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a b s t r a c t 

The β-corrected Hartmann–Tran profile (HTP) constitutes an approximation of the partially correlated 

quadratic speed-dependent billiard-ball profile (SDBBP) easily applicable in calculations. We extend the 

approach originally developed for self-perturbed molecules [Wcisło et al. J. Quant. Spectrosc. Radiat. 

Transf. 177, 75–91 (2016)] to systems with a wide range of perturber-to-absorber mass ratios, includ- 

ing those relevant for atmospheric studies. This approach combines the computational simplicity of the 

HTP with the more physically justified rigid-sphere model for velocity-changing collisions. It is important 

for the analysis of high-resolution spectra influenced by the Dicke-narrowing effect. The β-corrected HTP 

enables high quality analytical representation of experimental spectra without incurring the high com- 

putational cost of more advanced line-shape models. This correction is directly applicable to any other 

line-shape model based on the hard-collision model for velocity-changing collisions. 

© 2019 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

For an accurate description of spectral line shapes of isolated 

molecular transitions in the gas phase, it is typically required to 

go beyond [1,2] the Voigt profile, which ignores the influence of 

the speed-dependence of collisional broadening and shift [3,4] as 

well as velocity-changing (VC) collisions [5–8] on the line shapes. 

It has been shown in several publications that the choice of the 

VC collision model and the resulting spectral line-shape profile 

is of fundamental importance in the analysis of high-resolution 

spectra [9,10] . Following Lance et al. [2] and Pine [11] , in the 

Hartmann–Tran profile (HTP) [12] , which was recommended for 

high-accuracy spectroscopic applications [13] and implemented in 

the 2016 edition of the HITRAN database [14,15] , the hard-collision 

(HC) model [7,8] for VC collisions is used. It assumes that the ac- 

tive molecule after the collision has a velocity randomly selected 

from the Maxwellian distribution. However, it was shown that the 

HC model does not satisfactorily reproduce line shapes with a 

prominent Dicke narrowing [5] caused by VC collisions, e.g. molec- 

ular hydrogen transitions [10] . The simplest physically justified 

model for the VC collisions is the rigid-sphere model (also called 
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the billiard ball (BB) model) [16–18] , which takes into account the 

mass ratio of colliding molecules and models the relative impor- 

tance of speed- and direction-changing collisions [10,18–20] . The 

rigid-sphere model is used in the billiard-ball profile [16] and the 

speed-dependent billiard-ball profile (SDBBP) [18] . The perturber- 

to-absorber mass ratio α is a crucial parameter in determining the 

respective influence of velocity- and speed-changing collisions on 

the line shapes. Moreover, it is important to emphasize that cal- 

culations of a ratio of speed- and velocity-changing collision rates 

as well as a collision kernel based on the rigid-sphere model are 

in good agreement with classical molecular dynamics simulations 

(CMDS) [10,19,21] . 

In this work, we propose a correction to the frequency of VC 

collisions, νVC , of the HC model adopted in the HTP, in order to 

achieve percent-level agreement between the corrected HTP and 

the SDBBP. This approach was first proposed in Ref. [15] for H 2 

spectra and was called the β correction. Typically when the origi- 

nal HC model is used to interpret experimental data, the obtained 

νVC scales non-linearly with pressure, which is not physical. The 

reason for it is that the HC model oversimplifies the actual de- 

scription of the velocity changes. The correction reduces the non- 

linearity of the HC-based νVC with pressure. It allows finding a 

single νVC /pressure coefficient in multispectrum fit analysis of ex- 

perimental data [22,23] , which results in fidelity of spectra repre- 

sentation comparable to the one of the rigid-sphere model but at 
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the same time keeps the low computational cost of the Hartmann–

Tran algorithm. Here, we extend this approach to other molecular 

systems characterized by α from 0 to 5. It should be noted that the 

β correction does not add any extra fitted parameter to the HTP. 

