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ABSTRACT: We present the first fully ab initio calculations of p'He p'He +'He PES (a.u.) Spectrum
collision-induced broadening and shift of spectral lines in ; 0.080

antiprotonic helium (FHe") perturbed by atomic helium. To Q-Heg‘ : 0018

overcome critical limitations of previous studies, we construct a L& : 0008

new highly accurate potential energy surface (PES) that spans a 5 ] o

wide range of pHe'—He geometries relevant to all metastable v, %
. . . . agrees
states of the exotic helium atom. Rigorous quantum scattering

calculations performed using the new PES vyield scattering S-matrices from which we extract pressure broadening and shift
coefficients for SO transitions in antiprotonic helium-4 (p*He™"). This data set provides the first rigorous benchmark for earlier
semiclassical calculations and establishes a robust theoretical reference for high-precision spectroscopy of antiprotonic helium, which
is used to test the fundamental charge, parity, and time reversal (CPT) symmetry. The results extend to temperatures relevant to
nongaseous phases of helium, supporting a new class of precision measurements. This study introduces a methodological framework
for future investigations of other exotic systems, such as pionic or kaonic helium atoms, enabling the development of reference data
for high-precision spectroscopy of these species—an essential component for improving the determination of the pion and kaon
masses.

1. INTRODUCTION The existence of long-living metastable states offers unique
opportunities for high-precision laser spectroscopy of antipro-
tonic helium and opens room for measurements of the mass and
dipole magnetic moment of antiprotons and independent tests
of the fundamental charge, parity, and time reversal (CPT)

Exotic antiprotonic helium atoms are three-body bound systems
consisting of a helium nucleus, an antiproton, and an electron.
These exotic systems combine features of a diatomic molecule

(two heavy charged particles bound by an orbiting electron) and ) ) 5 ; R )
invariance.” In the first generation of pHe" experiments

performed predominantly in the 1990s at the CERN Low
Energy Antiproton Ring (LEAR) and thoroughly reviewed in
refs 3,4, the antiprotons were stopped in the helium gas target of
atomic number density of the order of 10*' cm™. At such
densities, the pressure broadening and shift of the laser-
stimulated El-transition spectral lines are comparable with the

of a two-electron atom. Antiprotonic helium atoms pHe™ are
formed when negatively charged antiprotons are slowed down in
helium gas and captured by the Coulomb field of helium nuclei.
Antiprotons are initially captured at highly excited orbitals,
predominantly in short-living excited states that de-excite via fast
Auger transitions within nanoseconds down to states in which

the large overlap of the antiproton with the nucleus causes leading order relativistic and QED effects and turn out to be the
immediate annihilation. A small fraction of antiprotons of the main systematic effect that limits the experimental accuracy. To
order of 3%, however, is captured in near-circular metastable compare the measured transition frequencies with theoretical
states with the principal (1) and orbital (I) quantum numbers, n calculations,” the experimental results were extrapolated to zero
~ 38,1~ n—1,and lifetimes of the order of microseconds. Here, helium gas density using a semiclassical method for the
the hydrogen-like quantum numbers #, I refer to the antiproton evaluation of the pressure effects and ab initio potential energy
orbital in the field of He", while the electron of pHe™ is assumed

to occupy the lowest-energy electronic orbital. The long lifetime Received: September 30, 2025 ICTC

of these metastable states is determined by the lower rate of de- Revised:  November 25, 2025

excitation through slow radiative transitions since Auger Accepted: November 26, 2025

transitions are suppressed. This phenomenon was first pointed Published: December 28, 2025

out by Condo" in his study of the decay of negative pions in

helium.
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surface (PES).° This led to the first experimental determination
of the dipole magnetic moment of an antiproton.”

The commissioning of the CERN Antiproton Decelerator
(AD) in 2000, of the Radiofrequency Quadrupole Decelerator
apparatus (RFQD), and later of the Extra Low ENergy
Antiproton Ring (ELENA) in 2017, enabled a new generation
of higher-accuracy antiprotonic helium spectroscopy experi-
ments. The low energy of the incident antiprotons (5.3 MeV for
AD, 100 keV for ELENA, and ~60 keV for REQD) made it
possible to stop them in a helium gas target at a density as low as
~10' cm™3, thus strongly suppressing the expected density
broadening and shift of the transition frequencies to sub-MHz
levels® and allowing boosting of the fractional accuracy of the
measurements to the ppb level.” In this way, the most accurate
value of the antiproton-to-electron mass ratio was obtained.” A
few years earlier, the experimental value of the antiproton-to-
electron mass ratio had been obtained by two-photon
spectroscopy with a slightly larger uncertainty in a helium target
at a density ~10'® cm™3, the main systematic error coming from
the density shift.'’

The family of exotic helium atoms extends beyond pHe*. The
pionic helium atom has been shown to possess long-lived
metastable states'' that open perspectives for the measurement
of the negative-pion-to-electron mass ratio with high accuracy.
However, this experimental approach is expected to face the
problem of large pressure broadening and shift of the spectral
lines, of the order of 100 GHz at the envisaged superfluid helium
densities of ~2 x 10 cm™."> Recent theoretical papers
investigated the structure of kaonic helium atoms.'”> Hypo-
thetical kaonic helium spectroscopy could potentially be used to
determine the negative-kaon-to-electron mass ratio, offering the
possibility of refining the best existing measurements, which
achieve a relative precision of 107°."*

This brief overview shows that precision exotic helium atom
spectroscopy holds immense potential for accurate determi-
nation of the masses of exotic particles and testing the
fundamental CPT symmetry. At the same time, one of the
leading sources of systematic errors in such experiments arises
from density (pressure) shifts and broadening of the spectral
lines.

Early studies at the LEAR'® and later at the AD,”'® as well as
the two-photon spectroscopy experiment,10 sought to character-
ize the pressure effects experimentally by measuring transition
frequencies at different helium densities and extrapolating to
zero density assuming linear dependence of the resonance
frequency on density and neglecting temperature dependence.
While this approach enabled sub-ppm precision in individual
frequency measurements, the extracted density shift coefficients
had uncertainties of ~10% or higher.”"®

The first theoretical evaluation of pressure broadening and
shift in antiprotonic helium is reported in ref 6. The pHe*—He
PES was evaluated using the symmetry-adapted perturbation
theory (SAPT)'”'® in the symmetrized Rayleigh—Schrédinger
(SRS)"? formulation. A brief description of this PES is provided
in Section 2. Pressure broadening and shift coefficients for a set
of laser-stimulated E1 transitions in metastable pHe" states were
then evaluated using the semiclassical Anderson’s method,” in
which the relative motion of helium atoms was treated
classically. While the calculated pressure broadenings and shifts
agreed with the available experimental data, later experiments
revealed transitions for which theoretical predictions signifi-
cantly diverged from the experiment.”'® The same PES (after
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appropriate coordinate transformation) was used in the
evaluation of the density effects in pionic helium”' by applying
in parallel Anderson’s semiclassical method and Baranger’s
quantum method;***’ the obtained results were in reasonable
agreement with each other.

Recently, the calculation of a new PES for the exotic-helium—
helium pair was reported. To our knowledge, it has only been
applied to collision-induced transitions between hyperfine states
of antiprotonic helium and the collisional quenching rates of
pionic helium.”*** Other studies explored alternative approx-
imations, such as estimating pressure broadening and shift of
pionic helium lines using only the leading 1/R® term in the long-
range part of the 7He—He interaction.”””” Additionally, density
effects in antiprotonic helium spectra in liquid*® or solid*
helium targets were evaluated using combinations of the ab
initio PES with phenomenological interaction potentials.

Nevertheless, several critical limitations persist in previous
evaluations of the pressure effects of exotic helium spectroscopy.
First, the PES used in earlier calculations was constructed for a
limited range of pHe —He geometry configurations, optimized
for only a subset of metastable states. Additionally, the sparse
grid of computed interaction energies led to interpolation
challenges, where different smooth fits diverged significantly
outside the original grid, impacting the reliability of pressure
broadening and shift predictions. Finally, under the specific
experimental conditions (helium gas target density up to ~10*'
cm™ and a temperature of 5 K or lower), the validity of the
semiclassical approximation, in which the interatomic dynamics
is treated classically, is questionable, potentially leading to
systematic errors in predicted density effects.

In this work, we address these challenges by performing the
first fully ab initio calculations of the collisional perturbation of
the antiprotonic helium lines using the new, state-of-the-art
p*He" —*He potential energy surface. Compared to the previous
PESs,® the number of ab initio points has been increased by
almost 2 orders of magnitude, spanning the range of values
relevant for all metastable states of antiprotonic and pionic
helium. The PES has been used to perform quantum scattering
calculations in the p*He* —*He system. The resulting scattering
S-matrix yielded pressure broadening and shift coefficients for
50 electric dipole (E1) transitions in p*He™ across a broad range
of helium gas temperatures. This data set establishes a new
benchmark for modeling density effects in exotic helium
spectroscopy and provides a crucial reference for future high-
precision experiments. Additionally, this work paves the way for
extending pressure broadening and shift studies to other exotic
helium atoms, such as pionic and kaonic helium, which could be
used in future spectroscopic studies of these systems aimed at
refining the best determinations of the pion- and kaon-to-
electron mass ratios.

