2 O- 

H 2 , H 2 O-N 2 , HDO-CO 2 and CO 2 -CO 2 systems were made using 

the complex implementation of the semi-classical Robert-Bonamy 

formalism [50,51] with the modification suggested by Ma [52] , 

labeled as MCRB. In this complex-valued formalism, the half- 

width, γ , and line shift, δ, for a rovibrational transition f ← i are 

given by 

�0 (T ) + i 	0 (T ) = ( γ0 (T ) + iδ0 (T ) ) p 

= 

1 

2 πc 
n 

∫ ∞ 

0 

d v r v r f (v r ) 

×
∫ ∞ 

0 

d b 2 πb 

(
1 −e 

−i 〈 S 1 + Im ( S 2 ) 〉 J 2 e −〈 Re ( S 2 ) 〉 J 2 
)
, (5) 

where v r is the relative velocity, f ( v r ) is the Maxwell-Boltzmann 

distribution of speed, 〈〉 J 2 is an average over the states of the per- 
turber, and b is the impact parameter. S 1 and S 2 are the first and 

second order terms in the successive expansion of the Liouville 
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Fig. 2. Ab initio temperature dependences of the pressure shift parameter δ0 , (black lines) and its 4TR and DPL approximations (red and green lines, respectively). To resolve 

overlapped curves below every graph we show the absolute residuals (the same color notation). The first temperature range is not covered by the semiclassical MCRB 

calculations. The residuals are in the same units as the main plots, i.e., 10 −3 cm 

−1 atm 

−1 . 

scattering matrix, which depends on the rovibrational states that 

are involved, the associated collisionally-induced jumps from these 

states, on the intermolecular potential, and the characteristics of 

the collision dynamics. Note, semiclassical refers to the fact that 

the internal structure of the colliding molecules is treated quan- 

tum mechanically and that the dynamics of the collision process 

are treated by classical mechanics. Thus, in an optical transition 

from f ← i, the active molecule will undergo collisions with the 

bath molecules, for which the trajectories are determined by clas- 

sical mechanics. In these collisions, the initial and final states of 

the radiating molecule, i and f, will undergo collisionally-induced 

transitions to states i’ and f’, interrupting the radiation and causing 

collisional broadening. The states i’ and f’ are called collisionally- 

connected states and are given by selection rules determined by 

the wavefunctions and intermolecular potential coupling terms. 

Given the large number of terms in the intermolecular potential, 

there are many states, i’ or f’, that are possible. The quantum me- 

chanical components of the calculation are the energy of the states 

involved in the collisionally-induced transitions and the wavefunc- 

tions for the states, which are used to determine the probability of 
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Fig. 3. The relative MAD for the 4TR and DPL representations of the temperature dependence of the pressure broadening parameter γ 0 (see text for more details). The 1% 

level is indicated with the horizontal black dashed lines. The first temperature range is not covered by the semiclassical MCRB calculations. 

a collisionally-induced transition. The details about our calculations 

for the H 2 O-H 2 , H 2 O-N 2 , HDO-CO 2 and CO 2 -CO 2 systems considerd 

here can be found in Refs. [53–56] . 

4. Temperature dependences of the pressure broadening and 

shift parameters γ0 and δ0 

In this section, we directly compare the two representations 

(4TR and DPL) of the temperature dependences of the pressure 

broadening, γ0 , and pressure shift, δ0 , parameters. In Section 4.1 , 

we discuss the details of the 4TR [1,3] and DPL [4] approaches. The 

4TR approach requires eight parameters (two parameters per each 

temperature range) to describe the full temperature dependence of 

a single line-shape parameter, while the DPL requires only four pa- 

rameters (in the DPL case a single function covers all the temper- 

ature ranges). In Section 4.2 , we present the results and the com- 

parison of the two representations. 

4.1. 4TR and DPL representations of γ0 and δ0 

The 4TR representation (in the form adopted in HI- 

TRAN2016 [1,3] ) splits the temperature dependence into four 

ranges, each represented by a different reference temperature, T ref : 

1 st range: T < 100 K, T ref = 50 K, 

2 nd range: 100 K ≤T < 200 K, T ref = 150 K, 

3 rd range: 200 K ≤T < 400 K, T ref = 296 K, 

4 th range: 400 K ≤ T, T ref = 700 K. 

In each of the four ranges, the temperature dependences of γ0 

and δ0 are described by the power-law and linear functions: 

γ0 (T) = γ0 ( T ref ) ×
(
T ref 
T 

)n 

, (6) 

δ0 (T) = δ0 ( T ref ) + δ′ 
0 (T − T ref ) . (7) 

This representation requires a pair of fitted parameters, γ0 (T ref ) 

and n, or δ0 ( T ref ) and δ
′ 
0 
, for each of the four ranges, resulting in 

eight parameters in total for each of the two ( γ0 and δ0 ) spectral 
line-shape parameters. Additionally, we enforced the functions to 

be continuous between the ranges, which resulted in three addi- 

tional constraints. To fit these representations to the ab initio data, 

we performed a two-step fitting procedure using the least-squares 

method. In the first step, we used the fitting algorithm for the 2 nd 

and 3 rd temperature ranges (most important for the studies of at- 

mospheres of the Earth and other planets), demanding the conti- 

nuity at T = 200 K. In the next step, we performed the fitting for 

the remaining 1 st and 4 th temperature ranges, demanding the fit- 

ted functions ( Eqs. (6) and (7) ) to be continuous on the two other 

borders, i.e. at T = 100 K and T = 400 K. 

