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a b s t r a c t 

We report results of a theoretical analysis of hyperfine interactions in the HD molecule. We present the 

calculated coupling constants: spin-rotation, spin-spin and electric quadrupole coupling constants for all 

bound states of HD in its ground electronic 1 � state. We provide a list of positions and intensities of 

108 320 hyperfine components of 5 129 dipole transitions from the P and R branches. The positions and 

intensities of the hyperfine components are necessary for a proper interpretation of accurate measure- 

ments of rovibrational transition frequencies in HD which are used for tests of quantum electrodynamics 

of molecules and searches for new physics beyond the Standard Model. 
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1. Introduction 

Molecular hydrogen and its isotopologues constitute perfect 

benchmark systems for performing ultra-accurate tests of various 

theoretical models. Nowadays, theoreticians are able to employ the 

state-of-the-art computational methods to determine the rovibra- 

tional structure of the ground electronic state of H 2 , reaching re- 

markable accuracy of the calculated transition frequencies [1,2] at 

the level of 2 × 10 −5 cm 

−1 . Owing to the success of the nonadi- 

abatic perturbation theory (NAPT) [3–5] , as well as the inclusion 

of relativistic effects and QED corrections [1,6] , current accuracy of 

theoretical results opens a possibility for searches for the physics 

beyond Standard Model [7] , such as new forces [8] or extra dimen- 

sions [9] . 

On the other hand, the experimental studies of the H 2 rovibra- 

tional transitions are hindered by the lack of strong dipole cou- 

plings between the levels. Due to the symmetry of the ground 

electronic state of the hydrogen molecule, dipole transitions are 

either forbidden (in the case of H 2 and D 2 ) or weak (in the case 

of HD). Nevertheless, recent studies of quadrupole lines in D 2 [10–

12] and dipole lines in HD [13–17] resulted in the sub-MHz ac- 

curacy of the determined transition frequencies, reaching, in the 

case of the 1-0 R(0) line studied by Fast and Meek [16] , a rela- 
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tive accuracy of 1 . 2 × 10 −12 . Such remarkable experimental results 

impose a need for a detailed analysis of the components of the un- 

resolved hyperfine structure of each rovibrational transition. More- 

over, the disagreement between the three experimental results of 

Tao et al. [14] , Cozijn et al. [13] and Fasci et al. [15] , who inves- 

tigated the R(1) line from the first overtone in HD, is attributed 

to the presence of 21 hyperfine components and 68 cross-over 

resonances, analyzed by Diouf et al. [18] . Recently Dupré [19] re- 

ported hyperfine coupling constants for three vibrational levels 

( ν = 0 , 1 , 2 , N = 1 ) and studied hyperfine components of the P(1) 

and R(1) lines from the first overtone in HD at room temperature. 

For these reasons, it is desirable to obtain a comprehensive list of 

positions and intensities of hyperfine components of rovibrational 

resonances in molecular hydrogen isotopologues. 

In this paper, we report a complete line list of hyperfine transi- 

tions between all 400 bound states of the HD molecule. We cover 

all possible dipole transitions, i.e. all rovibrational transitions from 

the P and R branches, which results in 108 320 hyperfine compo- 

nents of 5 129 dipole transitions. In order to properly reproduce 

line positions and intensities, we prepare a list of rovibrationally- 

averaged values of hyperfine coupling constants, i.e. spin-spin, 

spin-rotational and quadrupole coupling constants, for all bound 

states of HD. Positions and intensities of hyperfine components are 

necessary for a proper interpretation [17,18] of accurate measure- 

ments of rovibrational transition energies in HD which are used for 

tests of quantum electrodynamics of molecules [2] and searches for 

new physics beyond the Standard Model [7–9] . 
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The paper is organised as follows: Section 2 provides a brief 

description of the hyperfine terms in the effective Hamiltonian of 

the HD molecule. The discussion is supplemented with an analy- 

sis of the rovibrationally-averaged coupling constants, reported in 

Section 3 . Section 4 contains details about the diagonalization of 

the hyperfine Hamiltonian. Section 5 provides a description of the 

calculated rovibrational and hyperfine line intensities, while the 

example of the data provided in Supplementary Materials is given 

in Section 7 . In Section 8 we give a brief conclusion of our results. 

2. Hyperfine interactions 

In the following analysis, we consider the effective hyperfine 

(HF) Hamiltonian for HD molecule in its ground electronic ( 1 �) 

state, which consists of four terms [19–21] : 

H HF = H nsr H + H nsr D + H dip + H quad . (1) 

The first two terms correspond to the nuclear spin-rotation cou- 

pling of proton and deuteron, respectively. H dip denotes the dipo- 

lar interaction between the two nuclear spins and H quad represents 

the interaction of the electric quadrupole moment of deuteron 

with the electric field gradient (EFG) produced by the proton 

and electrons. We remind the reader that the proton, as a nuclei 

with spin angular momentum I H = 

1 
2 , does not have an electric 

quadrupole moment. Here, we neglect the electron-coupled spin- 

spin interaction [21–25] , which is, at least for the ground vibra- 

tional state of HD, almost three orders of magnitude smaller than 

the interactions contained in Eq. (1) . 

We choose a basis set appropriate for calculations of the ma- 

trix elements of the Hamiltonian from Eq. (1) . Since we do not 

consider external magnetic field in this analysis, it is convenient 

to use a coupled basis formed of three angular momenta: the nu- 

clear spin of the proton, I H , the nuclear spin of the deuteron, I D , 

and the rotational angular momentum, N . As it was pointed out 

by Dupré [19] , none of the three possible coupling schemes leads 

to a diagonal hyperfine structure Hamiltonian. Following Ref. [19] , 

we first couple the rotational angular momentum N to deuteron’s 

nuclear spin I D to form the intermediate angular momentum F 1 , 

which is then coupled to the nuclear spin of the proton, I H to 

form the total angular momentum, F . We denote the state vector 

as | ν;NI D F 1 I H F m F 〉 , where ν and m F are the vibrational quantum 

number and the projection of the total angular momentum on the 

laboratory-fixed frame, respectively. Here, we confine ourselves to 

the analysis of the ground electronic 1 � state and we neglect any 

coupling between vibrational states. 

2.1. Nuclear spin-rotation coupling 

Nuclear spin-rotation coupling originates from the interaction 

of each nuclear magnetic moment with the magnetic field result- 

ing from the overall rotation of the molecule. This phenomenon 

was firstly observed in 1 � molecules by Kellogg et al. [26,27] , and 

analyzed theoretically by many authors [28–39] . In general case, 

the strength of this interaction is determined by the nuclear-spin 

coupling tensor [21,39] . However, for a diatomic molecule in a 1 �

state, the coupling tensor reduces to a simple scalar value, which 

consists of the sum of the nuclear and electronic contributions 

to the molecule’s magnetic field, averaged over the rovibrational 

wavefunction of the molecule. This part of the Hamiltonian can be 

written in the following manner: 

H nsr H = c H I H · N (2) 

and 

H nsr D = c D I D · N , (3) 

where c H and c D denote the spin-rotation coupling constant of the 

proton and deuteron, respectively (see Section 3 ). 