2. AB INITIO POTENTIAL ENERGY SURFACE FOR
p*Het—*HE

2.1. Geometry Specification and Grid Points. Using the
Born—Oppenheimer approximation, we can separate the
motion of electrons and the motion of heavy particles in a
system consisting of exotic and ordinary helium atoms. Let us
denote the nucleus of the ordinary helium atom by A, the helium
nucleus and the heavy negatively charged particle in the exotic
helium atom by B and C, respectively, and the center of mass of
B and C by O. The electronic interaction energy in the system

https://doi.org/10.1021/acs.jctc.5c01636
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may then be parametrized with three Jacobi coordinates: the
length R of vector R pointing from A to O, the length r of vector r
pointing from B to C, and the angle 6 between the vectors R and
r, see Figure 1. The distance between the center O and the

C(p)

B (“He™)

Figure 1. Geometry of the 5 "He” —*He system (see the text for details).

helium nucleus B, rop, is determined by the masses of B and C:
rop = tr, where t is defined as

t=mg/(mg + mc)

(1)

and varies with the type of the exotic helium atom. For
antiprotonic helium-4, considered here, this mass ratio
calculated using the a particle mass my = m, =
729429954171 m, and the proton mass mc = m, =
1836.152673426 m, from 2022 CODATA recommended

values™ is £ = 0.201102.

The previous potential energy surface for the p*He™—*He
system® was evaluated for a set of 375 geometries. The grid
points were selected to account for the average interparticle
distances in the metastable states of p*He" that were being
studied experimentally at that time. In particular, the r-value
range was centered at 0.8 gy, which corresponds to the average
r.m.s. separation in states with | ~ 35, in the center of the
metastability domain. For lower or higher excited states,
however, the average separation approaches the boundary of
the r-range used in ref 6. Moreover, with the 375 points, the grid
of R, r, and 0 values was too sparse, leading to ill-defined fits to
the ab initio points. Different fits with similar values of ¥* could
approximate the grid values well, but their extrapolations outside
the grid differed qualitatively, leading to conflicting pressure
broadening and shift coefficients for transitions between lower
and higher excited states.

In this work, we provide a new potential energy surface for

p*He'*—*He that addresses these challenges. The interaction
energy for a pair of ordinary and antiprotonic helium-4 atoms is
evaluated for the 45 X 31 X 19 = 26,505 combinations (R, 7;, 8,),
i=1,..,26,505, increasing the number of grid points by almost 2
orders of magnitude compared to the previous PES.° The
parameters span the following ranges:

e R, (45 values): 1.5—3.0 a, (step 0.5 a,), 3.0—8.0 a, (step
0.25 a,), 8.0—12.0 a4 (step 0.5 a,), 12.0—20.0 a, (step 1.0
ay), and 20.0—30.0 a, (step 2.0 a,);

e 1, (31 values): 0.15—1.5 a, (step 0.0S ay) and 1.5—1.8 a,
(step 0.1 ag);
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e 0, (19 angles): evenly spaced from 0° to 180° with 10°
increments.

2.2. Ab Initio Calculations. The many-electron wave
functions are represented using the full configuration interaction
(FCI) approach®" as an expansion in a set of Slater determinants
constructed from Hartree—Fock spin orbitals, which are in turn
expanded in a set of fixed one-electron basis functions. The
energies and wave functions of the considered many-electron
states are obtained by the direct diagonalization of the
Hamiltonian matrix calculated using all possible Slater
determinants with a well-defined spatial symmetry and spin

projection: Mg = % for the whole three-electron interacting

system and the one-electron exotic helium atom and Mg = 0 for
the two-electron ordinary helium atom. To expand the spin
orbitals, we use a family of doubly augmented correlation-
consistent polarized-valence Gaussian basis sets dXZ developed
in ref 32 where the cardinal number X ranges from X=2to X =7,
and the largest angular momentum quantum number of
functions included in a given basis set is I,,, = X — 1. The
one-electron basis functions are centered only on both helium
nuclei, and the antiproton is treated as a singly negative point
charge with no functions attached to it. The FCI calculations
were performed using the HEector program,‘?’3 while the
Hartree—Fock orbitals and necessary one- and two-electron
integrals were generated using the DarTon 2.0 package.”®”* Due
to the high computational demands of the FCI method,
calculations with the largest basis set (d7Z) were performed on a
smaller grid of 70 points and used only to analyze the basis set
convergence pattern.

We calculate the interaction energy at any given geometry
using the supermolecular approach

V(R, r, 0) = Exgc(R, 1, 0) — Ey — Egc(r) ()

where Ejpc(R, 1, 0) is the energy of the whole system (dimer)
and E, and Ep(r) are the energies of interacting monomers: the
ordinary and exotic helium atom, respectively (cf. Figure 1). All
ener§ies are computed in the so-called dimer-centered basis
set.’® This is equivalent to applying the counterpoise scheme®”
to remove the basis set superposition error (BSSE), which is a
consequence of unphysical lowering of the monomer energies
due to the presence of basis functions at both sites in calculations
for the dimer. Note that within this approach, the energy E, is no
longer constant and depends slightly on all three Jacobi
coordinates. Similarly, Egc(r) becomes a slowly varying function
of Rand 0. In practice, each calculation of the interaction energy,
as defined in eq 2, requires three different calculations using the
same basis set of the dimer.

The results obtained with finite-size basis sets are extrapolated
to the complete basis set (CBS) limit. We assume that the basis
set truncation error of the calculated interaction energies
vanishes with the increasing value of the basis set cardinal
number X as 1/X>.>** The CBS limit can then be obtained
using the following two-point formula

VIX] - V[X — 1]

VIX-1,X]=V[X x-1):»
(X -1, X] [X]+ (X -1) X _(x_1)p

(3)
where V[X — 1] and V[X] are energies calculated using basis sets
with cardinal numbers X — 1 and X, respectively, and V[X — 1,
X] is the extrapolated value (the explicit dependence of Von R, 7,
and 6 has been omitted here for clarity). To each geometry of
the system, we assign a theoretical uncertainty of the interaction

https://doi.org/10.1021/acs.jctc.5c01636
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energy resulting from the extrapolation procedure employed by
us. This uncertainty is conservatively estimated as the magnitude
of the difference between the extrapolated value and the value
computed with the largest basis set used in the extrapolation

AV[X — 1, X] = IV[X — 1, X] — V[X]l (4)

An example of the basis set convergence of the interaction
energies, V[X], calculated with the dXZ basis sets, as well as the
convergence of the corresponding extrapolated values, V[X — 1,
X], is illustrated in Figure 2. The convergence of the

0.085 . . .
| v
VDX-1,X]
0.080
0.075 |-
=1
w
% 0.070
;‘ 4
0.085 |-
e =
0.060 s
e
0.055 ' ' ' '
2 3 4 5 6 7

Figure 2. Basis set convergence of the interaction energy for the 5* He™
—*He system at the geometry (R = 5 a, = 0.45 ay, @ = 60°). Horizontal
dotted line represents the recommended value of the energy, and the
shaded area is the range of its estimated uncertainty.

unextrapolated results is smooth and monotonic. The values
of the corresponding extrapolated results seem to stabilize for X
> 5 and start to converge toward each other as the cardinal
number X increases. Moreover, the V[5, 6] and V[6, 7]
extrapolations are consistent with each other within their
combined estimated error bars for 68 out of 70 grid points (97%
of cases) where the V[7] results are available. These
observations suggest that the extrapolation technique is able
to provide reliable approximations to the CBS limit of the
interaction energy for the p*He* —*He system. Additionally, we
may safely assume the VS, 6] extrapolants as our recommended
values. The mean fractional extrapolation error OV, =
(IAV[S,6]/V[S,6]1)giar averaged over the whole set of 26,505
grid points, is 0.96 X 1072,

2.3. Fitting of the Potential. Great care has been taken to
provide a smooth approximation of the ab initio points, which
allowed us to overcome the problems that occurred with fitting
of the previous p*He* —*He PES. The resulting formula involves
a sum of three terms, designed to fit the behavior of V(R, r, 0) at
short, middle, and long interparticle distances, respectively, and
smoothly damped outside the corresponding domain

ViR, 7, 0) = Vg(R, 1, 0) + Vy(R, 7, 0) + Vi (R, 1, 0)
©)
The explicit form of the long-distance term Vi (R, r, €) is
inferred from the analytical formula for the large-R asymptotics
of the interaction energy in a system consisting of a neutral S-
state atom and an arbitrary X-state linear molecule.*”*" We
include all the terms that vanish with R as R™ or slower, and the
damping of V| (R, r, 0) in the short-R regime is controlled with

one adjustable nonlinear parameter q;, see Appendix 1 for
details.

The short-distance term Vg(R, r, §) in eq S is taken in a form
that accounts for the contribution of the Coulomb interaction in
the pairs AB and AC (see Figure 1) to the interaction energy,
which dominates for small R

(R, 7, 6) = ——(1 = (g,Ra)) = =—(1 = £ (4,Rs0))

AB
(6)
where
— \/ 2 22
R,y = VR® — 2tRr cos 0 + t°r~,
Ryc = \/R2 +2(1 = )Rr cos @ + (1 — t)*r* (7)

The damping of Vg(R, r, 0) at large internuclear distances is
achieved by means of the Tang—Toennies damping function®”

2 v
flx)=1-¢" L+ ad g b o

v 2 V! (8)

with v = 1 and is controlled with parameter g,.