The proposed correction is important considering the recent 

rapid developments of ultra-accurate spectroscopic measurements, 

where accuracy is no longer limited only by experimental imper- 

fections but also by the use of oversimplified line-shape models. 

The latter contribution is currently the dominant factor limiting 

the improvement of the accuracy of spectroscopic data. The cor- 

rection will allow increasing the accuracy of line shape modeling 

in various fields of optical metrology, such as Doppler-broadening 

thermometry [24,25] . 

2. Velocity-changing collisions 

The velocity-changing collisions reduce the mean free path of 

an active molecule and lead to the Dicke narrowing [5] of Doppler 

broadened spectral lines. One of the simplest models describing 

the VC collisions is the HC model, which is the one adopted in the 

HTP. In the HC model the velocity after the collision is randomly 

chosen from the Maxwell distribution f m 

( � v ) of the active molecule 

velocity � v . The corresponding HC kernel 

f HC 
(
�
 v ← 

�
 v ′ 
)

= νVC f m 

( � v ) (1) 

describes the rate of velocity changes from the velocity before the 

collision � v ′ to the velocity after the collision � v . A more physically 

justified description of the VC collisions is given by the BB model 

[16–18] . The BB collision model is based on the assumption that 

the molecular interaction potential can be approximated by a hard- 

sphere wall, see e.g. Refs. [10,26] . The BB kernel is given by the 

following analytical formula [27] : 

f BB 
(
�
 v ← 

�
 v ′ 
)

= νVC f D 
3 

32 πv 2 m 

( 1 + α) 
5 / 2 

α2 

1 √ 
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× exp 

(
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4 α
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v 2 m 

− (1 + α) 2 

4 α

v 2 

v 2 m 

− (1 + α)(1 − α) 

2 α

vv ′ 

v 2 m 

× cos θ + 

αsin 
2 θ

v 2 − 2 vv ′ cos θ + v ′ 2 
v 2 v ′ 2 
v 2 m 

)
, (2) 

where νVC = v 2 m 

/ 
(
2 D 

(0) f D 
)
[17,18] is the effective frequency of the 

VC collisions, v m 

is the most probable speed of the active molecule 

and 

D 

(0) = 

3 

8 

√ 

k B T 

2 πμ

1 

Nσ 2 
(3) 

is the first-order mass diffusion coefficient for rigid spheres, f D = 

D/D 

(0) and D is the exact mass diffusion coefficient for the rigid 

spheres [17] . The notation in Eqs. (2) and (3) is as follows: α = 

m p /m a is the perturber-to-absorber mass ratio, μ = m a m p / (m a + 

m p ) is the reduced mass of the collision pair, θ is the scattering 

angle between the velocity vectors � v and � v ′ , σ is the average of the 

rigid-sphere diameter of the absorber and the perturber, N is the 

number density of the perturber, k B is the Boltzmann constant and 

T is temperature. As shown in Ref. [10,26] , the BB collision kernel 

is in a good agreement with the CMDS collision kernel, provided 

that σ in Eq. (3) is chosen so that the hard-sphere wall intersects 

the short-range repulsive part of the actual potential at the mean 

collision energy. 

3. Correction of νVC in the HTP 

In Ref. [12] , an algorithm for evaluating the partially- 

correlated quadratic speed-dependent hard-collision profile (pCqS- 

DHCP) [11] with the computational time comparable to that of 

the standard Voigt profile was introduced. The IUPAC Task Group 

[13,14] recommended to call this fast algorithm the Hartmann–

Tran profile and demonstrated its utility by applying it to the anal- 

ysis of water spectra. In Refs. [12,28] the HTP was applied to spec- 

tral analysis of other molecules. The way of storing the HTP param- 

eters in the HITRAN2016 database was presented in Ref. [15] and 

recently extended to the double-power-law representation of the 

temperature dependencies of the line-shape parameters [29] . The 

HTP is described by the following set of parameters: 

HTP ( �D , �0 , 	0 , �2 , 	2 , νVC , η, 	ν) , (4) 

where �D is the Doppler half-width, �0 and 	0 are, respectively, 

the pressure-induced broadening and shift, �2 and 	2 are the pa- 

rameters that quantify the speed dependence of the broadening 

and shift, νVC is the frequency of VC collisions, η is the correla- 

tion parameter and 	ν is the detuning from the line center, ν0 , at 

zero pressure. 