Matrix elements of the spin-rotation interaction can be evalu- 

ated using spherical tensor operators [19,21,40] , if one represents 

I H , I D and N as spherical tensors of rank 1. The deuteron spin- 

rotation interaction part is diagonal in the chosen basis: 

〈 ν;N 

′ I ′ D F ′ 1 I ′ H F ′ m 

′ 
F |H nsr D | ν;NI D F 1 I H F m F 〉 

= δN N ′ δI D I ′ D δF 1 F ′ 1 δI H I ′ H δF F ′ δm F m 

′ 
F × c D 

2 ( F 1 ( F 1 + 1 ) − I D ( I D + 1 ) − N ( N + 1 ) ) , 

(4) 

while the proton spin-rotation interaction is not: 

〈 ν;N 

′ I ′ D F ′ 1 I ′ H F ′ m 

′ 
F |H nsr H | ν;NI D F 1 I H F m F 〉 

= δN N ′ δI D I ′ D δI H I ′ H δF F ′ δm F m 

′ 
F 

×(−1) F + I H + I D + N 
′ +2 F 1 +1 c H 

√ 

(2 F 1 + 1)(2 F ′ 
1 

+ 1) 

×
√ 

N(N + 1)(2 N + 1) I H (I H + 1)(2 I H + 1) 

×
{
F I H F ′ 1 
1 F 1 I H 

}{
I D N F ′ 1 
1 F 1 N 

}
, 

(5) 

which mixes states with different F 1 quantum numbers. 

2.2. Spin-spin dipole interactions 

The next term in the Hamiltonian from Eq. (1) corresponds to 

the magnetic dipole interaction between the nuclear magnetic mo- 

ments of proton and deuteron. It can be written as 

H dip = g H g D μ
2 
N 

μ0 

4 π

[
I H ·I D 
R 3 

− 3(I H ·R )(I D ·R ) 
R 5 

]
, (6) 

where g H and g D are the nuclear g factors of the proton and 

deuteron, respectively, μN is the nuclear magneton, μ0 is the vac- 

uum permeability and R is the internuclear distance. 

One can again represent the nuclear angular momenta I H and I D 
as spherical tensors of rank 1 and couple the latter with the rank- 

2 tensor T (2) ( C ), describing the spherical harmonics Y 2 q associated 

with the transformation of the rovibronic wavefunction from the 

laboratory-fixed to the molecule-fixed frame of reference [19] , to 

form the rank-1 tensor T (1) ( I D , C ). The final form of the H dip term 

in the spherical tensorial representation is given as [19] : 

H dip = g H g D μ
2 
N 

μ0 

4 π

√ 

10 T (1) (I H ) · T (1) (I D , C ) , (7) 

and the matrix elements in the coupled basis are found to be: 

〈 ν;N 

′ I ′ D F ′ 1 I ′ H F ′ m 

′ 
F |H dip | ν;NI D F 1 I H F m F 〉 

= δI D I ′ D δI H I ′ H δF F ′ δm F m 

′ 
F 
(−1) F 1 + I H + F + N 

′ 
c dip 

×
√ 

3(2 F 1 + 1)(2 F ′ 
1 

+ 1)(2 N + 1)(2 N 

′ + 1) 

×
√ 

I H (I H + 1)(2 I H + 1) I D (I D + 1)(2 I D + 1) 

×
(
N 

′ 2 N 

0 0 0 

){
F I ′ H F ′ 1 
1 F 1 I H 

}{ 

I D I D 1 
N N 

′ 2 
F 1 F ′ 1 1 

} 

, 

(8) 

where we introduced the coupling constant: 

c dip = g H g D μ
2 
N 

μ0 

4 π
〈 νN| 1 

R 3 
| νN 〉 , (9) 

which can be easily evaluated using fundamental constants and 

numerical determination of the integral. Contrary to the previous 

terms, the spin-spin interaction mixes different rotational states, 

introducing a coupling between the N and N 

′ = N ± 2 states. How- 

ever, as pointed out by Dupré [19] , the corresponding matrix el- 

ements barely contribute to the coupling, since their values are 

significantly smaller than the energy differences between the ro- 

tational levels. Nevertheless, these matrix elements are included in 

our analysis. 

2.3. Electric quadrupole interaction 

The last term in the Hamiltonian from Eq. (1) corresponds to 

the quadrupole interaction. Deuteron, as a nucleus with spin angu- 

lar momentum I D = 1 , has an electric quadrupole moment, which 
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Table 1 

Vibrationally-averaged nuclear spin-rotation coupling constants of the proton, c H (in kHz), for all bound states (except for ν, N = 0 ) of HD. 

ν\ N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

0 85.84 85.09 83.98 82.54 80.79 78.77 76.50 74.03 71.38 68.61 65.73 62.79 59.82 56.84 

1 84.63 83.87 82.75 81.30 79.53 77.49 75.20 72.71 70.06 67.27 64.39 61.44 58.47 55.49 

2 83.09 82.32 81.20 79.74 77.96 75.91 73.62 71.12 68.46 65.67 62.79 59.85 56.89 53.92 

3 81.22 80.46 79.33 77.87 76.09 74.04 71.75 69.25 66.60 63.82 60.95 58.02 55.08 52.13 

4 79.03 78.27 77.15 75.68 73.91 71.87 69.58 67.10 64.46 61.70 58.85 55.95 53.02 50.10 

5 76.51 75.75 74.63 73.18 71.42 69.38 67.12 64.66 62.04 59.30 56.48 53.61 50.71 47.83 

6 73.65 72.89 71.78 70.34 68.59 66.58 64.33 61.90 59.31 56.60 53.81 50.98 48.12 45.27 

7 70.41 69.66 68.56 67.13 65.41 63.42 61.20 58.80 56.24 53.57 50.82 48.03 45.21 42.40 

8 66.76 66.03 64.94 63.54 61.84 59.88 57.69 55.32 52.80 50.18 47.47 44.72 41.94 39.17 

9 62.67 61.95 60.88 59.50 57.82 55.89 53.75 51.42 48.94 46.35 43.69 40.98 38.24 35.51 

10 58.06 57.35 56.31 54.95 53.31 51.41 49.30 47.01 44.58 42.03 39.41 36.73 34.03 31.31 

11 52.87 52.17 51.14 49.81 48.20 46.34 44.27 42.01 39.62 37.11 34.51 31.85 29.16 26.44 

12 46.97 46.29 45.28 43.97 42.39 40.56 38.52 36.30 33.92 31.43 28.84 26.16 23.43 20.62 

13 40.24 39.57 38.58 37.29 35.72 33.91 31.89 29.67 27.29 24.77 22.12 19.33 16.39 

14 32.48 31.81 30.83 29.55 27.99 26.17 24.12 21.85 19.38 16.69 13.74 

15 23.45 22.78 21.78 20.47 18.85 16.95 14.75 12.20 

16 12.83 12.11 11.02 9.54 7.61 

17 0.77 

ν\ N 15 16 17 18 19 20 21 22 23 24 25 26 27 28 

0 53.87 50.94 48.07 45.27 42.54 39.91 37.37 34.94 32.61 30.39 28.27 26.26 24.35 22.54 