Finally, the mid-distance term Vy(R, r, 6) in eq S is taken in
the form of an expansion in the basis set G = {g(R, r, 6), 1540}
that is the tensor product of separate basis sets for each of the
three Jacobi coordinates

{g(R) r, 9)) 1540}
= {g(R), 14} ® {g(r), 11} ® {g(¥), 10} )

The integers in curly brackets denote the dimension of the
corresponding basis sets. The R-basis is

{g(R), 14} = {g,(R), k=1, .., 14}
= (h(R, q, ¢ )/R"" k=1, .., 14) (10)

where the role of the damping factor h(R,q5,94) = 1/ (exp(q5(R —
q4)) + 1) is to suppress the contribution of Vy(R, r, 0) at large R.
The r-basis is

{g(r); 11} = {gm(r)r m=1,., 11}

="t m=1,..,11} (11)
and the O-basis {g(0), 10} = {g,(0), = 1, ..., 10} consists of
g(0) =PB_y(cos ), 1=1, .., 8 (12)
1 1

8,(0) = +

? O qs)2 +q, (0360 + qs)2 +4,  (13)
1

go0) = —"5—

10 (0 — 180)” + g, (14)

where g5 and g¢ are adjustable parameters. The explicit form of
the r- and 6-bases provides compatibility with Vi (R, , and 6).
The expansion of Viy(R, r, ) in {g(R, r, 8), 1540} reads

Vu(R, 1, 0) = X pg(R, v, 0)

jEG*

2 g, (R)g,, ()g,(0)

jeG* (15)

https://doi.org/10.1021/acs.jctc.5c01636
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where G* is a subset, described below, of the basis set in eq 9.
Therefore, Viy(R, r, 6) involves the set of linear parameters p
and 4 nonlinear parameters g3, ..., g¢.

The subset G* in eq 15 includes 1040 out of the 1540
elements of G and is obtained by means of iterative filtration
(equivalent to setting a part of the coefficients p; equal to zero).
The filtration process begins with setting G* = G. At each step,
we optimize all 6 nonlinear parameters appearing in
Vae(R, 1, ) of eq S using a procedure based on the
simplex (Nelder—Mead) method”® and using y* =
2 (VR 71, 0)/V(R, 1, 0) — 1)* as the objective function,
where the summation index i runs over all grid points. Within the
method, a linear determination of the parameters p; in eq 15 is
performed in every simplex vertex. Next, to quantify the
importance of each basis function present in the set G¥,
we calculate their norms, [|g|l, defined as ligjll =

2 gj(Ri, r, 0)*. Note that the norms depend on actual

values of the nonlinear parameters and have to be recalculated in
every iteration. Finally, we find the minimal product Ip;l X ||g|
and exclude the corresponding gj(R, r, 0) function from G*. The
procedure of filtration is stopped when further reduction of G*
would significantly worsen the fit. The main criterion for this is
an abrupt increase of the number of grid points with more than
1% relative error (in our case—more than 20 such points),
which persist in next steps. The filtration rules out, among
others, all basis functions behaving as ~1/ R? or ~1/R3 and all
but one basis functions behaving as ~1 /R*. The values of the
nonvanishing parameters of the final fit are given in the
Supporting Information.

The smooth fit of eqs 5S—15 provides fractional accuracy of the
approximation that is fully consistent with the precision of the
quantum chemistry calculations of the interaction energy.
The mean fractional error of the fit 6V, =
(VR 1, 6)/V(R, 1, 8) — Il)grid, averaged over the whole
set of 26,505 grid points, is 0.49 X 1073,

Figure 3 presents an example 2D cut of the p*He " —*He for r
=0.65 a,, which is close to the average distance in the metastable
states of p*He’. The presented surface differs from typical
intermolecular potentials, which have a repulsive, short-range

Figure 3. §4He+—4He potential energy surface V(R, r, 0) for r = 0.65 aj.
The energy and distances are in atomic units, and the angles are in
degrees.
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wall. Here, if the antiproton (C in Figure 1) faces the perturbing
helium atom (A in Figure 1), i.e., for @ = 180°, the electron
density around the antiproton is insufficient to balance the
attraction of the antiproton by the nucleus of the perturbing
helium atom, leading to the presence of the attractive Coulomb-
like well visible in Figure 3. This well enables the annihilation of
the antiproton on the nucleus of the perturbing helium atom (A)
rather than on the helium nucleus of §4He+ (B in Figure 1). We
note, however, that the effective state-dependent potentials,
resulting from the average over 6 and r, which enter quantum
scattering calculations, do exhibit a repulsive wall at a small R, as
discussed later in Section S.

We note that the analytical fit Vg can be readily applied to

antiprotonic helium-3 atoms, p°He™, as well as to other exotic-
helium—helium systems involving pionic or kaonic helium. In
these cases, one simply replaces the mass ratio ¢ [defined in eq 1]
with the appropriate value ¢’ for the new system and performs a
coordinate transformation that relates (R’, ', 8") to the original
(R, 1, ). This procedure is outlined in Appendix 2, ensuring that
Vi remains valid for any exotic helium atom once the
coordinates are transformed properly.

3. FULLY QUANTUM CALCULATIONS OF THE
COLLISION-INDUCED LINE-SHAPE EFFECTS

We calculate the pressure broadening and shift coeflicients for
helium-perturbed p*He™ spectral lines using a fully quantum

approach to describe the p*He*—*He collisional process. The
exotic atoms, undergoing spectroscopic transitions between
well-defined states, a — b, are considered to be infinitely diluted
in a thermal bath of helium atoms. Under the assumptions of the
impact’ and binary” approximations, the pressure broadening
(7o) and pressure shift (5,) coefficients can be derived from the
scattering S-matrix elements resulting from two-body quantum
scattering calculations. The two line-shape parameters are
expressed in terms of the complex generalized spectroscopic
cross-section, 6*(a, b; Ey;,), as follows**

1 teo
= L&) xe “c"(a, b; Ep;,, = xkgT)dx
27mc kgT Jo

(16)

where ¢ is the speed of light in vacuum, ky is the Boltzmann
constant, and T is the temperature. The term

() = \J8kgT/(zu) represents the mean relative speed of the
colliding pair, with y being the reduced mass of the system.

denotes the tensorial rank of the radiation—matter interaction,
which equals 1 for the electric dipole transitions considered in
this work.

Keeping the analogy between the exotic atom and the
diatomic molecule, we now specify the meaning of the states a
and b. In the context of the exotic atom, these states are labeled
by the hydrogen-like quantum numbers n and I. To align with
the diatomic molecule analogy, we relate these quantum
numbers to the vibrational (v) and rotational (j) quantum
numbers of a diatomic molecule via the following correspond-
ence: v=n—[— 1and;j=1I This allows us to treat the transition a
— b as analogous to a rovibrational transition in a diatomic
molecule, v, j, = v, ji,, and the corresponding formula for the
generalized spectroscopic cross-section st

}/0 - 150
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Here, L and L’ represent, respectively, the pre- and postcolli-
sional relative orbital angular momenta of the colliding pair (the
end-over-end rotational angular momenta). ], and J, are the total
angular momenta of the scattering system, arising from the
coupling of the rotational angular momenta (j, and j,
respectively) with L or L. k = \/2uE,, is the wavevector (in
atomic units), [xy, x,] = (2 + 1)(2x, + 1), and terms in curly
brackets denote 6-j symbols. Note that the formula for the cross-
section involves two scattering S-matrices, both calculated at the
same kinetic energy, E,;,, but corresponding to different total
energies: iy, + E,; and Ey, + E,

Scattering S—matnces are obtalned by solving the quantum
scattering problem for a system involving p*He" and a helium
atom. The Hamiltonian for the scattering system (in atomic
units) is given by

1 0° r’

> + V(R, r, 0) + H,,

+
2uR OR* 2uR (18)

where L? represents the square of the end-over-end rotational
angular momentum operator of the scattering system, V(R, 1, 9)
is the exotic-atom—helium-atom potential energy surface, and
H,, is the asymptotic Hamiltonian describing colliding partners

as R — oo0. Since helium is treated as a structureless atom, H,g

corresponds to the Hamiltonian of the isolated p*He™, which is
expressed as

2i7ir or? 2mr’ (19)
Here, i denotes the reduced mass of the exotic atom, j* is the
square of the rotational angular momentum operator, and v(r) is
the interaction energy of the exotic atom as a function of the
distance between the antiproton and the helium-4 nucleus. The
eigenvalues and eigenstates of the asymptotic Hamiltonian are
denoted by E,; and lvjm;), where v is the vibrational quantum
number, j is the rotational quantum number, and m; is the
projection of the rotational angular momentum on the space-
fixed Z-axis. In the coordinate representation, the eigenstates are

given by

o 2,
(rlv]mj> = Tijj(r) (20)

where Y, (?) is the spherical harmonic describing the
jmy

orientation of the exotic atom in the space-fixed frame and
)(Vj(r) is the solution of the radial Schrodinger equation for the
isolated exotic atom

J(J+ 1)

+ —=—— + 2mv(r) — 2imE,

vj(r) =0

e (21)

The goal of the scattering calculations is to determine the
eigenstates of the Hamiltonian in eq 18, IV}, that correspond to
a given total energy, E, such that HI'W') = EI¥). These eigenstates
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are expanded in a conveniently chosen basis set. A common
choice is the space-fixed coupled basis, which combines the
eigenvectors of the L* operator, L*|ILm; ) = L(L + 1)|Lm, ), and
the eigenvectors of the asymptotic Hamiltonian, lvjm;)

WiLIM) = (=1)/*t M 2] +1
J
_ M]Ivjm}-)leL)

(22)
where the symbol in brackets is the 3-j symbol describing the
coupling of the exotic atom’s rotational angular momentum, j,
with the end-over-end angular momentum, L, to form the total
angular momentum, J = j + L. The basis functions are also
eigenvectors of the spatial parity operator, satisfying ITlvjL]M) =
(=1Y* viLIM).