The limited reliability of the description of VC collisions given 

by Eq. (1) and adopted in the HTP can be improved by correcting 

νVC in the way proposed in Ref. [15] . Here, we follow this approach 

by replacing νVC in Eq. (4) with νVC multiplied by a simple ana- 

lytical function of the νVC / �D ratio. This function, called the β cor- 

rection, is chosen to make the HTP as close as possible to a profile 

in which the VC collisions are described by a much more realistic 

BB model ( Eq. (2) ). We determine the β-correction function for a 

wide range of perturber-to-absorber mass ratios α. 

The β correction is determined as follows. The SDBBP [18] and 

the HTP are simulated in a wide range of pressures correspond- 

ing to χ = νVC / �D from 0.01 to 100 and to α from 0 to 5. We 

limit our study to α = 5 as it covers most of the mass ratios of 

typical atmospheric systems. For the calculations of the reference 

SDBBP we use the diagonalization [18,30–33] and iterative [34] ap- 

proaches. Following Ref. [15] we simulate the SDBBP and HTP with 

the same set of the line-shape parameters, setting �0 , 	0 , �2 , 	2 

to zero, keeping �D constant and varying νVC = χ · �D . Afterwards, 

the SDBBP and HTP simulated in this way are compared. In order 

to best reproduce the SDBBP by the HTP we fit the value of νVC in 

the HTP. In these fits, we minimize the maximum absolute value of 

the difference between the two profiles: | SDBBP − HTP | . This pro- 
cedure is repeated to cover the considered here ranges of χ and α. 

Subsequently, we find values of βα( χ ) defined as the ratio of νVC 

fitted in the HTP to the original νVC used in the simulations with 

the SDBBP. 

Determination of the β correction is performed including only 

the Doppler broadening and velocity-changing collisions, in order 

to get a universal β-correction function, which is independent of 

the differences in collisional dephasing affecting various molecules 

and lines. It was shown in Ref. [15] , that when �0 , 	0 , �2 , 	2 are 

different from zero, the β-corrected HTP gives a significantly bet- 

ter approximation of the SDBBP than the ordinary HTP. We call the 

β-corrected HTP simply the βHTP. We propose to use the βHTP in 

which νVC in the HTP is replaced by βα( χ ) νVC as an approxima- 

tion of the SDBBP: 

SD BBP ( . . . , νVC , . . . ) ≈ βHTP ( . . . , νVC , . . . ) = HTP ( . . . , βα(χ ) νVC , . . . ) . 

(5) 

As the BB collision operator depends on the mass ratio of col- 

liding molecules, we model the β correction as a mass ratio func- 

tion. In Fig. 1 , a comparison between the simulated SDBBP and HTP 

with and without the β correction is shown. A full dot, for a given 

χ and α, is obtained by taking the maximum of the absolute value 

of the difference between the simulated profiles ( | SDBBP − HTP | ) 
and divided by the HTP value at its maximum. Open dots show 

the same difference but in the case when the value of νVC in the 

HTP is adjusted in a way to make the βHTP as close as possible to 
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Fig. 1. Dependence of the maximum of the absolute value of the difference be- 

tween simulated profiles |SDBBP-HTP| divided by the HTP value at its maximum on 

χ = νVC / �D . Full dots show the results for the HTP without the β correction and 

open dots show the results for the HTP with the β correction. Black, red and blue 

colors correspond to calculations for α = 0.1, 1.0 and 2.5, respectively (note loga- 

rithmic scale of horizontal axis). (For interpretation of the references to colour in 

this figure legend, the reader is referred to the web version of this article.) 

the simulated SDBBP. Black, red and blue colors correspond to α
equal to 0.1, 1.0 and 2.5, respectively. 