1 52.53 49.61 46.75 43.95 41.25 38.63 36.11 33.70 31.39 29.19 27.09 25.09 23.20 21.41 

2 50.97 48.07 45.23 42.46 39.77 37.18 34.69 32.29 30.01 27.82 25.75 23.77 21.89 20.11 

3 49.20 46.33 43.51 40.77 38.11 35.54 33.07 30.71 28.44 26.28 24.22 22.26 20.40 18.62 

4 47.21 44.36 41.57 38.86 36.23 33.70 31.26 28.91 26.67 24.53 22.48 20.53 18.67 16.89 

5 44.96 42.15 39.40 36.72 34.12 31.62 29.20 26.88 24.66 22.53 20.49 18.53 16.65 14.83 

6 42.45 39.67 36.95 34.31 31.74 29.26 26.87 24.56 22.34 20.21 18.15 16.15 14.20 

7 39.62 36.88 34.20 31.58 29.04 26.57 24.19 21.88 19.64 17.46 15.33 

8 36.42 33.72 31.06 28.46 25.93 23.46 21.06 18.70 16.38 

9 32.79 30.10 27.46 24.86 22.30 19.79 17.29 

10 28.61 25.92 23.24 20.59 17.93 15.23 

11 23.70 20.94 18.15 15.27 

12 17.73 14.69 

ν\ N 29 30 31 32 33 34 35 36 

0 20.83 19.22 17.69 16.25 14.89 13.61 12.40 11.25 

1 19.71 18.11 16.59 15.15 13.79 12.50 11.27 

2 18.42 16.82 15.30 13.86 12.48 

3 16.93 15.33 13.79 12.32 

4 15.18 13.54 

interacts with the electric field gradient at the position of the nu- 

cleus. This term can be represented using spherical tensorial alge- 

bra as: 

H quad = −e T (2) (Q ) · T (2) ( ∇E ) , (10) 

where both the quadrupole moment, Q , and the electric field gra- 

dient, ∇E , are given as the rank-2 spherical tensors (see Chapter 

8.4 of Ref. [21] for more details). 

Matrix elements of the quadrupole interaction are found to be: 

〈 ν;N 

′ I ′ D F ′ 1 I ′ H F ′ m 

′ 
F |H quad | ν;NI D F 1 I H F m F 〉 

= δI H I ′ H δI D I ′ D δF 1 F ′ 1 δF F ′ δm F m 

′ 
F 
(−1) N + I 

′ 
D + F ′ 1 + N ′ c Q 

4 

×
√ 

(2 N + 1)(2 N 

′ + 1) 

(
N 

′ 2 N 

0 0 0 

)

×
(

I D 2 I D 
−I D 0 I D 

)−1 {
F 1 N 

′ I D 
2 I ′ D N 

}
, 

(11) 

where the quadrupole coupling constant: 

c Q = eQ D q 0 , (12) 

involves the electric quadrupole moment, Q D , defined as the ex- 

pectation value of the Q 33 element of the traceless and symmetric 

nuclear quadrupole moment tensor Q ij , in the spin-stretched state: 

Q D = 〈 I, m I = I| Q 33 | I, m I = I 〉 , (13) 

and the rovibrationaly-averaged EFG at the nucleus, q 0 , which is 

the expectation value of the V 33 component of EFG, V ij , in the 

given rovibrational state. Similarly to the spin-spin interaction, the 

quadrupole coupling weakly contributes to the mixing of the N and 

N 

′ = N ± 2 states. 

3. Hyperfine coupling constants 

The need for accurate determination of the hyperfine constants, 

including their internuclear distance dependence, was already rec- 

ognized in the 1950s [34,41] . In order to properly reproduce the 

hyperfine structure, in particular for highly-excited rovibrational 

states, one has to determine the dependence of the coupling con- 

stants on the internuclear distance, R , and calculate the expecta- 

tion values of the coupling constants in a given rovibrational state. 

In this section, we present the obtained coupling constants for all 

bound states of HD. Please note that Tables 1–4 do not include the 

ν, N = 0 levels, since none of the analyzed hyperfine terms from 

Eq. (1) affect the ground rotational levels. Actually, it is the ne- 

glected electron coupled spin-spin interaction that causes a small 

hyperfine splitting of the ν, N = 0 states (see Eq. (16) of Ref. [19] ). 

In the following analysis, we made use of the rovibrational 

wavefunctions of the HD molecule, χν,N (R ) = 〈 R | νN 〉 , obtained 
from numerical solution of the Schrödinger equation for the iso- 

lated molecule within the Born-Oppenheimer approximation. The 

numerical calculations were performed on the intramolecular po- 

tential of Schwenke [42] , using finite basis representation version 

of the discrete variable representation method (DVR-FBR), and re- 

sulted in the wavefunctions of all 400 bound states of HD. The 



4 H. Jóźwiak, H. Cybulski and P. Wcisło / Journal of Quantitative Spectroscopy & Radiative Transfer 253 (2020) 107171 

Table 2 

Vibrationally-averaged nuclear spin-rotation coupling constants of the deuteron, c D (in kHz), for all bound states (except for ν, N = 0 ) of 

HD. 

ν\ N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

0 13.18 13.06 12.89 12.67 12.40 12.09 11.74 11.36 10.96 10.53 10.09 9.64 9.18 8.73 

1 12.99 12.87 12.70 12.48 12.21 11.90 11.54 11.16 10.75 10.33 9.88 9.43 8.98 8.52 

2 12.75 12.64 12.46 12.24 11.97 11.65 11.30 10.92 10.51 10.08 9.64 9.19 8.73 8.28 