Recently, Gamache and Vispoel proposed the DPL representa- 

tion for γ0 and δ0 [4] (here the names of the parameters are 

changed to be consistent with naming for other line-shape param- 

eters): 

γ0 (T) = g 0 (T ref / T) 
n + g ′ 0 (T ref / T) n 

′ 
, (8) 

δ0 (T) = d 0 (T ref / T) 
m + d ′ 0 (T ref / T) m 

′ 
. (9) 
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Fig. 4. The MAD for the 4TR and DPL representations of the temperature dependence of the pressure shift parameter, δ0 (see text for more details). The first temperature 

range is not covered by the semiclassical MCRB calculations. 

Fig. 5. Temperature dependence of the speed dependence of the broadening parameter, γ 2 . The black lines are the functions determined from our ab initio calculations, 

while red and green ones are the 4TR and DPL representations, respectively. To resolve overlapped curves below every graph we show the absolute residuals (the same color 

notation). The residuals are in the same units as the main plots, i.e., 10 −3 cm 

−1 atm 

−1 . 
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Fig. 6. Temperature dependence of the speed dependence of the shift parameter, δ2 . The black lines are the functions determined from our ab initio calculations, while red 

and green ones are the 4TR and DPL representations, respectively. To resolve overlapped curves below every graph we show the absolute residuals (the same color notation). 

The residuals are in the same units as the main plots, i.e., 10 −3 cm 

−1 atm 

−1 . 

Fig. 7. The MAD for the 4TR and DPL representations of the temperature dependence of the speed dependence of the broadening parameter, γ 2 (see text for more details). 
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Fig. 8. The MAD for the 4TR and DPL representations of the temperature dependence of the speed dependence of the shift parameter, δ2 (see text for more details). 

A single DPL function covers all the temperature ranges. The refer- 

ence temperature, T ref , is 296 K. This representation requires four 

parameters (two times fewer than 4TR) to represent the full tem- 

perature dependence of the spectral line-shape parameter and has 

no additional constraints. We used the least squares algorithm to 

fit this representation to the ab initio data. 

4.2. Results and comparison 

The two representations (4TR and DPL) were tested on the ab 

initio results for a sample of 36 molecular lines from eight col- 

lisional systems. We employed the fully quantum ab initio cal- 

culations for the CO-Ar, CO-He, H 2 -He and H 2 -H 2 systems, while 

the calculations for the H 2 O-H 2 , H 2 O-N 2 , HDO-CO 2 systems were 

based on the ab initio semiclassical approach. The full temperature 

dependences of the eight chosen rovibrational transitions (one for 

each molecular system) are shown in Figs. 1 and 2 for the cases of 

γ0 and δ0 , respectively. Figs. 3 and 4 present the comparison of the 

maximal absolute difference (MAD) for both approximations for all 

the considered lines. 

It is seen from Figs. 1 and 3 that (despite that DPL requires two 

times fewer parameters) both approximations give similar accuracy 

of γ0 representation, and in the prioritized 2 
nd and 3 rd tempera- 

ture ranges MAD is at the level of 1% in most of the cases. 

Figs. 2 and 4 show the comparison of 4TR and DPL for the δ0 
parameter. For the typical (monotonic) behavior of the temperature 

dependences of δ0 , the DPL works better (CO-He, H 2 O-N 2 , CO 2 -CO 2 

and H 2 -H 2 cases in Fig. 2 ) or similarly (CO-Ar and HDO-CO 2 cases 

in Fig. 2 ) to 4TR; it should be noted that also here the 4TR requires 

twice as many parameters as DPL. If, however, the temperature de- 

pendence has a minimum or maximum (e.g., H 2 -He case in Fig. 2 ), 

the 4TR reveals more flexibility due to the larger number of the fit- 

ted parameters and, hence, gives a better accuracy of temperature 

dependence representation. 

5. Temperature dependences of the pressure broadening and 

shift speed dependence parameters, γ2 and δ2 

In this section, we shall make a similar comparison as pre- 

sented in Section 4 . Here, we discuss the temperature dependence 

of the speed dependence of the pressure broadening and shift co- 

efficients, γ 2 and δ2 . We limit the discussion to the 20 molecu- 

lar lines for which we performed the fully quantum calculations. 

In Section 5.1, we discuss the details of 4TR approach in the form 

adopted in HITRAN2016 [1,3] and DPL representation [4] . Both the 

approximations require four parameters to describe the full tem- 

perature dependence of the γ 2 and δ2 parameters. Section 5.2 con- 

tains the comparison of the two representations and discussion of 

the results. 