Here, we adopt an alternative approach,” where the basis set
is defined as

1

lvjQJMe) =
+ €P5Q,0)

(IjQIM) + eplvj—QJM))
2(1

(23)
with [jQIM) = wjQ)IJMQ). Here, Q € [0,min(j,])] and p =
(—1)’. In this representation, lvjQ3) are the eigenvectors of the
exotic atom’s rotational angular momentum operator,
jzlvjs_?.) =j(j + 1)lvjQ), and its projection along the R-axis,
leij_l) = QlyjQ). IJIMQ) are the eigenvectors of the total
angular momentum operator, JXlJMQ) = J(J + 1)JMQ), its
space-fixed Z-axis projection ]ZI]MS_E) = MIJMQ), and its
projection on the R-axis ]RI]MS_!) = QIUMQ). The basis
functions in eq 23 are also eigenvectors of the spatial parity
operator, satisfying [TlyjQJMe) = elvjQJMe), where € = +1.

Inserting the scattering wave function expanded in the basis
introduced in eq 23

)

v,j,Q,],M, e

El5 (R)

Py = ———WjQJMe)

(24)
into the Schrodinger equation, and multiplying both sides by
(vj QT M€l leads to the set of coupled equations on the
expansion coefficients, F].MS(R)

dRZ V%G( ) = Z

Vi Q'

WioraFilia(®)
(25)
Since the total angular momentum, its projection on the
space-fixed Z-axis, and parity all commute with the Hamiltonian
in eq 18, the equations are diagonal with respect to J, M, and €. A
key advantage of using the basis in eq 23 lies in the resulting

W}e 3

structured coupling matrix, O

Sy = YIMEV(R, r, O)bj Q]Me)
1 i 21 18/ )
+ g ML QM) - 6,5,k
The majority of the nonzero matrix elements of W]Q s s

grouped in blocks corresponding to fixed € values. This is
because the interaction potential couples only the states within
the same € block
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Here, A, ,;,7(R) are the radial coupling terms of the potential
energy surface

20+ 1 ©
By (R) = 202 fo dr

)(Vl,(r)( [)ﬂ d@ sin 6P,(cos O)V(R, r, 9))Xv,j,(r)
(28)

The centrifugal term [the second term in eq 26] introduces
coupling the between adjacent Q blocks and is diagonal in j.
Matrix elements for this term can be found in ref 47.

Coupled equations are solved numerically using the
renormalized Numerov algorithm*® implemented in the
BIGOS code developed in our group.””* At large R values,
the scattering wave function is transformed to the space-fixed
coupled basis defined in eq 22. The scattering S-matrix is then
determined by applying the appropriate boundary conditions to
the scattering wave function at asymptotically large interatomic
distances.

4. COMPUTATIONAL DETAILS

Quantum scattering calculations are performed for 29 states of
antiprotonic helium-4, which allow us to calculate pressure
broadening and shift coefficients for SO transitions observed in
this exotic atom. The full list of the transitions considered in this
work is gathered in Table 1. Calculations are carried out for
collision energies ranging from 1073 to 150 K, which is sufficient
to cover the entire energy distribution in the integral of eq 16. To
ensure convergence of the generalized spectroscopic cross-
sections [eq 17] to within 0.1%, the calculations include a
sufficient number of J-blocks, ranging from 35 to 100 across the
collision energy range. Radial expansion coeflicients of the

scattering wave function, FJ}%E(R), are propagated on an

equidistant grid from R, = 2.5 a4y to R, = 50 g, with 25
steps per half-de Broglie wavelength.

Due to the significant energy spacing between eigenstates in
p*He" (of an order of 10° K for the states considered), the
number of rovibrational levels involved in the expansion of the
scattering wave function [eq 24] is limited to the nearest
neighboring states. Specifically, for scattering calculations
involving antiprotonic helium in the v, j state, only the states v
+1,j—1,v,j,and v — 1,j + 1 were included in the calculations.
This is illustrated for the case of the v, =3,j,=35 > v,=3,j, =
34 transition in the upper panel of Figure 4.

The radial coupling terms of the potential energy surface [eq
28], which define the coupling matrix [eq 26], are calculated
numerically by using Gauss—Legendre quadrature for the
integral over @ and the Simpson rule for the integral over r.
While transitions involving high j values could, in principle,
require summing over a wide A range and could extend to very
large values, these contribute negligibly to transitions between
rotational levels differing by Aj = +1. Consequently, the final
calculations include coupling terms for A ranging from 0 to 7.
The lower panel of Figure 4 presents the isotropic (4 = 0) and
the strongest anisotropic (4 = 1) terms used in the calculations
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Table 1. List of Transitions Considered in This Work, along
with References to Previous Experimental and Theoretical
Studies

Av = 0 transitions Av = 2 transitions

Yoy Ja = Vi reference Yoy Ja = Vi Jir reference
4,35 — 4,34 6,9,53,54 3,36 > 5,35 S5
434> 4,33 54 3,35 5,34 54
3,36 = 3,35 54 3,34— 5,33 54
3,35 > 3,34 6,9,16,53,54 2,36 — 4,35 54
3,34 3,33 54 2,35 4,34 9
3,33 3,32 54 2,34 — 4,33 6,16
2,37 = 2,36 54 2,33 > 4,32 54
2,36 = 2,35 6,54 1,37 = 3,36 54
2,35 = 2,34 6,54 1,36 — 3,35 54
2,34—-2,33 6,9,53,54 1,35 — 3,34 6,9,16,53,54
2,33 2,32 54 1,34 = 3,33 16,54
2,32 2,31 54 1,33 - 3,32 54
1,38 >1,37 54 1,32 - 3,31 54
1,37 - 1,36 6,54 0,38 — 2,37 54
1,36 = 1,35 6,54 0,37 = 2,36 54
1,35 — 1,34 54 0,36 = 2,35 54
1,34—-1,33 6,53,54 0,35 —2,34 54
1,33 1,32 6,9,16,53,54 0,34 — 2,33 54
1,32 ->1,31 54 0,33 - 2,32 9,54
1,31 1,30 54 0,32 — 2,31 54
0,39 - 0, 38 54 0,31 = 2,30 54
0,38 — 0,37 6,54

0,37 = 0, 36 6,54

0,36 — 0,35 54

0,35—0,34 54

0,34 — 0,33 54

0,33 - 0,32 54

0,32 50,31 16,54

0,31 = 0,30 6,9,53,54

forthe v, =3,j, =35 = v, = 3, j, = 34 transition. The radial wave
functions of the p*He™, 2(r), used to average the potential
energy surface over the exotic atom internal coordinate r, are
obtained by solving eq 21 with the potential energy curve of
Shimamura®' using the discrete variable representation—finite
basis representation method.

5. RESULTS

We determined the pressure broadening and shift coefficients
for 50 helium-perturbed transitions in antiprotonic helium-4
(see Table 1) over a temperature range of 1.3 to 10 K. Most
measurements involving gaseous helium are conducted within
the 4.5—10 K range; however, we extended our calculations to
lower temperatures to account for experiments involving
superfluid helium.”* Although the binary approximation is no
longer valid in nongaseous phases, the results presented here
may still provide useful estimates for models of spectral
broadening in the liquid, solid, and superfluid states of helium,
serving as a baseline for the background contribution from
binary collisions. The transitions are categorized into two types:
those that do not involve a change in vibrational quantum
number (Av = 0) and those that do (Av = 2). In exotic atom
spectroscopy, these two categories are termed favored (An = Al
=+ 1) and unfavored (An = —Al = +1) transitions, respectively.
The full tabulated values of pressure broadening and shift
coeflicients are provided in the Supporting Information.
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Figure 4. (upper panel) Simplified energy diagram of §4He+, showing
the energies and squared wave functions of the metastable states
involved in the v, = 3, j, = 35 — v, = 3, j, = 34 transition (highlighted in
red), along with the two nearest neighboring states in energy for each
spectroscopic level. (lower panel) State-dependent effective interaction
potentials for the states of interest. Solid lines represent the isotropic
terms (4 = 0), while dashed lines correspond to the strongest
anisotropic term (4 = 1) coupling states of interest to the nearest lower-
lying state.

Given the large number of transitions studied, we begin by
focusing on a representative case for which both experimental
and theoretical reference data are available: the favored v, = 3, j,
=35 = v, = 3, j, = 34 transition, see the upper panel in Figure 4.

The top panel of Figure S displays the energy dependence of
the generalized spectroscopic cross-section [eq 17]. The real
and imaginary parts of this quantity determine the pressure
broadening and shift coeflicients, respectively. For context, we
also plot the Maxwell-Boltzmann distribution at the exper-
imental temperature of 6 K,"> which highlights the energy range
that contributes most significantly to the thermally averaged
line-shape parameters. To provide further insight, we decom-
pose the generalized spectroscopic cross-section into partial-
wave contributions by reordering the summations in eq 17 such
that the outermost sum runs over the end-over-end angular
momentum quantum number L. This allows us to analyze the
underlying dynamics in a manner analogous to standard partial-
wave analysis in state-to-state scattering cross-sections. >

In the key energy range 0.1—50 K, the cross-sections exhibit a
general decrease with increasing energy, driven by the
diminishing L = 0 contribution. Around E;;, & 1 K, a modest
enhancement appears in both the real and imaginary parts of the
cross-sections, which we attribute to the L = 1 partial wave. At
higher energies, additional partial waves (up to L = 6) become
relevant and gradually dominate the cross-section behavior.