3 12.47 12.35 12.18 11.95 11.68 11.37 11.01 10.63 10.22 9.80 9.36 8.91 8.45 8.00 

4 12.13 12.02 11.84 11.62 11.35 11.03 10.68 10.30 9.90 9.47 9.03 8.59 8.14 7.69 

5 11.75 11.63 11.46 11.23 10.96 10.65 10.30 9.92 9.52 9.10 8.67 8.23 7.78 7.34 

6 11.31 11.19 11.02 10.80 10.53 10.22 9.88 9.50 9.10 8.69 8.26 7.83 7.39 6.95 

7 10.81 10.69 10.52 10.31 10.04 9.74 9.40 9.03 8.63 8.22 7.80 7.37 6.94 6.51 

8 10.25 10.14 9.97 9.75 9.49 9.19 8.86 8.49 8.11 7.70 7.29 6.86 6.44 6.01 

9 9.62 9.51 9.35 9.13 8.88 8.58 8.25 7.89 7.51 7.12 6.71 6.29 5.87 5.45 

10 8.91 8.80 8.64 8.43 8.18 7.89 7.57 7.22 6.84 6.45 6.05 5.64 5.22 4.81 

11 8.12 8.01 7.85 7.65 7.40 7.11 6.80 6.45 6.08 5.70 5.30 4.89 4.48 4.06 

12 7.21 7.11 6.95 6.75 6.51 6.23 5.91 5.57 5.21 4.82 4.43 4.02 3.60 3.17 

13 6.18 6.07 5.92 5.72 5.48 5.21 4.89 4.55 4.19 3.80 3.39 2.97 2.52 

14 4.99 4.88 4.73 4.54 4.30 4.02 3.70 3.35 2.97 2.56 2.11 

15 3.60 3.50 3.34 3.14 2.89 2.60 2.26 1.87 

16 1.97 1.86 1.69 1.46 1.17 

17 0.12 

ν\ N 15 16 17 18 19 20 21 22 23 24 25 26 27 28 

0 8.27 7.82 7.38 6.95 6.53 6.13 5.74 5.36 5.01 4.66 4.34 4.03 3.74 3.46 

1 8.06 7.62 7.18 6.75 6.33 5.93 5.54 5.17 4.82 4.48 4.16 3.85 3.56 3.29 

2 7.82 7.38 6.94 6.52 6.11 5.71 5.32 4.96 4.61 4.27 3.95 3.65 3.36 3.09 

3 7.55 7.11 6.68 6.26 5.85 5.46 5.08 4.71 4.37 4.03 3.72 3.42 3.13 2.86 

4 7.25 6.81 6.38 5.97 5.56 5.17 4.80 4.44 4.09 3.77 3.45 3.15 2.87 2.59 

5 6.90 6.47 6.05 5.64 5.24 4.85 4.48 4.13 3.79 3.46 3.14 2.84 2.56 2.28 

6 6.52 6.09 5.67 5.27 4.87 4.49 4.12 3.77 3.43 3.10 2.79 2.48 2.18 

7 6.08 5.66 5.25 4.85 4.46 4.08 3.71 3.36 3.01 2.68 2.35 

8 5.59 5.18 4.77 4.37 3.98 3.60 3.23 2.87 2.52 

9 5.03 4.62 4.22 3.82 3.42 3.04 2.65 

10 4.39 3.98 3.57 3.16 2.75 2.34 

11 3.64 3.21 2.79 2.34 

12 2.72 2.26 

ν\ N 29 30 31 32 33 34 35 36 

0 3.20 2.95 2.72 2.49 2.29 2.09 1.90 1.73 

1 3.03 2.78 2.55 2.33 2.12 1.92 1.73 

2 2.83 2.58 2.35 2.13 1.92 

3 2.60 2.35 2.12 1.89 

4 2.33 2.08 

accuracy of the calculations was estimated by comparing the ob- 

tained dissociation energies with those reported in Ref. [2] . Overall, 

the average value of the relative differences is approximately 0.16% 

and is mostly attributed to the weakly bound states with large val- 

ues of ν . 

3.1. Nuclear spin-rotation coupling constant 

Nuclear spin-rotation constants were calculated at the cou- 

pled cluster with single and double (CCSD) excitation level using 

gauge-including atomic orbitals (GIAOs). For two-electron hydro- 

gen molecule and its isotopologues the CCSD method is equiva- 

lent to a full configuration-interaction (FCI) treatment. The uncon- 

tracted cc-pV6Z basis set [43,44] was used. The calculations were 

performed for the interatomic R distances in the 0.30–4.00 Å range 

with steps of 0.01 Å (for distances larger than 4.00 Å the values 

of the nuclear spin-rotation constants drop to zero). The numeri- 

cal results of the R -dependent coupling constants are provided in 

Supplementary Materials [45] . All the calculations have been per- 

formed with the CFOUR quantum-chemical package [46] (version 

2.1). In Tables 1 and 2 we collected the rovibrationally-averaged 

values of the spin-rotation constants for proton and deuteron, re- 

spectively. 

3.1.1. Spin-spin dipole interaction 

The coupling constant which determines the strength of 

the spin-spin interaction, Eq. (9) , were obtained using DVR- 

wavefunctions χνN and the fundamental constants which were 

taken from CODATA [47] . Table 3 contains the results for all bound 

states of the HD molecule. 

3.2. Electric quadrupole interaction 

The analysis of the quadrupole coupling constant, Eq. (12) , 

is based on the data provided by Pavanello et al. [48] . The au- 

thors performed calculations of the EFG at the nucleus in the H 2 

molecule, within the Born-Oppenheimer approximation. 53 values 

of EFG, determined for different internuclear distances, were vi- 

brationally averaged over the wavefunctions of isolated D 2 and HD 

molecules, obtained from the potential energy curve of Kołos and 

Wolniewicz [49] . Finally, the authors used the averaged values of 

q 0 and the quadrupole coupling constant reported by Ramsey from 

measurements performed for ν = 0 , N = 1 level of HD [20] and 

ν = 0 , N = 1 and ν = 0 , N = 2 levels of D 2 [24] , to determine the 

electric quadrupole moment of the deuteron. On the other hand, 

Dupré [19] calculated the averaged value of the EFG independently 

and obtained the set of quadrupole coupling constants for first 

three vibrational states. 

Here, we have performed rovibrational average of the EFG val- 

ues reported in Ref. [48] and, using the experimental value of 

Quinn et al. [20] reported for the ν = 0 , N = 1 state of HD ( c Q = 

224 . 54(6) kHz), we determined the value of Q D : 

Q D = 0 . 28591(8) fm 

2 
, (14) 
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Table 3 

Spin-spin dipole coupling constants, c dip (in kHz), for all bound states (except for ν, N = 0 ) of HD. 

ν\ N 1 2 3 4 5 6 7 8 9 10 11 12 

0 44.396 44.089 43.636 43.043 42.322 41.484 40.541 39.508 38.397 37.223 36.000 34.739 

1 43.029 42.723 42.272 41.684 40.967 40.135 39.200 38.176 37.077 35.916 34.708 33.464 

2 41.605 41.302 40.855 40.271 39.561 38.737 37.811 36.798 35.712 34.566 33.374 32.149 

3 40.121 39.821 39.377 38.799 38.097 37.282 36.368 35.368 34.297 33.167 31.993 30.787 

4 38.569 38.272 37.834 37.263 36.570 35.765 34.863 33.878 32.822 31.710 30.555 29.368 

5 36.942 36.649 36.216 35.653 34.969 34.176 33.288 32.317 31.278 30.184 29.048 27.882 

6 35.227 34.938 34.512 33.957 33.283 32.503 31.628 30.674 29.652 28.576 27.460 26.314 

7 33.409 33.125 32.706 32.160 31.497 30.729 29.870 28.931 27.926 26.869 25.771 24.644 

8 31.471 31.192 30.780 30.243 29.591 28.836 27.991 27.067 26.079 25.039 23.958 22.848 

9 29.389 29.114 28.708 28.180 27.540 26.797 25.965 25.056 24.083 23.058 21.991 20.893 

10 27.130 26.860 26.461 25.941 25.310 24.579 23.759 22.862 21.900 20.885 19.827 18.735 