5.1. 4TR and DPL representations of γ 2 and δ2 

For the case of the γ 2 and δ2 parameters, the form of the 

4TR approximation adopted in HITRAN2016 requires four param- 

eters [1,3] ; it was assumed that γ 2 and δ2 are constant over each 
of the temperature ranges: 

γ2 (T) = γ2 (T ref ) , (10) 

δ2 (T) = δ2 (T ref ) , (11) 
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Fig. 9. Ab initio temperature dependences of the real part of the Dicke parameter, ̃  νr 
opt , (black lines) and its 4TR and DPL approximations (red and green lines, respectively). 

To resolve overlapped curves below every graph we show the absolute residuals (the same color notation). The residuals are in the same units as the main plots, i.e., 

10 −3 cm 

−1 atm 

−1 . 

Fig. 10. Ab initio temperature dependences of the imaginary part of the Dicke parameter, ˜ ν i 
opt , (black lines) and its 4TR and DPL approximations (red and green lines, 

respectively). To resolve overlapped curves below every graph we show the absolute residuals (the same color notation). The residuals are in the same units as the main 

plots, i.e., 10 −3 cm 

−1 atm 

−1 . 

where T ref takes one of the four values specified in Section 4.1 . This 

representation requires one fitted parameter per each temperature 

range, resulting in four parameters in total. 

The DPL approximations for the case of the γ 2 and δ2 parame- 

ters have exactly the same form as for γ0 and δ0 : 

γ2 (T) = g 2 (T ref / T) 
j + g ′ 2 (T ref / T) j 

′ 
, (12) 

δ2 (T) = d 2 (T ref / T) 
k + d ′ 2 (T ref / T) k 

′ 
. (13) 

with the same T ref = 296 K. 

5.2. Results and comparison 

In the cases of the γ 2 and δ2 parameters, we performed the 

same comparisons of the 4TR and DPL approaches as for γ0 and 

δ0 (see Section 4.2 ). The full temperature dependences of γ 2 and 

δ2 for the same sample of the four molecular transitions as in 

Figs. 1 and 2 are presented in Figs. 5 and 6 . Figs. 7 and 8 show the 

MAD for all the 20 analyzed transitions. The DPL method is better 

by far in almost all the considered cases, despite that it requires 

the same number of fitted parameters. 
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Fig. 11. The MAD for the 4TR and DPL representations of the temperature dependence of the real part of the Dicke parameter, ̃  νr 
opt (see text for more details). 

6. Temperature dependences of the Dicke parameter, ˜ νopt 

The four line-shape parameters discussed in Sections 4 and 5 , 

in fact, can be seen as real and imaginary parts of two complex 

parameters. The first one, γ0 + iδ0 , is a complex rate of relaxation 

of optical excitation. The second one, γ2 + iδ2 , quantifies the speed 
dependence of this rate. Similarly, the rate of the optical velocity- 

changing collisions, ̃  νopt , (also called the Dicke parameter) is also a 

complex number that can be written in the same manner, ˜ νopt = ˜ νr 
opt + i ̃  ν i 

opt , where ̃  νr 
opt and ̃  ν i 

opt are called real and imaginary parts 

of the Dicke parameter, respectively. 

It should be noted that in the Hartmann-Tran (HT) pro- 

file [16,33,34] the two parts of ˜ νopt are expressed indirectly with 

the use of ̃  νvc and η parameters: 

˜ νr 
opt = ̃

 νvc − ηγ0 , (14) 

˜ ν i 
opt = −ηδ0 . (15) 

To calculate η and ̃  νvc we convert our ab initio ̃  νopt parameter (ob- 

tained from Eq. (4) ) using the following formulas: 

˜ νvc = ̃

 νr 
opt − ˜ ν i 

opt 

γ0 

δ0 
, (16) 

η = −
˜ ν i 
opt 

δ0 
. (17) 

It should be noted that the above relations, Eqs. (14)–(17) , ignore 

the speed dependence of the ˜ νopt parameter which was adopted 

in the HT profile. We show in Appendix B that the HT profile en- 

forces an unphysical form of the speed dependence of the complex 

Dicke parameter. Within the HT profile parametrization there is no 

flexibility to adjust the speed dependence of ˜ νopt to a more physi- 

cal one. Therefore, the best that can be done to link the HT profile 

parameters with the ab initio ones is to enforce that the speed- 

averaged values of the complex Dicke parameter are the same; this 

is what we did in Eqs. (14)–(17). 

The same parametrization as in the HT profile was adopted 

in HITRAN2016 [1,3] to represent the non-Voigt line profiles. In 

this paper, we argue that the more straightforward notation, i.e. ˜ νopt = 

˜ νr 
opt + i ̃  ν i 

opt , allows one to avoid some additional difficulties 

with the temperature dependences that may arise when the ˜ νvc 
and η parametrization is used, see Appendix A . We recommend the 

use of the explicit notation of the real and imaginary parts of the 

Dicke parameter, i.e. ˜ νopt = 

˜ νr 
opt + i ̃  ν i 

opt , and to neglect its speed 

dependence. For details of the DPL representation for the HITRAN 

database see Section 7 . 