The shape of | SDBBP − HTP | / HTP strongly depends on χ : (i) at 

low χ—the low-pressure limit—the impact of νVC on the line- 

shape profile is negligible and the line-shape profile is dominated 

by the Doppler broadening, (ii) at medium χ—the Dicke narrowing 

and the Doppler broadening are comparable and the model for the 

VC collisions plays the most pronounced role, (iii) at high χ—the 

high-pressure limit—the Dicke narrowing dominates the Doppler 

width and the line-shape converges to the Lorentz profile [5,8,18] , 

independent of the model for the VC collision operator. In the pro- 

posed approach, the application of the β correction in HTP allows 

a fivefold reduction of the difference between the two profiles in 

the medium pressure range. 

4. Analytical representation of the β correction and its 

applicability 

We introduce the β-correction as a function of two arguments: 

χ and α, determined in a two-dimensional fitting approach. In the 

first step, in order to find the best mathematical representation of 

β with respect to χ for every considered α, we look for a function 

which best reproduces numerical values of β calculated in the way 

described in Section 3 . 

The observed dependence of the β-correction function on χ
can be approximated by the following expression: 

βα(χ ) = A α tanh ( B α log 10 χ + C α) + D α. (6) 

In the second step, this function is independently fitted to numeri- 

cal values of βα( χ ) for various α in order to find values of param- 

eters. We do it in a way to obtain the smallest difference between 

the SDBBP and βHTP when applying numerical and analytical val- 

ues of βα( χ ), see Fig. 4 . Next, we determine analytical expressions 

for each of these parameters, which are provided below: 

A α = 0 . 0534 + 0 . 1585 e -0.4510 α, (7a) 

B α = 1 . 9595 − 0 . 1258 α + 0 . 0056 α2 + 0 . 0050 α3 , (7b) 

C α = −0 . 0546 + 0 . 0672 α − 0 . 0125 α2 + 0 . 0 0 03 α3 , (7c) 

D α = 0 . 9466 − 0 . 1585 e -0.4510 α. (7d) 

Fig. 2. Upper panel : The analytical β-correction function given by Eq. (6) is plot- 

ted as black lines (note logarithmic scale of the horizontal axis). Green dots are 

the numerical calculations of β . Both quantities, χ and α, are dimensionless. The 

horizontal blue line indicates the correction value taken from Eq. (8) , see text for 

details. Lower panel : Relative differences between numerical and analytical values of 

the βα ( χ ) νVC product according to Eq. (5) . (For interpretation of the references to 

colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 2 shows numerical β values (green dots) for χ ranging 

from 0.01 to 100 and for α from 0 to 5. The black lines correspond 

to the phenomenological β-correction function. At high χ the β- 

correction function goes to 1 as at high pressure the VC collisions 

lead to the same Lorenztian shape of the Doppler component for 

any reasonable VC colllision operator [5,8,18] . On the other hand, 

at low χ the β correction converges to the low pressure limit 

which is different for collisional operators with different α [35] . 

The lower panel of Fig. 2 shows the relative differences between 

numerical and analytical values of the βα( χ ) νVC product, which is 

the quantity entering into the βHTP according to Eq. (5) . It is es- 

pecially important to minimize this differences at higher χ values, 

in order to minimize the discrepancies between numerical and an- 

alytical values of βα( χ ), as shown in Fig. 4 . We want to emphasize 

that the β-correction function is a phenomenological function and 

it does not have a strict physical meaning. However, it can be seen 

as a quantity which tells how many hard VC collisions are needed 

to give a similar effect to BB collisions at given α. Finally, in Fig. 3 

we present the functions given by Eqs. (7a) –(7d) for A α , B α , C α
and D α (linear plots) together with numerical values (discrete data 

points). 