11 24.657 24.390 23.997 23.484 22.861 22.138 21.326 20.437 19.481 18.468 17.409 16.309 

12 21.916 21.652 21.262 20.754 20.135 19.415 18.605 17.715 16.754 15.730 14.650 13.518 

13 18.837 18.574 18.184 17.675 17.054 16.328 15.508 14.600 13.611 12.546 11.404 10.178 

14 15.326 15.059 14.663 14.142 13.504 12.754 11.896 10.934 9.865 8.677 7.335 

15 11.246 10.965 10.547 9.993 9.305 8.481 7.510 6.364 

16 6.392 6.072 5.585 4.917 4.022 

17 0.505 

ν\ N 13 14 15 16 17 18 19 20 21 22 23 24 

0 33.453 32.153 30.848 29.547 28.257 26.985 25.737 24.515 23.324 22.167 21.045 19.960 

1 32.196 30.916 29.632 28.353 27.087 25.838 24.613 23.416 22.249 21.114 20.015 18.951 

2 30.901 29.641 28.380 27.123 25.880 24.655 23.453 22.279 21.134 20.021 18.942 17.898 

3 29.559 28.321 27.082 25.848 24.627 23.425 22.246 21.093 19.969 18.876 17.815 16.786 

4 28.162 26.946 25.728 24.517 23.318 22.137 20.978 19.845 18.739 17.662 16.615 15.597 

5 26.697 25.502 24.305 23.115 21.937 20.775 19.634 18.517 17.424 16.358 15.318 14.303 

6 25.148 23.973 22.797 21.625 20.465 19.319 18.191 17.084 15.999 14.934 13.891 12.865 

7 23.497 22.340 21.180 20.024 18.876 17.740 16.619 15.513 14.422 13.345 12.277 11.213 

8 21.717 20.574 19.426 18.279 17.136 16.000 14.872 13.750 12.633 11.513 10.378 

9 19.772 18.637 17.493 16.344 15.192 14.038 12.880 11.710 10.518 

10 17.616 16.477 15.321 14.150 12.964 11.755 10.512 9.209 

11 15.175 14.010 12.813 11.579 10.295 8.930 

12 12.334 11.093 9.780 8.357 

13 8.849 

ν\ N 25 26 27 28 29 30 31 32 33 34 35 36 

0 18.912 17.901 16.929 15.993 15.093 14.229 13.399 12.601 11.835 11.097 10.386 9.700 

1 17.923 16.932 15.977 15.057 14.171 13.318 12.496 11.704 10.938 10.197 9.477 

2 16.888 15.912 14.971 14.062 13.184 12.336 11.514 10.717 9.939 

3 15.790 14.826 13.892 12.987 12.109 11.254 10.418 9.595 

4 14.608 13.648 12.712 11.799 10.904 10.021 

5 13.312 12.342 11.387 10.443 

6 11.852 10.847 9.837 

7 10.140 

where the uncertainty, following Ref. [48] , is propagated from the 

experimental standard uncertainty (this estimation does not in- 

clude the contribution from the EFG calculations). In Table 4 we 

show results of the quadrupole coupling constant for all bound 

states of HD molecule. 

3.2.1. Comparison with previous results 

Table 5 presents a comparison of our vibrationally-averaged 

coupling constants with the available literature data. 

In the case of the nuclear spin-rotation constants ( c H and c D ), 

the error emerging from basis-set truncation, neglect of the rel- 

ativistic effects, contributions beyond the Born-Oppenheimer ap- 

proximation, and inaccuracies in the used potential curve was 

previously estimated to be 0.5 kHz [19] . In this work, for the 

vibrationally-averaged geometry ( 〈 R 〉 = 0.76 6 6393 Å [50,51] ), the 

differences between the spin-rotation constants in the complete- 

basis limit (CBS) and calculated with the uncontracted cc-pV6Z ba- 

sis are - 0.063 kHz for c H and - 0.010 kHz and c D . The CBS values 

were evaluated with the two-parameter formula proposed by Hel- 

gaker et al. [52] : 

c(X ) = c CBS + bX −3 (15) 

where c CBS and b are fitted parameters and X is the cardinal num- 

ber of a cc-pVXZ basis set. 

For the remaining errors we can use the estimate of 200 Hz 

previously quoted in Refs. [53,54] , which gives the total uncertainty 

of the spin-rotation constants at the level of ca. 300 Hz. Neverthe- 

less, we obtain significantly better agreement with the experimen- 

tal data [20] than the previous theoretical investigation [19] . 

The uncertainties of the spin-spin dipole constants, c dip , are de- 

termined by the accuracy of the rovibrational wavefunctions used, 

which was estimated at the beginning of Section 3 . Our results for 

the (ν = 0 , N = 1) state agree with the experimental value [20] . 

In the case of the quadrupole constant, c Q , the uncertainty 

of our results depends on the accuracy of EFG reported by Pa- 

vanello et al. [48] , which was estimated to be of five to six 

decimal digits, the quality of the of the rovibrational wave- 

functions and the uncertainty of the measurments reported by 

Quinn et al. [20] (0.06 kHz). 

We assume that the hyperfine constants reported by Dupré cor- 

respond not to ν, N = 1 , but to ν, N = 0 states. Actually, having ob- 

served the slight disagreement between his results and experimen- 

tal data, Dupré phenomenologically adjusted his values for ν = 1 

and 2, and effectively obtained values that are much closer to the 

ones reported here. 



6 H. Jóźwiak, H. Cybulski and P. Wcisło / Journal of Quantitative Spectroscopy & Radiative Transfer 253 (2020) 107171 

Table 4 

Quadrupole coupling constants, c Q (in kHz), for all bound states of HD. Please note that the value for ν = 0, N = 1 correspond to the 

experimental value of Ref. [20] . 

ν\ N 1 2 3 4 5 6 7 8 9 10 11 

0 224.540 222.080 218.452 213.729 208.002 201.377 193.969 185.903 177.302 168.291 158.987 

1 223.018 220.538 216.883 212.128 206.365 199.705 192.266 184.174 175.556 166.537 157.238 

2 220.415 217.927 214.261 209.493 203.721 197.055 189.615 181.531 172.930 163.939 154.679 

3 216.762 214.276 210.614 205.854 200.095 193.448 186.037 177.990 169.437 160.505 151.315 

4 212.059 209.584 205.939 201.205 195.479 188.876 181.519 173.538 165.063 156.222 147.134 

5 206.305 203.850 200.236 195.544 189.873 183.336 176.058 168.169 159.798 151.072 142.111 

6 199.460 197.033 193.462 188.827 183.228 176.778 169.602 161.829 153.588 145.005 136.197 

7 191.471 189.080 185.564 181.001 175.491 169.148 162.094 154.459 146.369 137.949 129.316 

8 182.247 179.900 176.448 171.971 166.567 160.349 153.437 145.960 138.042 129.805 121.364 

9 171.667 169.370 165.993 161.613 156.329 150.250 143.498 136.195 128.466 120.429 112.194 

10 159.564 157.323 154.029 149.757 144.604 138.678 132.097 124.980 117.450 109.619 101.597 