6.1. 4TR and DPL representations of ̃  νr 
opt and ̃  ν i 

opt 

Since the notation of the complex Dicke parameter recom- 

mended in this paper differs from the one adopted in HI- 

TRAN2016 [1,3] (i.e., we use ˜ νr 
opt and ˜ ν i 

opt instead of ˜ νvc and η), 
here we do not compare the DPL and HITRAN2016 temperature de- 

pendences in a direct way (see Appendix A for a direct comparison). 

Nevertheless, to show the flexibility of the DPL approximation for 

the case of the Dicke parameter, we compare it with the 4TR rep- 
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Fig. 12. The MAD for the 4TR and DPL representations of the temperature dependence of the imaginary part of the Dicke parameter, ̃  ν i 
opt (see text for more details). 

resentation that has the same form as for γ0 and δ0 discussed in 
Section 4 (i.e. for each temperature range, single power law and 

linear functions are taken for real and imaginary parts of the Dicke 

parameter, respectively): 

˜ νr 
opt (T) = ̃

 νr 
opt ( T ref ) ×

(
T ref 
T 

)m 

, (18) 

˜ ν i 
opt (T) = ̃

 ν i 
opt ( T ref ) + ̃

 ν i ′ 
opt (T − T ref ) . (19) 

Here we take the same reference temperature, T ref , as for the 4TR 

for γ0 and δ0 , see Section 4 . Moreover, following Section 4 , we en- 

forced the continuity of the function on the endpoints of the tem- 

perature ranges and performed the same two-step fitting proce- 

dure. 

The DPL approach has exactly the same form as for the other 

line-shape parameters discussed in Sections 4 and 5 : 

˜ νr 
opt (T) = r (T ref / T) 

p + r ′ (T ref / T) p 
′ 
, (20) 

˜ ν i 
opt (T) = i (T ref / T) 

q + i ′ (T ref / T) q 
′ 
, (21) 

Also, similar to the other line-shape parameters, here a single 

DPL function covers all the temperature ranges and T ref = 296 K. 

6.2. Results and comparison 

In Figs. 9 and 10 , we show the full temperature dependences of 

the ˜ νr 
opt and ˜ ν i 

opt parameters determined from our quantum scat- 

tering calculations and a comparison of their 4TR and DPL approx- 

imations for the same four lines as in Figs. 5 and 6 . In Figs. 11 and 

12 , we compare the MAD for 4TR and DPL for all the cases consid- 

ered here. 

The temperature dependence of the real part of the Dicke pa- 

rameter, ˜ νr 
opt , usually decays monotonically with the temperature 

and can easily be described by a single power-law function, see 

Fig. 9 . For molecular hydrogen, it directly follows from the fact 

that, in this case, the ˜ νr 
opt parameter is close to the frequency of 

the velocity-changing collisions (that is calculated from the dif- 

fusion coefficient). In most of the cases considered here, the 4TR 

reproduces the ab inito temperature dependences more accurately 

than the DPL, especially in the prioritized, 2 nd and 3 rd temperature 

ranges where 4TR reaches sub-percent accuracy for almost all the 

considered transitions, see Fig. 11 . Despite its higher accuracy, it 

needs to be noted that 4TR requires 8 parameters to represent the 

full temperature dependence of the ˜ νr 
opt parameter, while the DPL 

representation requires only 4 parameters. 

The behavior of the temperature dependence of the imaginary 

part of the Dicke parameter, ˜ ν i 
opt , depends on the molecular sys- 

tem, see Figs. 10 and 12 . In the cases when the temperature de- 

pendence is monotonic, both methods provide a good approxima- 

tion but, usually, DPL is slightly more accurate, see the two bottom 

panels in Fig. 10 . However, if the function exhibits at least one ex- 

tremum, see the two upper panels in Fig. 10 , the 4TR approach 

shows more flexibility than DPL due to the larger number of the 

fitted parameters. In Figure 12 , we compare the performance of the 

DPL and 4TR for ̃  ν i 
opt for all the considered lines. 
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Table 1 

HITRAN parametrization of the DPL temperature dependence of the beyond-Voigt line-shape parameters. In case of the Voigt profile only the first two parameters, γ 0 (T) 

and δ0 (T), should be considered. 

Description of the parameters The symbols of the 

line-shape parameter 

[cm 

−1 /atm] 

DPL parametrization of the temperature dependence of the 

line-shape parameters 

The formulas illustrating how the 

parameters should be translated into the 

line-shape parameters ( T ref = 296 K). 