In Fig. 4 , we demonstrate how well the determined here β- 

correction function, Eq. (6) , is able to improve the HTP. The rel- 

ative differences between the SDBBP and the βHTP are plotted as 

open dots when the numerical values of β are taken, and as lines 

when applying analytical values of β according to Eq. (6) . The ana- 

lytical β-correction function captures well the behavior of numer- 

ical calculations. Although the analytical formula performs worse 

for χ > 4, it still provides a significant improvement over the un- 

corrected HTP. The presented analytical function is a compromise 

between the simplicity of mathematical expressions and the agree- 

ment with numerical calculations. The β-correction function has 

been successfully applied in spectral analysis of lines of helium 

perturbed H 2 [36] and of pure D 2 lines [37] . 

In Ref. [38] , the relation between the effective frequency of the 

VC collisions in the soft collision model νSC 
opt and in the HC model 
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Fig. 3. Overview of the parameters of the β-correction function as a function of α. 

Numerical values of A α are plotted as red circles, B α as blue squares, C α as green tri- 

angles and D α as purple diamonds. Analytical functions of these parameters, given 

by Eq. (7a) - (7d) , are plotted as lines in corresponding colors. (For interpretation of 

the references to colour in this figure legend, the reader is referred to the web ver- 

sion of this article.) 

Fig. 4. The relative differences between the SDBBP and the HTP simulated with the 

same set of parameters (note logarithmic scale of the horizontal axis). This figure 

partially reproduces Fig. 1 . Black, red and blue colors correspond to α = 0.1, 1.0 

and 2.5, respectively. Open dots represent the difference between the two profiles 

when numerical values of β are used and lines represent the same difference when 

analytical β values based on Eq. (6) are applied. (For interpretation of the references 

to colour in this figure legend, the reader is referred to the web version of this 

article.) 

νHC 
opt in the Doppler limit was shown to be 

νHC 
opt 

νSC 
opt 

= 

2 

3 

1 

π − 2 
≈ 0 . 584 . (8) 

This relation was derived at low pressure regime from the expres- 

sion given by Rautian and Sobel’man [8] describing simultaneous 

influence of the soft and hard collisions on the Doppler broaden- 

ing. As the soft collisions are eqiuvalent to the BB collisions with α
= 0, Eq. (8) corresponds to the β correction value at its zero limit, 

which found numerically equals: β0 (0) ≈ 0.576. This value is about 

1.4% lower than the result in Eq. (8) , see Fig. 2 . This difference is 

likely a consequence of different approaches to residual minimiza- 

tion used in this work and in Ref. [38] . Here, the residuals were 

minimized over the entire line, whereas in Ref. [38] only at the 

maximum residual value. 

Calculated values of the β-correction function parameters for 

selected molecular systems are listed in Table 1 . The values were 

calculated based on Eqs. (7a) –(7d) . 

Table 1 

Values of the β-correction function parameters for selected molecular systems. 

System α A α B α C α D α

CO 2 -N 2 1.57 0.1314 1.7954 0.0213 0.8686 

CO 2 -O 2 1.38 0.1384 1.8099 0.0151 0.8616 

CO-N 2 1.00 0.1543 1.8444 0.0004 0.8457 

CO-O 2 0.88 0.1599 1.8566 -0.0050 0.8401 

HF-N 2 0.71 0.1684 1.8749 -0.0131 0.8316 

HF-O 2 0.63 0.1726 1.8838 -0.0172 0.8274 

HCl-N 2 1.30 0.1415 1.8166 0.0123 0.8585 

HCl-O 2 1.14 0.1481 1.8309 0.0062 0.8519 

CH 4 -N 2 0.57 0.1759 1.8906 -0.0203 0.8241 

CH 4 -O 2 0.50 0.1798 1.8987 -0.0241 0.8202 

5. Conclusions 

In this paper a simple analytical correction for the frequency 

of VC collisions, νVC , of the HC model adopted in the HTP is pre- 

sented. The HC model overestimates the frequency of VC collisions 

in real molecular systems, as it was shown for H 2 perturbed by ar- 

gon in Ref. [10] or by helium in Ref. [20] , as well as in the case of 

VC collisions described by the Fokker-Planck operator [8,38] . Pre- 

sented, the β-correction function applied to the HTP reduces the 

disagreement between the HTP and the more physically justified 

but more computationally demanding SDBBP [16,18,32] to the per- 

cent level, enabling more accurate reproduction of molecular spec- 

tra. 