The collision-energy dependence and the corresponding
partial-wave decomposition shown here are representative of all
50 transitions studied. In some cases, the L = 1 resonance-like
feature is slightly more pronounced, and occasionally, a weaker
structure associated with the L = 2 contribution appears.
However, none of these features ever dominate the generalized
cross-sections, and their influence on the thermally averaged

lul_
P 10! i
5 ’a’
. et
GRS
= /

10!

10~ 10° 10!
Eyan (K)
(0.125 this work

+ this work, As—ouje
this work, previous PES
Bakalov (2012), theory

Torii et al. (1999). experiment

0.000=

Temperature (K)

1074

10+
i

Im(a*) (A?)

10%4

10~ 10" 10!

By (K)
—0.2
=
;i: —0.6f%
~0.8}
2 1 6 8 10

Temperature (K)

Figure 5. Results for the representative v, = 3, j, = 35 — v, = 3, j, = 34 transition in 5 *He*. (top) Energy dependence of the generalized spectroscopic
cross-sections 6*(Ey,) (thick solid lines), with partial-wave decomposition (thin solid lines) up to L = 6. The Maxwell—Boltzmann distribution at T = 6
K is shown for reference (dashed black line, arbitrary units). (bottom) The corresponding pressure broadening (y,) and shift (§,) coefficients. Dashed
lines correspond to the results of the calculations performed only on the isotropic part of the interaction potential [A,_y,,; in eq 27]. Dotted lines
correspond to the results of quantum scattering calculations performed on the previous potential energy surface.
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Figure 6. Pressure broadening (7,) and pressure shift (§,) coefficients for favored (Av = 0) transitions in p*He?. Rows correspond to vibrational
manifolds v = 0—4, and colored curves show j — j — 1 transitions with consistent color mapping across panels (see the legend). Markers denote

previous theoretical (X) and experimental (O) results (see Table 1).

line-shape parameters remains modest across the temperature
range relevant for p*He™ experiments.

The bottom panel of Figure S presents the corresponding line-
shape parameters: pressure broadening and shift coefficients for
the representative transition obtained by averaging 0*(Ey;,) over
the Maxwell—Boltzmann distribution at each temperature. We
find excellent agreement with the experimental values of both
line-shape parameters reported in ref 15 and a surprisingly good
agreement with the semiclassical calculations at T = 5.4 K.%**
This is particularly interesting, given that the reference
theoretical calculations employed a p*He* —*He PES computed
on a limited grid of ab initio points, relied on Anderson’s
semiclassical line-shape formalism, and essentially neglected
anisotropic effects of the interaction. However, the semiclassical
results predict a less steep temperature dependence of both
parameters, leading to a factor-of-two underestimation of ¥, and
a 40% underestimation of 5, at T = 1.5 K.

To clarify the respective roles of the new PES and the fully
quantum treatment presented in this work, we present in Figure
S (dotted lines) the results of fully quantum scattering
calculations performed using the previous pHe"—He potential
energy surface.” This comparison shows that the temperature
dependence of ¥, obtained with the previous PES follows a trend
similar to the results provided in this work but systematically
underestimates its magnitude by 30—40%. At T = 5.4 K, the
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quantum results on the older PES agree well with the earlier
semiclassical calculations,®>* whereas at T = 1.5 K, they exceed
the semiclassical values by roughly a factor of 2. This indicates
that the difference between the results provided here and those
reported in ref 54 at the lowest temperatures originates
predominantly from the semiclassical approximation. This is
consistent with the fact that at T ~ 1 K, the broadening is
governed almost entirely by the L = 0 and L = 1 partial waves,
where scattering is intrinsically quantum mechanical. At higher
temperatures (T ~ 5—6 K), contributions from multiple partial
waves (L < S) make the semiclassical treatment comparatively
more reliable.

The representative transition also illustrates the key
mechanisms that determine pressure broadening and shift in
helium-perturbed p*He™ lines. First, we note that contrary to
most molecular systems, the magnitude of the pressure
broadening coeflicients is much smaller than that of the pressure
shift coefficients. To explore this behavior in more detail, it is
essential to recognize that the pressure broadening coeflicient
involves two contributions: the inelastic and dephasing terms.*
The inelastic contribution arises from the half-sum of the
inelastic rate coeflicients from the two spectroscopic states
involved (see eq A.10 in ref 57). However, in antiprotonic
helium, the large separation between energy levels makes the
inelastic contribution negligible. For collision energies consid-
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ered here, the inelastic quenching from v, j to the v + 1, j — 1 state
makes only 107 y,. Thus, pressure broadening in p*He" is
almost entirely determined by the dephasing contribution,
which stems from the differences in the elastic scattering
amplitudes in the two levels involved in the spectroscopic
transition.

In typical molecular systems, the dephasing contribution is
significant for rovibrational transitions because the effective
interaction potentials for states v, and v, can differ substantially.
For the chosen representative transition, as well as for all favored
transitions considered in this work, the effective interaction
potentials belong to the same vibrational manifold but differ in
the rotational quantum number. Therefore, the pressure
broadening of the helium-perturbed p*He™ transitions provides
an example of broadening by rotational dephasing. This
dephasing results from reorienting collisions (i.e, changes in
the orientation of the rotational angular momentum j) induced
by the anisotropic components of the interaction potential [4 #
0 in eq 27] and purely dephasing collisions driven by the
isotropic components of the interaction potential.

To estimate the relative importance of these factors, following
ref 57 we performed quantum scattering calculations for the
representative v, = 3, j, = 3§ = v, = 3, j, = 34 transition,
neglecting all anisotropic components of the PES. In other
words, only the 4 = 0 term was kept in the expansion of the
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interaction potential in eq 27. The resulting broadening
coefficient, shown as the dashed line in the left panel of Figure
S, was 5—8% lower than the original value across the
temperature range of 1.3—10 K. This indicates that more than
90% of the broadening is driven by purely phase-changing
collisions arising from differences in the isotropic interaction
potentials, A =0,05mi, and A;_, 4, (see the lower panel of

Figure 4). The minimal role of anisotropy in this case also helps
explain the success of semiclassical calculations of the pressure
broadening coefficients,”** which rely only on the isotropic
parts of the potential energy surface, at reproducing
experimental results around 6 K.

5.1. Av = 0 Transitions. We present the complete set of
results for the favored transitions (Av = 0) in Figure 6. Each row
corresponds to a different vibrational manifold (v = 0 through v
= 4), and each panel shows the computed temperature
dependence of y, (left) and &, (right).

We find an overall satisfactory agreement with the
experimental pressure shift coefficients. As noted earlier, the
only experimental data point for y, was discussed for the
representative transition. In comparison with previous calcu-
lations, we observe good agreement for both y, and 6, at T = 5.4
K, particularly for the highest rotational transitions in each
vibrational manifold. Similar to the v, =3, j,=35 — v, =3,j, = 34
line discussed earlier, our results reveal a more pronounced
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temperature dependence of both line-shape parameters than
that predicted by semiclassical calculations. This results in a
systematic underestimation of y,, and, in some cases, even an
opposite sign of §; at T = 1.5 K. Based on our analysis for the
representative transition, we attribute the larger discrepancies at
T = 1.5 K primarily to the breakdown of the semiclassical
formalism: the influence of the new interaction potential itself at
these temperatures accounts for a 30—40% difference (see
Figure 5).

Our results also reveal a clear, and more pronounced than in
semiclassical calculations, trend over the 1.5—10 K range: the
pressure broadening coefficient increases with j. This may seem
counterintuitive as in typical molecular systems, ¥, tends to
decrease with j for large rotational quantum numbers due to the
widening of rotational level spacings, which suppresses inelastic
transitions. Meanwhile, the phase-changing contribution
remains relatively constant since the isotropic interaction
potentials change only slightly with j. In antiprotonic helium,
however, the regime is fundamentally different. Inelastic
collisions are absent for all j, and the isotropic interaction
potentials vary significantly with the rotational quantum
number. These large differences in isotropic potentials also
explain the magnitude of the pressure shift coefficients.

Interestingly, within a single vibrational manifold, some
transitions exhibit pressure shifts of opposite signs. While we
cannot fully explain this behavior, our extended calculations at T
> 10 K indicate that all Av = 0 transitions ultimately have
negative pressure shifts, with magnitudes increasing with j.

5.2. Av = 2 Transitions. Figure 7 presents the pressure

broadening (left column) and pressure shift (right column)

coeflicients for helium-perturbed Av = 2 transitions in §4He+

considered in this work. Transitions originating from levels with
v, =0, 1,2, and 3 are shown in separate rows of the figure.
We observe a good agreement between the computed
pressure shift coefficients and the experimental values reported
forv,=1,j,=35->v,=3,j,=34andv,=2,j,=34 > v,=4,j,=
33 transitions (the brown circle on the right panel in the second
row and the red circle on the right panel in the second row,
respectively). The v, = 1, j, = 34 - v, = 3, j, = 33 transition,
however, exhibits a surprising disagreement with the exper-
imental shift reported in ref 16—a discrepancy that had already
been noted relative to semiclassical calculations in ref 6. This
inconsistency remains unexplained in the framework of our
quantum scattering calculations performed on the improved

p4He+—4He potential energy surface.

Compared with favored transitions, we observed more
pronounced discrepancies with the semiclassical predictions.
The more noticeable deviations from previous theoretical results
at T'= 5.4 K, particularly for transitions involving states with high
principal quantum number n = v + [ + 1 = 39—40, can be
attributed to the improved potential energy surface reported in
this work: the previous PES® was not optimized for geometries
relevant to these states. As in the Av = 0 case, our results show a
stronger dependence of both y, and §, on temperature and
rotational quantum number than semiclassical calculations,
leading to significant differences at T = 1.5 K. These differences
at low temperatures, as in the case of favored transitions, are
most likely caused by the breakdown of the semiclassical
approach.