Coefficient 1 Coefficient 2 Exponent 1 Exponent 2 

Pressure broadening γ 0 (T) g 0 g ′ 0 n n ′ γ0 (T) = g 0 ( T ref / T) 
n + g ′ 0 ( T ref / T) n 

′ 

Pressure shift δ0 (T) d 0 d ′ 0 m m 

′ δ0 (T) = d 0 ( T ref / T) 
m + d ′ 0 ( T ref / T) m 

′ 

Speed dependence of the 

pressure broadening 

γ 2 (T) g 2 g ′ 2 j j ′ γ2 (T) = g 2 ( T ref / T) 
j + g ′ 2 ( T ref / T) j 

′ 

Speed dependence of the 

pressure shift 

δ2 (T) d 2 d ′ 2 k k ′ δ2 (T) = d 2 ( T ref / T) 
k + d ′ 2 ( T ref / T) k 

′ 

Real part of the Dicke parameter ˜ νr 
opt (T) r r ′ p p ′ ˜ νr 

opt (T) = r ( T ref / T) 
p + r ′ ( T ref / T) p 

′ 

Imaginary part of the Dicke 

parameter 

˜ ν i 
opt (T) i i ′ q q ′ ˜ ν i 

opt (T) = i ( T ref / T) 
q + i ′ ( T ref / T) q 

′ 

7. The DPL representation for the HITRAN database 

The full set of the coefficients that is needed to represent the 

DPL temperature dependencies of all the six line-shape parameters 

(i.e.: γ0 , δ0 , γ 2 , δ2 , ˜ νr 
opt and ˜ νr 

opt ) described in Sections 4 - 6 con- 

sists of 24 coefficients per one molecular transition (4 coefficients 

per each line-shape parameter), see Table 1 . The structure of this 

parametrization is simpler and requires three parameters fewer 

than the 4TR parametrization adopted in HITRAN2016 [1,3] (cf. Tab. 

7 in Ref. [3] ). 

8. Conclusion 

In this article, we analyzed the problem of seeking an opti- 

mal simple analytical representation of temperature dependences 

of collisional line-shape parameters that can be adopted in the HI- 

TRAN database. We used our ab initio fully quantum and semiclas- 

sical collisional line-shape calculations to compare the 4TR rep- 

resentation, adopted in the HITRAN database in 2016 [1] , with 

the DPL representation. We considered two basic collisional line- 

shape parameters ( γ0 and δ0 ) that enter into the Voigt profile 
and four beyond-Voigt line-shape parameters ( γ 2 , δ2 , ˜ νr 

opt , ˜ ν i 
opt ). 

We demonstrated that DPL gives better overall approximation of 

the temperature dependences than 4TR. It should be emphasized 

that DPL requires fewer parameters and its structure is much sim- 

pler and more self-consistent than the structure of 4TR. The DPL 

datasets can be easily implemented into the HITRAN relational 

database structure due to its flexibility [57] . We present a DPL 

parametrization for Voigt and beyond-Voigt line profiles that will 

be adopted in the HITRAN database. 

We also discussed the problem of the Hartmann-Tran profile 

parametrization in which the correlation parameter, η, and fre- 
quency of the velocity-changing collisions parameter, νvc , diverge 

to infinity when the collisional shift crosses zero. We demonstrate 

that this issue can be resolved by using a direct parametrization 

with a complex Dicke parameter, νopt , instead of η and νvc that 

were adopted in the HT profile. 

One should be aware that when modeling spectra of hot envi- 

ronments, the usage of the HITEMP [2] database rather than HI- 

TRAN is strongly advised. The HITRAN database targets a range of 

temperatures that does not substantially exceed those encountered 

on the Earth and with an exception of a few diatomic molecules 

(NO, OH, HF, HCl, HBr, HI and H 2 ) does not provide enough transi- 

tions. It is worth mentioning that if the temperature range covered 

in the experiments is not extensive it is better to fix the param- 

eters associated with the second exponent term to be 0 and ef- 

fectively use a single power law. We also recommend that in the 

case when there is a sufficient extent of data to fit to the DPL, 

one should report the new data in both new DPL and traditional 

single-power law formats if possible. This will allow researchers 

that work with the room temperature environment to continue us- 

ing existing radiative transfer codes. 

Acknowledgments 

We thank Jean-Michel Hartmann and Ha Tran for the dis- 

cussion and their remarks regarding the parameterization of the 

Hartmann-Tran profile and the strategy for improving accuracy 

when the parameters of the Hartmann-Tran profile are based on 

ab initio calculations. NS, HJ and PW contribution is supported 

by the National Science Centre in Poland through projects nos. 

2015/19/D/ST2/02195 and 2018/31/B/ST2/00720. HC acknowledges 

the support by the National Science Centre in Poland through 

project no. 2014/15/B/ST4/04551. GK acknowledges the support 

by the National Science Centre, Poland through project nos. 