11 145.712 143.532 140.326 136.171 131.157 125.392 118.988 112.063 104.732 97.104 89.282 

12 129.815 127.697 124.583 120.546 115.675 110.070 103.840 97.096 89.947 82.492 74.824 

13 111.482 109.425 106.400 102.475 97.734 92.271 86.186 79.581 72.550 65.174 57.518 

14 90.192 88.185 85.231 81.389 76.737 71.355 65.327 58.728 51.612 43.990 35.770 

15 65.244 63.256 60.318 56.478 51.787 46.289 39.997 32.835 

16 35.754 33.676 30.558 26.362 20.913 

17 27.094 

ν\ N 12 13 14 15 16 17 18 19 20 21 22 

0 149.504 139.943 130.397 120.948 111.666 102.612 93.834 85.373 77.259 69.516 62.159 

1 147.770 138.237 128.731 119.333 110.113 101.129 92.430 84.054 76.030 68.381 61.121 

2 145.263 135.792 126.359 117.043 107.914 99.027 90.432 82.163 74.251 66.716 59.571 

3 141.979 132.600 123.268 114.062 105.050 96.289 87.822 79.687 71.910 64.511 57.501 

4 137.911 128.654 119.452 110.384 101.514 92.898 84.579 76.594 68.968 61.719 54.859 

5 133.025 123.913 114.866 105.957 97.252 88.804 80.655 72.838 65.378 58.291 51.591 

6 127.273 118.332 109.460 100.731 92.208 83.942 75.975 68.338 61.054 54.138 47.600 

7 120.575 111.824 103.146 94.614 86.287 78.215 70.438 62.984 55.875 49.122 42.733 

8 112.824 104.277 95.806 87.479 79.355 71.479 63.886 56.604 49.647 43.024 36.732 

9 103.865 95.530 87.268 79.144 71.212 63.514 56.078 48.923 42.050 35.448 

10 93.478 85.350 77.283 69.339 61.561 53.981 46.611 39.439 32.412 

11 81.354 73.399 65.477 57.633 49.890 42.239 34.612 

12 67.018 59.131 51.194 43.195 35.038 

13 49.613 41.430 

ν\ N 23 24 25 26 27 28 29 30 31 32 33 

0 55.199 48.639 42.481 36.721 31.352 26.367 21.754 17.502 13.599 10.031 6.787 

1 54.258 47.798 41.738 36.076 30.805 25.917 21.401 17.246 13.440 9.970 6.825 

2 52.826 46.483 40.541 34.995 29.839 25.064 20.658 16.612 12.915 9.555 6.523 

3 50.888 44.676 38.862 33.443 28.412 23.760 19.477 15.552 11.973 8.731 

4 48.395 42.328 36.655 31.372 26.472 21.946 17.784 13.976 

5 45.281 39.363 33.834 28.687 23.913 19.501 

6 41.443 35.667 30.265 25.228 20.540 

7 36.706 31.034 25.700 

8 30.753 

ν\ N 34 35 36 

0 3.852 1.215 -1.135 

1 3.993 1.463 

Table 5 

Comparison of the coupling constants calculated in this work with the experimental 

[20] and previous theoretical [19] data. 

( ν , N ) c H (kHz) c D (kHz) c dip (kHz) c Q (kHz) 

(0,1) 

85.84 13.18 44.396 224.540 This work 

86.2832 13.2450 44.5792 226.6493 Ref. [19] 

85.600(18) 13.122(11) 44.403(30) 224.540(60) Ref. [20] 

(1,1) 84.63 12.99 43.029 223.018 This work 

85.0775 13.0599 43.2106 225.0968 Ref. [19] 

(2,1) 83.09 12.75 41.605 220.415 This work 

83.5670 12.8289 41.7974 222.5516 Ref. [19] 

4. Determination of the energy levels 

The hyperfine energy levels were determined by numeri- 

cal diagonalization of each (2 I D + 1)(2 I H + 1) × (2 I D + 1)(2 I H + 1) 

Hamiltonian matrix in the coupled basis, corresponding to each to- 

tal angular momentum F . The eigenvectors of the hyperfine matrix 

are referred to as | ν;NF m F (±) 〉 . Following Ref. [19] , we retain the 

rotational quantum number in the description of the eigenstates, 

since, due to a very weak coupling between rotational levels which 

differ by �N = ±2 , it remains a good quantum number. Moreover, 

similar to Diouf et al., [17] , we introduce the ( ± ) labels to distin- 

guish between the eigenstates of the same N and F level, which are 

characterized by higher (+) or lower (−) energy. We note that this 

convention differs from the one used by Dupré, who uses the (+) 

label for the states corresponding to N = F 1 , and the (−) label oth- 

erwise, and from the description of Fast and Meek [16] , who label 

each eigenstate with quantum numbers N, F 1 , F , which correspond 

to the basis vector with the largest contribution to each eigenstate. 

For the sake of argument, we introduce the relation between 

the coupled basis vectors and the eigenvectors, namely: 

| ν;NF m F (±) 〉 
= 

F + 1 2 ∑ 

F 1 = F − 1 
2 

F 1 +1 ∑ 

N ′ = F 1 −1 

a NF (±) 
N ′ F 1 | ν;N 

′ I D F 1 I H F m F 〉 , (16) 
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Table 6 

Example of the calculated positions and intensities of the hyperfine transitions, which are provided in Supple- 

mentary Materials [45] . Frequencies of the rovibrational transition are calculated with H2Spectre code of Cza- 

chorowski et al. [59] and Komasa et al. [2] . Please note that for the rovibrational transition d corresponds to d fi
from Eq. (17) , while for the hyperfine components d denotes d HF 

fi
from Eq. (21) . Intensity (in the sixth column) 

corresponds to the temperature-independent line intensity, S fi/ P fi( T ) (see Section 5 ). 

Band Line Hyperfine transition Frequency (MHz) d Intensity Intensity at 296 K 

| N ′ F ′ ±〉 ← | NF ±〉 (10 −4 D) (cm/molecule) (cm/molecule) 