In terms of general trends, we again find that the magnitude of
the pressure shift coeflicients exceeds that of the pressure
broadening coeflicients. Across all vibrational manifolds, the
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unfavored transitions exhibit significantly larger broadening
than their favored counterparts originating from the same initial
state, v,, j,. This enhancement can be attributed to vibrational
dephasing, which is absent in Av = 0 transitions. Vibrational
dephasing arises from differences in the effective isotropic
interaction potentials between the different vibrational mani-
folds.

Similar to Av = 0 transitions, some Av = 2 transitions exhibit
positive pressure shifts at T < 10 K. While we cannot definitively
explain this behavior for these specific lines, we note that at
higher temperatures (not shown in the figure), all transitions
considered exhibit negative pressure shifts, with magnitudes
increasing with j.

6. CONCLUSION

We performed the first fully ab initio calculations of the
collisional perturbation of spectral lines in antiprotonic helium.
To overcome the limitations of previous studies, we developed a

new, state-of-the-art p*He™—*He potential energy surface,
allowing us to address the range of intermolecular geometries
that are sufficient to describe all experimentally relevant
transitions in exotic helium atoms.

Using the new PES, we performed rigorous quantum
scattering calculations for the p*He*—*He system and
computed scattering S-matrices to determine pressure broad-
ening and shift coefficients for S0 electric dipole transitions in
p'He" over a wide range of temperatures. Our results are in
good agreement with the limited available experimental data and
provide the first rigorous benchmark of previous semiclassical
line-shape calculations.

This data set provides a valuable reference for high-precision
spectroscopic measurements in p*He ", which are used to test
three-body QED calculations and test the fundamental CPT
symmetry. The new PES and methodology presented here also

pave the way for similar studies in other exotic atom systems,

including the p°He™ isotope of antiprotonic helium, as well as
pionic and kaonic helium atoms. These calculations could
support future precision measurements aimed at determining
the masses of exotic particles with an improved accuracy.

Our study covers temperatures as low as 1.5 K. While the
binary collision approximation breaks down in nongaseous
phases, the results reported here can still serve as fully quantum
estimates (as opposed to earlier, semiclassical calculations)***”
for spectral broadening in liquid, solid, and superfluid helium.
This is particularly relevant for interpreting precision measure-
ments of antiprotonic helium transitions performed in non-

gaseous environments.

B APPENDICES

1. The Explicit Form of the Long-Distance Term in the PES
Fit
The large-R asymptotic behavior of the interaction energy for a

system depicted in Figure 1 has the following form®”*'
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V(R, 0, 1) ~ (Bgo(r) + Bg,(r)B(cos 0))RC

+ (B, ,(r)B(cos 8) + B, 5(r)Py(cos )R’
+ (Bgo(r) + By, (r)Py(cos 0) + Bg ,(r)P,(cos )R
+ (By, (r)B(cos 0) + By ;(r)Py(cos 6) + By ;(r)Py(cos 0))
R
+ O(R™"),
(29)

where Pj(cos 0) are the Legendre polynomials. The r-dependent
coefficients B, (r) are defined in terms of static 2k—pole
polarizabilities of A, &, permanent 2*-pole moments of BC,
QFC(r), and dispersion coefficients C,(r)

Bé,o(") = —(alAQlBC(’)Z + Cy (1)),
By, (r) = _(0‘1AQ1BC(’)2 + Cgo(r)),

QL) + ¢, m)

QN Q(r) +1 al AQ(r)?

)

B7,3(") = _(_EalAQlBC(’)QfC(’) + C; 3(’))
Boa(r) = (2 Qi) + azAQlBC(r)Z +Coulr))
_ (36 A

+20,°Q () + CS,Z(r)),
By o(r) = ( @ Q) + Zat QY

+ C8,4(r)),
By (1) = —(—3—%;‘(12 Q)
- 120,°Q (N Q) (r) + c9,1<r)}

B9'3(r)=—( 20 04Q (N Q P (r)
— 40, QI(r)QI(r) — 6a,°Q (N Q) (r)

+ C9,3(r)),

B9,5(’) = _(__Oa1AQ1BC(")QfC(")

- 200 0Q) + ¢, 5<r>)

(30)

The values of B, (r) were calculated at D = 360 distances r
ranging from 0.01 to 50 4, using the d7Z basis set. In each case,
the results in the neighborhood of r where B, (r) changes sign
were excluded, reducing the number of points from D to D'.
Data points, forming sets of pairs {(r, Bn,l(n))}fll, were then

fitted with analytic functions of the general form
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P Z of, (nr)r™)

veEN
(31)
where f,(x) is the Tang—Toennies damping function defined in
eq 8 and the values of v € N used for each function B, (r) are

2 4
B () ==(' Qe Y b +
k=1 i=1

collected in Table S1 in the Supporting Information. Any given
function has 3 nonlinear parameters (a; and 7) and 8 + IM
linear parameters (by; and c,), and their values were obtained by
minimizing the functional

- 2

Bn,l(ri) -1
Bn,l(ri)

After fixing the r-dependent coefficients, the explicit form of
the long-range term Vi (R, r, 0) in eq S is directly inferred from
eq 29 as

F1B, ()] = \/% Z [

i=1 (32)

Vi(R, 0, 1) = (B 0(7)12 (qu)R_6 + Bs o(r)f (qu)R %)

+ (B, (n)f, (g R)R”" + By ,(r)f, (qR)R"”)R(cos 0)
+ (B, (r)f (4 RIR™® + By, (r)f, (4 R)R *)Py(cos )
+ (B, 5(r)f, (g R)R™ + By 5(r)f, (q,R)R™)Py(cos 6)
+ By, (r)f, (qu)R_8P4(cos 0)

+ 1§9,5(r)f9 (qu)R_gPs(cos 0),
(33)

where g, is a parameter that controls the damping of V (R, 1, 0)
at small R.

2. Coordinate Transformation for Other Exotic Helium
Systems

When substituting one of the particles B or C in the exotic
helium atom, the effective mass ratio t defined in eq 1 changes to
a new value t'. Thus, to use the same potential energy surface
Vie(R, 1, 6) for systems in which one of the particles is
substituted, the following coordinate transformation from (R’,
', 8') to (R, r, ) should be performed

R = \/(R/)Z + 2R7(t — t)cos @' + (r')*(t — t')*,
r = 1’,)
cos = (R cosO +r'(t—1t))/R.
(34)

Once the transformed coordinates are obtained, the
interaction energy for the new system follows directly from

V(RI; V/, 9,) = Vﬁt(R(R,r r, 9/), r, G(R/; r, 9/)) (35)
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B ADDITIONAL NOTES

"The duration of each collision is significantly shorter than the
time between successive collisions.

®Each collision involves only a single exotic atom and a single
perturbing helium atom.

SHere, kvj = [2u(E - Evj).

500

B REFERENCES

(1) Condo, G. T. On the absorption of negative pions by liquid
helium. Phys. Lett. 1964, 9, 65—66.

(2) Hayano, R. S.; Hori, M.; Horvath, D.; Widmann, E. Antiprotonic
helium and CPT invariance. Rep. Prog. Phys. 2007, 70, 1995—2065.

(3) Eades, J.; Hartmann, F. J. Forty years of antiprotons. Rev. Mod.
Phys. 1999, 71, 373—419.

(4) Yamazaki, T. Antiprotonic helium. Phys. Rep. 2002, 366, 183—329.

(5) Korobov, V. I Variational calculation of energy levels in p-bar He+
molecular systems. Phys. Rev. A 1996, 54, R1749—R1752.

(6) Bakalov, D.; Jeziorski, B.; Korona, T.; Szalewicz, K.; Tchoukova, E.
Density Shift and Broadening of Transition Lines in Antiprotonic
Helium. Phys. Rev. Lett. 2000, 84, 2350—2353.

(7) Pask, T.; Barna, D.; Dax, A.; Hayano, R. S.; Hori, M.; Horvéth, D.;
Friedreich, S.; Juhdsz, B.; Massiczek, O.; Ono, N.; S6tér, A.; Widmann,
E. Antiproton magnetic moment determined from the HFS of pHe+.
Phys. Lett. B 2009, 678, 55—59.

(8) Hayano, R. S.. In Precision Physics of Simple Atoms and Molecules;
Karshenboim, S. G., Ed.; Springer: Berlin, Heidelberg, 2008; pp 187—
201.

(9) Hori, M; Aghai-Khozani, H.; Sétér, A; Barna, D.; Dax, A;
Hayano, R.; Kobayashi, T.; Murakami, Y.; Todoroki, K.; Yamada, H,;
Horvath, D.; Venturelli, L. Buffer-gas cooling of antiprotonic helium to
1.5 to 1.7 K, and antiproton-to—electron mass ratio. Science 2016, 354,
610—614.

(10) Hori, M; Sétér, A.; Barna, D.; Dax, A.; Hayano, R ; Friedreich, S ;
Juhdsz, B.; Pask, T.; Widmann, E.; Horvéth, D.; Venturelli, L.; Zurlo, N.
Two-photon laser spectroscopy of antiprotonic helium and the
antiproton-to-electron mass ratio. Nature 2011, 475, 484—488.

(11) Hori, M.; Aghai-Khozani, H.; Sétér, A.; Dax, A.; Barna, D. Laser
spectroscopy of pionic helium atoms. Nature 2020, 581, 37—41.