2016/21/N/ST2/00334 and 2017/24/T/ST2/00242. RRG and BV are 

pleased to acknowledge support of this research by the National 

Science Foundation through grant no. AGS-1622676 . Any opinions, 

findings, and conclusions or recommendations expressed in this 

material are those of the authors and do not necessarily reflect 

the views of the National Science Foundation. The project is co- 

financed by the Polish National Agency for Academic Exchange un- 

der the PHC Polonium program (dec. PPN/X/PS/318/2018). The HI- 

TRAN database is supported by NASA AURA NNX17AI78G and NASA 

PDART NNX16AG51G grants. 

Appendix A. Temperature dependences of the HT profile ˜ νvc 
and η parameters 

In this section, we compare the parametrization of the velocity- 

changing collisions employed in this paper and those used in the 

HT profile. Following the convention adopted in this paper, the to- 

tal collisional operator, ˆ S , that enters the line-shape theory can be 

written as 

ˆ S /p = −(γ0 + iδ0 ) − (γ2 + iδ2 ) b(v ) + ( ̃  νr 
opt + i ̃  ν i 

opt ) ˆ M , (A.1) 

where ̃  νopt is the speed-averaged Dicke parameter, see Eq. (4) (here 

we neglect the speed dependence of ˜ νopt , see Appendix B ). 

b(v ) = (v 2 / v 2 m 

− 3 / 2) , v m 

is the most probable speed of an active 

molecule, p is pressure and ˆ M is a normalized velocity-changing 

operator. Depending on the choice of the line-shape profile, ˆ M can 

https://doi.org/10.13039/100000001
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Fig. A1. Temperature dependences of the HT profile frequency of the velocity-changing collisions, ̃  νvc , [16,33,34] determined from the ab initio ̃  νopt , γ0 and δ0 parameters, see 

Eqs. 14 and 15 , (black lines) and its 4TR and DPL approximations (red and green lines, respectively). To resolve overlapped curves below every graph we show the absolute 

residuals (the same color notation). The residuals are in the same units as the main plots, i.e., 10 −3 cm 

−1 atm 

−1 . 

Fig. A2. Temperature dependences of the HT profile correlation parameter, η, [16,33,34] determined from the ab initio ˜ νopt and δ0 parameters, see Eq. 15 , (black lines) 

and its 4TR and DPL approximations (red and green lines, respectively). To resolve overlapped curves below every graph we show the absolute residuals (the same color 

notation). The residuals are in the same units as the main plots, i.e., 10 −3 cm 

−1 atm 

−1 . 

be modeled with simple hard-collision [58] (used in the HT pro- 

file) or soft-collision [59] operators, or by one of more sophis- 

ticated operators like Keilson-Storer [60] , billiard-ball [30,31] or 

Blackmore [32,61] , just to mention a few. 

Within the convention adopted in the HT profile, the total col- 

lisional operator, ˆ S HTp , can be written as 

ˆ S HTp /p = −(γ0 + iδ0 ) − (γ2 + iδ2 ) b(v ) + ( ̃  νvc − η(γ0 + iδ0 )) ˆ M . 

(A.2) 

To make a direct comparison of the velocity-changing parts in 

Eqs. (A .1) and (A .2) , we neglect the speed dependence of the 

˜ νopt = ̃

 νvc − η(γ0 + iδ0 ) term in Eq. (A.2) . Although this speed 

dependence is present in the HT profile, we show that it is 

not consistent with the speed dependence determined directly 

from quantum-scattering calculations, see Appendix B for details. 

In Figs. A1 and A2 , we show the temperature dependences of ˜ νvc (T ) and η( T ) and their DPL and 4TR approximations (as de- 

duced from Eqs. (16) and (17) . It should be noted that in HI- 

TRAN2016 [1,3] the temperature dependence of ˜ νvc was repre- 

sented by a single power-law function and η was temperature 

independent; both of them perform clearly much worse than DPL, 

therefore in Figs. A1 and A2 we compare DPL with 4TR having the 

same form as for γ0 and δ0 , see Section 4 . 
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In the comparison of Eqs. (A.1) and (A.2) , i.e. ˜ νopt representa- 
tion studied in this paper and that adopted in the HT profile, four 

main features can be recognized: 

• A major practical difficulty related to the convention from 

Eq. (A.2) is that the ˜ νvc (T ) and η( T ) functions diverges 
to ±∞ when δ0 ( T ) crosses zero, see Fig. 2 . We show an 

example of such behavior in the upper right panels in 

Figs. A1 and A2 . 
• For most molecular lines, the complex Dicke parameter, ˜ νopt , is dominated by its real part (i.e. ˜ νr 

opt � ˜ ν i 
opt ), com- 

pare Figs. 9 and 10 . The dominating part is well represented 

by DPL, see Fig. 9 . In the HT profile notation the easy-to- 

represent behavior of ̃  ν i 
opt , for some systems, can be strongly 

affected by the way in which the η( T ) parameter is defined. 