2-0 P(1) 209784240.0(5.7) 0.18057 3.1657 ×10 −25 1.2362 ×10 −25 

| 0 1 / 2 〉 ← | 1 1 / 2+ 〉 -0.18763 0.08693 1.2228 ×10 −26 4.7751 ×10 −27 

| 0 3 / 2 〉 ← | 1 1 / 2+ 〉 -0.18763 0.11908 2.2946 ×10 −26 8.9602 ×10 −27 

| 0 1 / 2 〉 ← | 1 3 / 2+ 〉 -0.05429 0.07613 9.3777 ×10 −27 3.6619 ×10 −27 

| 0 3 / 2 〉 ← | 1 3 / 2+ 〉 -0.05429 0.19411 6.0971 ×10 −26 2.3809 ×10 −26 

| 0 1 / 2 〉 ← | 1 3 / 2 −〉 0.00198 0.19411 6.0971 ×10 −26 2.3809 ×10 −26 

| 0 3 / 2 〉 ← | 1 3 / 2 −〉 0.00198 0.07613 9.3777 ×10 −27 3.6619 ×10 −27 

| 0 3 / 2 〉 ← | 1 5 / 2 〉 0.05844 0.25537 1.0552 ×10 −25 4.1206 ×10 −26 

| 0 1 / 2 〉 ← | 1 1 / 2 −〉 0.11692 0.11908 2.2946 ×10 −26 8.9602 ×10 −27 

| 0 3 / 2 〉 ← | 1 1 / 2 −〉 0.11692 0.08693 1.2228 ×10 −26 4.7751 ×10 −27 

2-0 R(1) 217105179.9(5.7) 0.21224 9.0552 ×10 −25 3.5348 ×10 −25 

| 2 3 / 2 −〉 ← | 1 1 / 2+ 〉 -0.29920 0.04340 3.1542 ×10 −27 1.2317 ×10 −27 

| 2 3 / 2 −〉 ← | 1 3 / 2+ 〉 -0.16586 0.06724 7.5702 ×10 −27 2.9561 ×10 −27 

| 2 3 / 2 −〉 ← | 1 3 / 2 −〉 -0.10960 0.12459 2.5995 ×10 −26 1.0151 ×10 −26 

| 2 5 / 2 −〉 ← | 1 3 / 2+ 〉 -0.08282 0.07228 8.7489 ×10 −27 3.4164 ×10 −27 

| 2 3 / 2 −〉 ← | 1 5 / 2 〉 -0.05314 0.03309 1.8340 ×10 −27 7.1617 ×10 −28 

| 2 7 / 2 〉 ← | 1 5 / 2 〉 -0.05292 0.37967 2.4139 ×10 −25 9.4262 ×10 −26 

| 2 1 / 2 〉 ← | 1 1 / 2+ 〉 -0.03941 0.13997 3.2806 ×10 −26 1.2811 ×10 −26 

| 2 5 / 2 −〉 ← | 1 3 / 2 −〉 -0.02655 0.29921 1.4493 ×10 −25 5.8546 ×10 −26 

| 2 3 / 2 −〉 ← | 1 1 / 2 −〉 0.00534 0.22147 8.2142 ×10 −26 3.2076 ×10 −26 

| 2 5 / 2+ 〉 ← | 1 3 / 2+ 〉 0.01218 0.27345 1.2522 ×10 −25 4.8898 ×10 −26 

| 2 3 / 2+ 〉 ← | 1 1 / 2+ 〉 0.01566 0.19644 6.4619 ×10 −26 2.5233 ×10 −26 

| 2 5 / 2 −〉 ← | 1 5 / 2 〉 0.02991 0.11557 2.2367 ×10 −26 8.7341 ×10 −27 

| 2 5 / 2+ 〉 ← | 1 3 / 2 −〉 0.06845 0.11940 2.3876 ×10 −26 9.3233 ×10 −27 

| 2 1 / 2 〉 ← | 1 3 / 2+ 〉 0.09393 0.07215 8.7172 ×10 −27 3.4040 ×10 −27 

| 2 5 / 2+ 〉 ← | 1 5 / 2 〉 0.12491 0.13812 3.1946 ×10 −26 1.2475 ×10 −26 

| 2 3 / 2+ 〉 ← | 1 3 / 2+ 〉 0.14900 0.17434 5.0901 ×10 −26 1.9877 ×10 −26 

| 2 1 / 2 〉 ← | 1 3 / 2 −〉 0.15020 0.02830 1.3408 ×10 −27 5.2356 ×10 −28 

| 2 3 / 2+ 〉 ← | 1 3 / 2 −〉 0.20527 0.00347 2.0209 ×10 −29 7.8913 ×10 −30 

| 2 3 / 2+ 〉 ← | 1 5 / 2 〉 0.26173 0.05008 4.2008 ×10 −27 1.6404 ×10 −27 

| 2 1 / 2 〉 ← | 1 1 / 2 −〉 0.26514 0.10218 1.7483 ×10 −26 6.8271 ×10 −27 

| 2 3 / 2+ 〉 ← | 1 1 / 2 −〉 0.32021 0.02387 9.5430 ×10 −28 3.7265 ×10 −28 

where a NF (±) 
NF 1 

denote the mixing coefficients, obtained from the di- 

agonalization of the Hamiltonian from Eq. (1) and we used the 

fact that I D = 1 and I H = 

1 
2 . 

5. Line intensities 

The goal of this section is to provide a complete list of in- 

tensities of the hyperfine components of all dipole lines in the 

HD molecule. We remind the reader that the intensity of the 

dipole transition between two degenerate states (initial and final) 

is given [55–57] as: 

S fi = 

2 π2 

3 hcε0 
ν0 

m 

2 N i + 1 
P fi(T ) | d fi| 2 , (17) 

where the transition frequency and the electric dipole moment 

are denoted by ν0 and d fi, respectively, and m = N i + 1 for the 

R( N i ) transition and N i for the P( N i ) transition. h, c and ε0 are 

the Planck’s constant, the speed of light in vacuum and vacuum 

permittivity, respectively. The temperature-dependent part, P fi( T ) is 

given as 

P fi(T ) = w i (2 N i + 1) 

(
e −E i /k B T − e −E f /k B T 

)
Q(T ) 

, (18) 

with the partition function, Q ( T ) defined as: 

Q(T ) = 

∑ 

k 

w k (2 N k + 1) e −E k /k B T . (19) 

w k denotes the degeneracy factor due to nuclear spin statistics and 

is equal to (2 I H + 1) × (2 I D + 1) = 6 for all rovibrational states. E k 

corresponds to the energy of the k -th rovibrational state, k B de- 

notes the Boltzmann constant and T is the temperature. 

Apart from the line intensity defined in Eq. (17) , we provide 

the temperature-independent line intensity, S fi/ P fi( T ) (see Table 6 ). 

This parameter corresponds to the case in which the entire pop- 

ulation of HD molecules occupies the i -th rovibrational state. One 

can use the temperature-independent values to calculate line in- 

tensities at any T . 

As the intensity of the transition is determined by the dipole 

moment d fi, we calculated this parameter for all considered res- 

onances, using data reported by Pachucki and Komasa [58] . The 

authors provided dipole moment curves, d ( R ), in the ground elec- 

tronic state of the HD molecule for a wide range of internuclear 

distances. Using the previously described rovibrational wavefunc- 

tions, we performed numerical calculations of the transition mo- 

ments: 

d fi = 

∫ 
d Rχ ∗

f (R ) d (R ) χi (R ) . (20) 

for all possible dipole transitions f ← i . Our results agree well with 

the values reported in Ref. [58] . 