(12) Hori, M.; Aghai-Khozani, H.; Sétér, A.; Dax, A.; Barna, D. Recent
results of laser spectroscopy experiments of pionic helium atoms at PSI.
SciPost Phys. Proc. 2021, S, 026.

(13) Korobov, V. L; Eskin, A. V.; Martynenko, A. P.; Martynenko, F.
A. Energy levels of mesonic helium in quantum electrodynamics. Phys.
Rev. A 2024, 109, 032802.

(14) Workman, R. L.; Particle Data Group; et al. Review of Particle
Physics. Prog. Theor. Exp. Phys. 2022, 2022, 083CO01.

(15) Torii, H. A;; Hayano, R. S.; Hori, M.; Ishikawa, T.; Morita, N.;
Kumakura, M.; Sugai, I.; Yamazaki, T.; Ketzer, B.; Hartmann, F. J.; von
Egidy, T.; Pohl, R;; Maierl, C.; Horvéith, D.; Eades, J.; Widmann, E.
Laser measurements of the density shifts of resonance lines in
antiprotonic helium atoms and stringent constraint on the antiproton
charge and mass. Phys. Rev. A 1999, 59, 223—229.

(16) Hori, M.; Eades, J.; Hayano, R. S.; Ishikawa, T.; Sakaguchi, J;
Widmann, E.; Yamaguchi, H.; Torii, H. A; Juhdsz, B.; Horvath, D,;
Yamazaki, T. Sub-ppm Laser Spectroscopy of Antiprotonic Helium and
a CPT-Violation Limit on the Antiprotonic Charge and Mass. Phys. Rev.
Lett. 2001, 87, 093401.

(17) Jeziorski, B.; Moszynski, R.; Szalewicz, K. Perturbation Theory
Approach to Intermolecular Potential Energy Surfaces of van der Waals
Complexes. Chem. Rev. 1994, 94, 1887—1930.

(18) Patkowski, K. Recent developments in symmetry-adapted
perturbation theory. Wiley Interdiscip. Rev.: Comput. Mol. Sci. 2020,
10, No. e1452.

(19) Jeziorski, B.; Szalewicz, K.; Chalasinski, G. Symmetry forcing and
convergence properties of perturbation expansions for molecular
interaction energies. Int. J. Quantum Chem. 1978, 14, 271—287.

(20) Anderson, P. W. A Method of Synthesis of the Statistical and
Impact Theories of Pressure Broadening. Phys. Rev. 1952, 86, 809.

(21) Obreshkov, B.; Bakalov, D. Collisional shift and broadening of
the transition lines in pionic helium. Phys. Rev. A 2016, 93, 06250S.

(22) Baranger, M. Simplified Quantum-Mechanical Theory of
Pressure Broadening. Phys. Rev. 1958, 111, 481—493.

(23) Baranger, M. Problem of Overlapping Lines in the Theory of
Pressure Broadening. Phys. Rev. 1958, 111, 494—504.

(24) Bibikov, A. V.; Korenman, G. Y.; Yudin, S. N. Transitions
between States of the Hyperfine Structure of Antiprotonic *He in

https://doi.org/10.1021/acs.jctc.5c01636
J. Chem. Theory Comput. 2026, 22, 488—501


https://pubs.acs.org/doi/suppl/10.1021/acs.jctc.5c01636/suppl_file/ct5c01636_si_003.zip
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Hubert+J.+Jo%CC%81z%CC%81wiak"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://orcid.org/0000-0001-6503-674X
https://orcid.org/0000-0001-6503-674X
mailto:hubert.jozwiak@umk.pl
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Dimitar+Bakalov"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Micha%C5%82+Przybytek"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Michail+Stoilov"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Piotr+Wcis%C5%82o"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.5c01636?ref=pdf
http://wcss.pl
https://doi.org/10.1016/0031-9163(64)90216-1
https://doi.org/10.1016/0031-9163(64)90216-1
https://doi.org/10.1088/0034-4885/70/12/R01
https://doi.org/10.1088/0034-4885/70/12/R01
https://doi.org/10.1103/RevModPhys.71.373
https://doi.org/10.1016/S0370-1573(01)00082-5
https://doi.org/10.1103/PhysRevA.54.R1749
https://doi.org/10.1103/PhysRevA.54.R1749
https://doi.org/10.1103/PhysRevLett.84.2350
https://doi.org/10.1103/PhysRevLett.84.2350
https://doi.org/10.1016/j.physletb.2009.05.038
https://doi.org/10.1126/science.aaf6702
https://doi.org/10.1126/science.aaf6702
https://doi.org/10.1038/nature10260
https://doi.org/10.1038/nature10260
https://doi.org/10.1038/s41586-020-2240-x
https://doi.org/10.1038/s41586-020-2240-x
https://doi.org/10.21468/SciPostPhysProc.5
https://doi.org/10.21468/SciPostPhysProc.5
https://doi.org/10.1103/PhysRevA.109.032802
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevA.59.223
https://doi.org/10.1103/PhysRevA.59.223
https://doi.org/10.1103/PhysRevA.59.223
https://doi.org/10.1103/PhysRevLett.87.093401
https://doi.org/10.1103/PhysRevLett.87.093401
https://doi.org/10.1021/cr00031a008?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr00031a008?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr00031a008?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/wcms.1452
https://doi.org/10.1002/wcms.1452
https://doi.org/10.1002/qua.560140306
https://doi.org/10.1002/qua.560140306
https://doi.org/10.1002/qua.560140306
https://doi.org/10.1103/PhysRev.86.809
https://doi.org/10.1103/PhysRev.86.809
https://doi.org/10.1103/PhysRevA.93.062505
https://doi.org/10.1103/PhysRevA.93.062505
https://doi.org/10.1103/PhysRev.111.481
https://doi.org/10.1103/PhysRev.111.481
https://doi.org/10.1103/PhysRev.111.494
https://doi.org/10.1103/PhysRev.111.494
https://doi.org/10.3103/S0027134920030066
https://doi.org/10.3103/S0027134920030066
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c01636?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

Collisions with Atoms of the Medium: Interaction Ab Initio. Moscow
Univ. Phys. Bull. 2020, 75, 213-217.

(25) Bibikov, A. V.; Korenman, G. Y.; Yudin, S. N. Collisional
Quenching of the Pionic Helium “He Long-Lived States. Moscow Univ.
Phys. Bull. 2023, 78, 107—112.

(26) Bai, Z.-D.; Korobov, V. L; Yan, Z.-C.; Shi, T.-Y.; Zhong, Z.-X.
Precision Spectroscopy of the Pionic Helium-4. Phys. Rev. Lett. 2022,
128, 183001.

(27) Korobov, V.1; Zhong, Z.-X; Tian, Q.-L. Leading term of the He-
pHe + long-range interaction. Phys. Rev. A 2015, 92, 052517.

(28) Adamczak, A.; Bakalov, D. Shift and broadening of resonance
lines of antiprotonic helium atoms in liquid *He. Phys. Rev. A 2013, 88,
042508.

(29) Adamczak, A.; Bakalov, D. Shift and broadening of resonance
lines of antiprotonic helium atoms in solid helium. Phys. Rev. A 2014,
90, 054501.

(30) Mohr, P. J.; Newell, D. B.; Taylor, B. N.; Tiesinga, E. CODATA
recommended values of the fundamental physical constants: 2022. Rev.
Mod. Phys. 2025, 97, 025002.

(31) David Sherrill, C.; Schaefer, H. F. The Configuration Interaction
Method: Advances in Highly Correlated Approaches. Adv. Quantum
Chem. 1999, 34, 143—269.

(32) Cencek, W.; Przybytek, M.; Komasa, J.; Mehl, J. B.; Jeziorski, B.;
Szalewicz, K. Effects of adiabatic, relativistic, and quantum electro-
dynamics interactions on the pair potential and thermophysical
properties of helium. J. Chem. Phys. 2012, 136, 224303.

(33) Przybytek, M. General ECI Program Hector, 2014.

(34) Aidas, K.; Angeli, C.; Bak, K. L.; Bakken, V.; Bast, R.; Boman, L.;
Christiansen, O.; Cimiraglia, R.; Coriani, S.; Dahle, P.; Dalskov, E. K;;
Ekstrom, U.; Enevoldsen, T.; Eriksen, J. J.; Ettenhuber, P.; Fernindez,
B.; Ferrighi, L.; Fliegl, H.; Frediani, L.; Hald, K.; Halkier, A.; Hittig, C.;
Heiberg, H.; Helgaker, T.; Hennum, A. C.; Hettema, H.; Hjertenws, E.;
Host, S.; Hoyvik, L-M.; Tozzi, M. F.; Jansik, B.; Jensen, H. J. A.; Jonsson,
D.; Jorgensen, P.; Kauczor, J.; Kirpekar, S.; Kjergaard, T.; Klopper, W.;
Knecht, S.; Kobayashi, R,; Koch, H.; Kongsted, J.; Krapp, A,;
Kristensen, K.; Ligabue, A.; Lutns, O. B.; Melo, J. I; Mikkelsen, K.
V.; Myhre, R. H.; Neiss, C.; Nielsen, C. B.; Norman, P.; Olsen, J.; Olsen,
J. M. H,; Osted, A.; Packer, M. J.; Pawlowski, F.; Pedersen, T. B,;
Provasi, P. F.; Reine, S.; Rinkevicius, Z.; Ruden, T. A.; Ruud, K;
Rybkin, V. V.; Salek, P.; Samson, C. C. M.; de Merés, A. S.; Saue, T;
Sauer, S. P. A; Schimmelpfennig, B.; Sneskov, K; Steindal, A. H.;
Sylvester-Hvid, K. O.; Taylor, P. R;; Teale, A. M; Tellgren, E. I; Tew,
D. P; Thorvaldsen, A. J.; Thegersen, L.; Vahtras, O.; Watson, M. A,;
Wilson, D. J. D.; Ziolkowski, M.; Agren, H. The Dalton quantum
chemistry program system. Wiley Interdiscip. Rev.: Comput. Mol. Sci.
2014, 4, 269—284.