This makes the ̃  νvc (T ) function much more difficult to repro- 

duce with DPL or 4TR than the ̃  νr 
opt (T ) function, for instance, 

compare the CO-Ar P(1) 1-0 case in Figs. 9 and A1 . 
• The explicit decomposition of ˜ νopt into its real, ˜ νr 

opt , and 

imaginary, ˜ ν i 
opt , parts offers a direct access to their line- 

shape interpretation, i.e., ˜ νr 
opt can be associated with the 

Dicke narrowing (or more sophisticated effects, like a nar- 

rowing of collisional inhomogeneous broadening [62] ) and ˜ ν i 
opt with line asymmetry. In the HT profile parameterization, 

the ̃  νvc and η parameters are expressed not only in terms of 

real and imaginary parts of ˜ νopt , but also in terms of the γ0 

and δ0 parameters, which makes their interpretation much 

less straightforward. 
• Within the HT profile approach, the complex Dicke pa- 

rameter is expressed as ˜ νopt = ̃

 νvc − η(γ0 + iδ0 ) . This rela- 
tion may suggest the following physical interpretation: ˜ νvc 
is the frequency of the velocity-changing collisions deter- 

mined from the diffusion coefficient and η is a correla- 

tion parameter defining a fraction of molecules (which un- 

dergo velocity-changing collisions) being damped or de- 

phased (within this interpretation the rates of the damping 

and dephasing would be given by γ0 and δ0 ). Here we show 

that such a picture may be misleading. The ˜ νopt parameter, 

calculated from the Generalized Hess Model (GHM) [63] , can 

be written as ˜ νopt = (2 / 3) M 2 ω 

11 
1 − M 2 (γ0 + iδ0 ) [29] , where 

ω 

11 
1 

is a collision integral of a proper generalized spectro- 

scopic cross section [22,24] . When this generalized spectro- 

scopic cross section is replaced with a usual cross section 

(used for diffusion coefficient determination), then the above 

formula can be rewritten as ˜ νopt = ̃

 νvc − M 2 (γ0 + iδ0 ) . This 
shows that the η parameter is simply equal to the mass ra- 

tio, M 2 . The information about the difference between opti- 

cal and usual velocity-changing collisions rates is stored in 

the (2 / 3) M 2 ω 

11 
1 

term (which is a complex number) rather 

than in η, see also the discussion in Appendix B in Ref. [29] . 

As a result of the above considerations, in this paper we rec- 

ommend to use in the HITRAN database the straightforward rep- 

resentation of the complex Dicke parameter, i.e., ˜ νopt = ̃

 νr 
opt + i ̃  ν i 

opt 

for both the hard- and soft-collision models. 

Appendix B. Speed dependence of the ˜ νopt parameter 

In this Appendix, we compare the speed dependence of the 

Dicke parameter obtained from our ab initio quantum scattering 

calculations, see Appendix C , with the one adopted in the HT 

profile [16,33,34] , see also the analysis in Ref. [64] . Within the 

HT model [16,33,34] , the speed-dependent Dicke parameter is de- 

fined as ˜ νopt ( v ) = ̃

 νvc − η(γ ( v ) + iδ( v ) ) . Taking the quadratic ex- 
pressions for γ ( v ) and δ( v ), the HT profile speed dependence of 
the real and imaginary parts of the Dicke parameter can be writ- 

ten as 

˜ νr 
opt ( v ) = ̃

 νvc − η

(
γ0 + γ2 

(
v 2 

v 2 m 

− 3 

2 

))
, (B.1) 

˜ ν i 
opt ( v ) = −η

(
δ0 + δ2 

(
v 2 

v 2 m 

− 3 

2 

))
. (B.2) 

The results of the comparison are depicted in Figs. B1 and B2 for 

the real and imaginary part of the Dicke parameter, respectively. 

It should be noted that the interpretation of the speed depen- 

dence of ̃  νopt is not as straightforward as for the case of the γ and 

δ parameters. The speed dependence of γ and δ simply means that 

the complex relaxation rate depends on the molecule speed and, as 

Fig. B1. Ab initio speed dependence of the real part of the Dicke parameter, ̃  νr 
opt , see Eq. C.6b , (black lines) and its approximation adopted in the HT profile, see Eq. (B.1) (red 

lines). The Maxwell-Boltzmann distributions of the molecular velocities are shown as blue lines and the thin black vertical lines mark the most probable speed. All the data 

presented here are for T = 296 K. 
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Fig. B2. Ab initio speed dependence of the imaginary part of the Dicke parameter, ˜ ν i 
opt , see Eq. C.6b , (black lines) and its approximation adopted in the HT profile, see 

Eq. (B.2) (red lines). The Maxwell-Boltzmann distributions of the molecular velocities are shown as blue lines and the thin black vertical lines mark the most probable 

speed. All the data presented here are for T = 296 K. 

it is, directly enters the line-shape model, see Eqs. (A.1) and (A.2) . 

The status of the complex ̃  νopt parameter in the line-shape models 

is qualitatively different because it does not enter the collisional 

operator as a scalar function (as it does for γ ( v ) and δ( v )), but it 
multiplies a velocity-changing operator (see ˆ M in (A.1) and (A.2) ) 

that already involves some dependence on the active molecule 

speed, see Fig. 2 in Ref. [65] . For this reason, we assume the ˜ νopt 
parameter to be speed independent. 