In this paper, we propose the β-correction function, which is 

a function of χ = νVC / �D and four heuristic parameters depen- 

dent on the perturber-to-absorber mass ratio α. Application of the 

β correction is of particular significance for studies involving line 

shapes characterized by a large Dicke narrowing effect and involv- 

ing multi-spectrum fitting analysis by a line-shape profile assum- 

ing the HC model. This correction allows one to maximize the 

agreement between the HC-based model and experimental spec- 

tra with linear dependence of νVC on pressure. Its implementation 

does not add any extra fitted parameter and has a negligible influ- 

ence on the computation time of the line profile. 
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in preparation. 

[38] Wójtewicz S, Cygan A, Masłowski P, Domysławska J, Trawi ́nski R, Lisak D, et al. 
Spectral line shapes of self-broadened P-branch transitions of oxygen B band. 

J Quant Spectr Radiat Transf 2014;144(144):36–48. doi: 10.1016/j.jqsrt.2014.03. 
029 . 

https://doi.org/10.1016/S0022-4073(96)00078-7
https://doi.org/10.1006/jmsp.1997.7385
https://doi.org/10.1016/0022-4073(72)90189-6
https://doi.org/10.1103/physrevlett.63.746
https://doi.org/10.1103/PhysRev.89.472
https://doi.org/10.1103/physrev.122.1218
https://doi.org/10.1103/PhysRev.135.A4
https://doi.org/10.1070/PU1967v009n05ABEH003212
https://doi.org/10.1063/1.3247898
https://doi.org/10.1063/1.4892414
https://doi.org/10.1016/S0022-4073(98)00112-5
https://doi.org/10.1016/j.jqsrt.2013.05.034
https://doi.org/10.1515/pac-2014-0208
https://doi.org/10.1016/j.jqsrt.2017.06.038
https://doi.org/10.1016/j.jqsrt.2016.01.024
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0016
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0016
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0016
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0017
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0017
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0017
https://doi.org/10.1103/PhysRevA.65.012502
https://doi.org/10.1103/PhysRevA.66.032701
https://doi.org/10.1103/PhysRevA.91.052505
https://doi.org/10.1103/physreva.65.012507
https://doi.org/10.1016/0022-4073(95)00015-D
https://doi.org/10.1006/jmsp.2001.8375
https://doi.org/10.1098/rsta.2011.0188
https://doi.org/10.1103/physreva.97.012512
https://doi.org/10.1016/j.jqsrt.2018.04.011
https://doi.org/10.1103/physreva.21.1927
https://doi.org/10.1016/j.jqsrt.2015.06.012
https://doi.org/10.1016/j.jqsrt.2019.106676
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0030
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0030
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0030
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0030
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0030
https://doi.org/10.1007/s100530050137
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0032
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0032
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0032
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0032
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0032
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
http://refhub.elsevier.com/S0022-4073(19)30579-5/sbref0033
https://doi.org/10.1103/PhysRevA.88.012517
https://doi.org/10.1103/RevModPhys.15.1
https://doi.org/10.1016/j.jqsrt.2014.03.029

	Analytical-function correction to the Hartmann-Tran profile for more reliable representation of the Dicke-narrowed molecular spectra
	1 Introduction
	2 Velocity-changing collisions
	3 Correction of &#x03BD;VC in the HTP
	4 Analytical representation of the &#x03B2; correction and its applicability
	5 Conclusions
	Declaration of Competing Interests
	Acknowledgements
	References