(35) Dalton a Molecular Electronic Structure Program, Release 2.0,
2008S. http://daltonprogram.org.

(36) Williams, H. L.; Mas, E. M.; Szalewicz, K.; Jeziorski, B. On the
effectiveness of monomer-, dimer-, and bond-centered basis functions
in calculations of intermolecular interaction energies. J. Chem. Phys.
1995, 103, 7374.

(37) Boys, S. F.; Bernardi, F. The calculation of small molecular
interactions by the differences of separate total energies. Some
procedures with reduced errors. Mol. Phys. 1970, 19, 553—566.

(38) Halkier, A.; Helgaker, T.; Jorgensen, P.; Klopper, W.; Koch, H.;
Olsen, J.; Wilson, A. K. Basis-set convergence in correlated calculations
on Ne, N,, and H,O. Chem. Phys. Lett. 1998, 286, 243—252.

(39) Helgaker, T.; Klopper, W.; Tew, D. P. Quantitative quantum
chemistry. Mol. Phys. 2008, 106, 2107—2143.

(40) Buckingham, A. D. Permanent and Induced Molecular Moments
and Long-Range Intermolecular Forces. Adv. Chem. Phys. 1967, 12,
107—142.

(41) Pack, R. T. van der Waals coefficients through Cg for atom—linear
molecule interactions. I. CO,—noble gas systems. J. Chem. Phys. 1976,
64, 1659—1667.

(42) Tang, K. T.; Toennies, J. P. An improved simple model for the
van der Waals potential based on universal damping functions for the
dispersion coefficients. J. Chem. Phys. 1984, 80, 3726—3741.

501

(43) Press, W.; Teukolsky, S.; Vetterling, W.; Flannery, B. Numerical
Recipes: The Art of Scientific Computing, 3rd ed.; Cambridge University
Press, 2007.

(44) Wecislo, P.; Thibault, F.; Stolarczyk, N.; Jézwiak, H.; Stowinski,
M.; Gancewski, M.; Stankiewicz, K.; Konefal, M.; Kassi, S.; Campargue,
A,; Tan, Y.; Wang, J.; Patkowski, K.; Ciurylo, R.; Lisak, D.; Kochanov,
R.; Rothman, L. S.; Gordon, I. E. The first comprehensive dataset of
beyond-Voigt line-shape parameters from ab initio quantum scattering
calculations for the HITRAN database: He-perturbed H, case study. J.
Quant. Spectrosc. Radiat. Transfer 2021, 260, 107477.

(45) Ben-Reuven, A. Symmetry Considerations in Pressure-Broad-
ening Theory. Phys. Rev. 1966, 141, 34—40.

(46) Shafer, R; Gordon, R. G. Quantum scattering theory of
rotational relaxation and spectral line shapes in H,—He gas mixtures. J.
Chem. Phys. 1973, 58, 5422—5443.

(47) Launay, J. M. Molecular collision processes. I. Body-fixed theory
of collisions between two systems with arbitrary angular momenta. J.
Phys. B: At, Mol. Opt. Phys. 1977, 10, 3665—3672.

(48) Johnson, B. R. The renormalized Numerov method applied to
calculating bound states of the coupled-channel Schrédinger equation.
J. Chem. Phys. 1978, 69, 4678—4688.

(49) Jézwiak, H.; Thibault, F.; Viel, A.; Wcislo, P.; Lique, F. Revisiting
the rovibrational (de-)excitation of molecular hydrogen by helium.
Astron. Astrophys. 2024, 685, A113.

(50) Jozwiak, H. The SCATTERING Code Adjusted for diatom-atom
Calculations, 2024. https://github.com/hjozwiak-umk/bigos _h2he.

(51) Shimamura, I. Moleculelike metastable states of antiprotonic and
mesic helium. Phys. Rev. A 1992, 46, 3776—3788.

(52) Sétér, A.; Aghai-Khozani, H.; Barna, D.; Dax, A.; Venturelli, L.;
Hori, M. High-resolution laser resonances of antiprotonic helium in
superfluid 4He. Nature 2022, 603, 411—415.

(53) Hori, M.; Dax, A.; Eades, J.; Gomikawa, K.; Hayano, R. S.; Ono,
N.; Pirkl, W.; Widmann, E.; Torii, H. A.; Juhdsz, B.; Barna, D.; Horvéth,
D. Determination of the Antiproton-to-Electron Mass Ratio by
Precision Laser Spectroscopy of pHe+. Phys. Rev. Lett. 2006, 96,
243401.

(54) Bakalov, D. Density shift and broadening of dipole transitions in
antiprotonic helium. Hyperfine Interact. 2012, 209, 25—28.

(55) Kobayashi, T.; Barna, D.; Hayano, R. S.; Murakami, Y.
Todoroki, K,; Yamada, H.; Dax, A.; Venturelli L.; Zurlo, N.;
Horvath, D.; Aghai-Khozani, H.; Sétér, A.; Hori, M. Observation of
the 1154.9 nm transition of antiprotonic helium. J. Phys. B: At,, Mol. Opt.
Phys. 2013, 46, 245004

(56) Mandal, B.; Patkowski, K.; Jambrina, P. G.; Aoiz, F. J;
Balakrishnan, N. Stereodynamics of cold HD and D, collisions with
He. J. Chem. Phys. 2025, 162, 104201.

(57) Thibault, F.; Wcislo, P.; Ciurylo, R. A test of H,-He potential
energy surfaces. Eur. Phys. J. D 2016, 70, 236.

https://doi.org/10.1021/acs.jctc.5c01636
J. Chem. Theory Comput. 2026, 22, 488—501


https://doi.org/10.3103/S0027134920030066
https://doi.org/10.3103/S0027134923010113
https://doi.org/10.3103/S0027134923010113
https://doi.org/10.1103/PhysRevLett.128.183001
https://doi.org/10.1103/PhysRevA.92.052517
https://doi.org/10.1103/PhysRevA.92.052517
https://doi.org/10.1103/PhysRevA.88.042505
https://doi.org/10.1103/PhysRevA.88.042505
https://doi.org/10.1103/PhysRevA.90.054501
https://doi.org/10.1103/PhysRevA.90.054501
https://doi.org/10.1103/RevModPhys.97.025002
https://doi.org/10.1103/RevModPhys.97.025002
https://doi.org/10.1016/s0065-3276(08)60532-8
https://doi.org/10.1016/s0065-3276(08)60532-8
https://doi.org/10.1063/1.4712218
https://doi.org/10.1063/1.4712218
https://doi.org/10.1063/1.4712218
https://doi.org/10.1002/wcms.1172
https://doi.org/10.1002/wcms.1172
http://daltonprogram.org
https://doi.org/10.1063/1.470309
https://doi.org/10.1063/1.470309
https://doi.org/10.1063/1.470309
https://doi.org/10.1080/00268977000101561
https://doi.org/10.1080/00268977000101561
https://doi.org/10.1080/00268977000101561
https://doi.org/10.1016/S0009-2614(98)00111-0
https://doi.org/10.1016/S0009-2614(98)00111-0
https://doi.org/10.1080/00268970802258591
https://doi.org/10.1080/00268970802258591
https://doi.org/10.1002/9780470143582.ch2
https://doi.org/10.1002/9780470143582.ch2
https://doi.org/10.1063/1.432339
https://doi.org/10.1063/1.432339
https://doi.org/10.1063/1.447150
https://doi.org/10.1063/1.447150
https://doi.org/10.1063/1.447150
https://doi.org/10.1016/j.jqsrt.2020.107477
https://doi.org/10.1016/j.jqsrt.2020.107477
https://doi.org/10.1016/j.jqsrt.2020.107477
https://doi.org/10.1103/PhysRev.141.34
https://doi.org/10.1103/PhysRev.141.34
https://doi.org/10.1063/1.1679162
https://doi.org/10.1063/1.1679162
https://doi.org/10.1088/0022-3700/10/18/023
https://doi.org/10.1088/0022-3700/10/18/023
https://doi.org/10.1063/1.436421
https://doi.org/10.1063/1.436421
https://doi.org/10.1051/0004-6361/202348645
https://doi.org/10.1051/0004-6361/202348645
https://github.com/hjozwiak-umk/bigos_h2he
https://doi.org/10.1103/PhysRevA.46.3776
https://doi.org/10.1103/PhysRevA.46.3776
https://doi.org/10.1038/s41586-022-04440-7
https://doi.org/10.1038/s41586-022-04440-7
https://doi.org/10.1103/PhysRevLett.96.243401
https://doi.org/10.1103/PhysRevLett.96.243401
https://doi.org/10.1007/s10751-011-0526-y
https://doi.org/10.1007/s10751-011-0526-y
https://doi.org/10.1088/0953-4075/46/24/245004
https://doi.org/10.1088/0953-4075/46/24/245004
https://doi.org/10.1063/5.0250522
https://doi.org/10.1063/5.0250522
https://doi.org/10.1140/epjd/e2016-70114-9
https://doi.org/10.1140/epjd/e2016-70114-9
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c01636?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