Appendix C. Speed dependence of �, � and νopt parameters - 

derivation of the formulas 

In this section, we collect the formulas that have been pre- 

sented in various articles [12,13,24,28,29,66] and rederive the for- 

mulas for the speed dependence of the spectroscopic parameters 

�, 	, and complex νopt , which are connected to the aforemen- 

tioned parameters as � = pγ , 	 = pδ, νopt = p ̃  νopt . To keep the 
formulas simple, we assume a structureless perturber. The basic 

kinetic theory of gases predicts that the collision rate, for a given 

relative speed v r , is equal to nv r σ ( v r ), where n is the number den- 

sity of perturber molecules and σ is a usual total cross section. In 

the same way, one may express a complex relaxation rate of an 

optical excitation: 

�( v r ) + i 	( v r ) = 

1 

2 πc 
n v r σ q 

0 ( v r ) , (C.1) 

but σ is replaced with the generalized spectroscopic cross section 

σ q 
0 
. The (2 π) −1 factor arises from the fact that, in the actual exper- 

iments, the laser frequency is expressed in the unit of frequency 

and not angular frequency, and c −1 comes from the conversion 

from Hz to cm 

−1 . 

Additionally, using a higher-order generalized-spectroscopic 

cross section, σ q 
1 
, one may express a complex rate of the optical 

velocity-changing collisions as (see Appendix A of supplementary 

materials of Ref. [66] ) 

νopt ( v r ) = 

1 

2 πc 
n v r M 2 

(
2 

3 

v 2 r 
v 2 rm 

σ q 
1 ( v r ) − σ q 

0 ( v r ) 
)

, (C.2) 

where v rm 

is the most probable relative speed and M 2 = 

m p 

m + m p 
, 

with m and m p being the masses of the active and perturbing 

molecules, respectively. On the one hand, direct integration of 

Eqs. (C.1) and (C.2) over the Maxwellian distribution, f m 

( v r ), of rel- 

ative speeds leads to speed-averaged parameters: 

�0 + i 	0 = 

1 

2 πc 
n 

∫ ∞ 

0 

v r f m 

( v r ) σ q 
0 ( v r ) dv r , (C.3a) 

νopt = 

1 

2 πc 
nM 2 

∫ ∞ 

0 

v r f m 

( v r ) 
(
2 

3 

v 2 r 
v 2 rm 

σ q 
1 ( v r ) − σ q 

0 ( v r ) 
)
dv r . (C.3b) 

On the other hand, one can average the collisional rates over 

the perturber Maxwellian velocity distribution, f mp ( � v p ) , obtaining 
the speed-dependent spectroscopic parameters (as a function of 

active molecule speed in the laboratory frame): 

�( v ) + i 	( v ) = 

∫ 
f mp ( � v p ) ( �( v r ) + i 	( v r ) ) d 3 � v p , (C.4a) 

νopt ( v ) = 

∫ 
f mp ( � v p ) ( νopt ( v r ) ) d 3 � v p . (C.4b) 

Eqs. (C.4a) and (C.4b) can be expressed explicitly in terms of 

the generalized spectroscopic cross sections: 

�( v ) + i 	( v ) = 

1 

2 πc 
n 

1 

π3 / 2 

1 

v 3 pm 

∫ 
v r e 

− ( � v + � v r ) 2 
v 2 pm σ q 

0 ( v r ) d 
3 �

 v r , (C.5a) 

νopt ( v ) = 

1 

2 πc 
n 

1 

π3 / 2 

1 

v 3 pm 

M 2 

×
∫ 

v r e 
− ( � v + � v r ) 2 

v 2 pm 

(
2 

3 

v 2 r 
v 2 rm 

σ q 
1 ( v r ) − σ q 

0 ( v r ) 
)
d 3 � v r , (C.5b) 

where v pm 

is the most probable perturber speed. After integrating 

over angular coordinates, one obtains the final expressions (we in- 

troduce x = v r / v pm 

): 

�( v ) + i 	( v ) = 

1 

2 πc 

2 n v 2 pm √ 

πv 
e 

− v 2 

v 2 pm 

×
∫ ∞ 

0 

x 2 e −x 2 σ q 
0 ( v r = x v pm 

) sinh 

(
2 v x 
v pm 

)
dx, (C.6a) 

νopt ( v ) = 

1 

2 πc 

2 n v 2 pm √ 

πv 
M 2 e 

− v 2 

v 2 pm 

×
∫ ∞ 

0 

x 2 e −x 2 
(
2 

3 
M 1 x 

2 σ q 
1 ( v r = x v pm 

) 

−σ q 
0 ( v r = x v pm 

) 

)
sinh 

(
2 v x 
v pm 

)
dx, (C.6b) 

where M 1 = 

m 

m + m p 
. 
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