6. Line intensities of hyperfine transitions 

Similarly to Eq. (17) , one can calculate the intensity of the hy- 

perfine components of each rovibrational line: 

S HF fi = 

2 π2 

3 hcε0 
ν0 

1 

w i ( 2 N i + 1 ) 
P fi(T ) 

∣∣d HF fi

∣∣2 , (21) 
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where d HF 
fi

is the reduced matrix element of the dipole moment 

tensor (see Appendix B of Ref. [19] ): ∣∣d HF 
fi

∣∣2 = 

∣∣〈 ν f ;N f F f m F f (±) ‖ T (1) (d ) ‖ ν;N i F i m F i (±) 〉 ∣∣2 
= 

∣∣∣∑ F f + 1 2 
F 1 f 

= F f − 1 
2 

∑ 

F 1 f 
+1 

N ′ 
f 
= F 1 f −1 

∑ F i + 1 2 
F 1 i = F i −

1 
2 

∑ F 1 i +1 

N ′ 
i 
= F 1 i −1 

a 
N f F f (±) 

N ′ 
f 
F 1 f 

a N i F i (±) 
N ′ 
i 
F 1 i 

×〈 ν f ;N 

′ 
f 
I D F 1 f I H F f m F f ‖ T (1) (d ) ‖ νi ;N 

′ 
i 
I D F 1 i I H F i m F i 〉 

∣∣∣2 
(22) 

and the last term is evaluated using spherical tensor algebra [21] : 

〈 ν f ;N f I D F 1 f I H F f m F f ‖ T (1) (d ) ‖ ν;N i I D F 1 i I H F i m F i 〉 
= (−1) 

F i + I H + F 1 f + F 1 i + I D + N f 
√ 

(2 F i + 1)(2 F f + 1) 

×
√ 

(2 F 1 i + 1)(2 F 1 f + 1) 

{
I H F i F 1 i 
1 F 1 f F f 

}

×
{
I D F 1 i N i 

1 N f F 1 f 

}
〈 ν f N f ‖ T (1) (d ) ‖ νi N i 〉 . 

(23) 

Finally, the 〈 ν f N f ‖ T (1) (d ) ‖ νi N i 〉 is related to the transition mo- 

ment defined in Eq. (20) in the following way (in a 1 � state) 

〈 ν f N f ‖ T (1) (d ) ‖ νi N i 〉 
= (−1) N f 

√ 

(2 N f + 1)(2 N i + 1) 

(
N f 1 N i 

0 0 0 

)
d fi. 

(24) 

As it was pointed out in Ref. [19] , the algebraic factor that multi- 

ples d fi in Eq. (24) corresponds to m which appears in Eq. (17) but 

is absent in Eq. (21) . 

7. Example of the complete dataset record 

The data gathered from the discussion above allows us to cal- 

culate the positions and intensities of the hyperfine components of 

all dipole transitions between the bound states of the HD molecule 

in its 1 � electronic state. Our calculations result in total 108 320 

hyperfine components of 5 129 dipole lines from the R and P 

branches. The complete dataset can be found in Supplementary 

Materials [45] . 

Table 6 presents an example of the calculated parameters for 

R(1) and P(1) lines from the first overtone band, which were re- 

cently investigated both experimentally [13–15,17] and theoreti- 

cally [18,19] . The central frequency of the rovibrational transition 

is taken from the H2Spectre code [2,59] , while the dipole mo- 

ment d is calculated as described in Section 5 . We report line 

intensities at the reference temperature of 296 K (following the 

convention adopted in the HITRAN database [60] ), as well as the 

temperature-independent line intensities, S fi/ P fi, from which one 

can calculate the spectral line intensity at any T . In the case of hy- 

perfine components of each line, we denote each transition using 

N 

′ F ′ ( ± ) ′ ← NF ( ± ) labels. 

8. Conclusion 

We provided a list of the hyperfine coupling constants, i.e. 

spin-rotation, spin-spin and quadrupole coupling constants, for all 

bound states of the HD molecule. Rovibrational averages of the 

hyperfine coupling constants were performed using wavefunctions 

of the HD molecule calculated within the Born-Oppenheimer ap- 

proximation. In the presented analysis, we considered the lead- 

ing hyperfine interactions and we disregarded the electron coupled 

spin-spin interaction, which is, almost three orders of magnitude 

smaller than the hyperfine couplings considered here. The results 

agree well with the experimental data from Ref. [20] . Our calcu- 

lations of the hyperfine splittings of all 400 rovibrational states of 

the HD molecule in the 1 � state led to the complete list of posi- 

tions and intensities of the 108 320 hyperfine components of 5 129 

possible dipole transitions. The intensities, positions, as well as the 

coupling constants, can be found in Supplementary Materials [45] . 

The results will be useful as a reference data for a proper interpre- 

tation of accurate measurements of rovibrational HD lines, which 

are used for testing the quantum electrodynamics for molecules 

and searching for new physics beyond the Standard Model. 

Note added after reviewer’s suggestion 

It was pointed out that recently Komasa et al. [61] analyzed 

leading hyperfine interactions in the HD molecule. The authors 

provided coupling constants for several low lying states and cal- 

culated the relative intensities of the hyperfine components of the 

2-0 P(1) and R(1) transitions and of the R(0) line from the funda- 

mental band. Moreover, the authors published a publicly available 

code, which calculates hyperfine splittings for a given rovibrational 

level. 

In the case of the spin-rotation constants, our results differ 

slightly from the values reported in Ref. [61] . For the ground vi- 

brational level, c H values calculated by Komasa et al. lie within 

our estimated uncertainty (300 Hz). The differences increase with 

ν , but decrease with N , and the largest one is at the level of 

3 σ ( σ is the standard uncertainty). The same trend is observed 

for the c D constant, but the differences do not exceed 225 Hz 

(for a majority of rovibrational levels, the differences are much 

smaller). We attribute this discrepancy to different methods of de- 

termining the spin-coupling curves and to differences in the wave- 

functions used to rovibrationally average the coupling constants 

(the authors of Ref. [61] obtained rovibrational wavefunctions from 

the Born-Oppenheimer potential of Pachucki [62] ). Our spin-spin 

dipole constants are in perfect agreement with those calculated 

by Komasa et al.; the largest discrepancy is at the level of 30 Hz 

(we note that the authors used a different notation for the spin- 

spin dipole constant, d 1 = 2 c dip / 5 ). In the case of the quadrupole 

coupling constant, the authors in Ref. [61] performed the calcu- 

lations of the EFG using explicitly correlated Gaussian (ECG) ba- 

sis functions and obtained good agreement with the data reported 

by Pavanello et al. [48] except for the shortest internuclear dis- 

tances. In contrast to this work, the authors determined the elec- 

tric quadrupole moment of the deuteron using the experimental 

value for the N = 1 state in D 2 . This led to a slightly different 

value of Q = 0 . 2856(2) fm 

2 , which differs from our result by 1.5 σ . 

Nevertheless, our values of the quadrupole coupling constants lie 

within the estimated uncertainties reported in Ref. [61] . Due to 

the observed slight differences between the values of the coupling 

constants, we note a similar discrepancy of the determined posi- 

tions of the hyperfine components of the three analyzed transi- 

tions. 

To sum up, the agreement between our results and the data re- 

ported by Komasa et al. is, on average, 400 Hz, which is more than 

30 times less than the accuracy of the most accurate measurement 

of the rovibrational line frequency in HD [16] . 
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