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Collisional effects in accurate rovibrational spectroscopy of simple diatomic molecules

Niniejsza rozprawa doktorska stanowi spójny tematycznie zbiór sześciu ar-

tykułów, przygotowanych pod opieką mojego promotora, dr. hab. P. Wcisło,

prof. UMK, opublikowanych w czasopismach z części A wykazu czasopism

naukowym Ministra Edukacji i Nauki. Podstawą prawną przedstawienia ni-

niejszej rozprawy doktorskiej w formie spójnego tematycznie zbioru artykułów

opublikowanych w czasopismach naukowych jest Art. 179 Ust. 1 Ustawy z

dnia 3 lipca 2018 r. Przepisy wprowadzające ustawę - Prawo o szkolnictwie

wyższym (Dz.U. 2018 poz. 1669, z późn. zm.) i Art. 13 Ust. 1 i 2 Ustawy z dnia

14 marca 2003 r. o stopniach naukowych i tytule naukowym oraz stopniach i

tytule w zakresie sztuki (Dz.U 2003, poz 595, z późn. zm.). Ponadto, zgodnie z

Art. 13 Ust. 5 powyższej ustawy, na podstawie Uchwały Rady Instytutu Fizyki

Nr 108/2018 z dnia 12 grudnia 2018 w sprawie wyrażenia zgody na przed-

stawienie przez mgr. inż. Michała Słowińskiego rozprawy doktorskiej w języku

angielskim, rozprawa ta została przedstawiona w języku angielskim. W myśl

§ 5 Ust. 2 i 3 Rozporządzenia Ministra Nauki i Szkolnictwa Wyższego z dnia

19 stycznia 2018 r. w sprawie szczegółowego trybu i warunków przeprowa-

dzania czynności w przewodzie doktorskim, w postępowaniu habilitacyjnym

oraz w postępowaniu o nadanie tytułu profesora (Dz.U. 2018 poz. 261) i w

zgodzie z Art. 179 Ust. 1 Ustawy z dnia 3 lipca 2018 r. Przepisy wprowadzające

ustawę - Prawo o szkolnictwie wyższym (Dz.U. 2018 poz. 1669, z późn. zm.) do

niniejszej rozprawy dołączone są oświadczenia autora rozprawy określające in-

dywidualny wkład autora w każdej z przedstawionych w rozprawie artykułów

a także oświadczenia conajmniej czterech współautorów z tychże artykułów

określające indywidualny wkład każdego z nich w ich powstanie.

6

https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20030650595
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20030650595
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20030650595
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669


M. Słowiński
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This doctoral dissertation consists of six thematically matched scientific

articles written under supervision of my doctoral dissertation supervisor, dr.

Piotr Wcisło, prof. at NCU, and all published in scientific journals from the

part A of the journals list of the Polish Minister of Education and Science. The

legal basis for preparing this doctoral dissertation in the form of a thematically

coherent set of articles published in scientific journals is Art. 179 (1) of the Act

of 3 July 2018 Provisions introducing the Act of the Law on higher education

(Journal of Laws 2018, item 1669, as amended) and Art. 13 (1-2) Act of 14

March 2003 on academic degrees and academic titles as well as degrees and

titles in arts (Journal of Laws 2003, item 595, as amended). Furthermore,

according to the Art. 13 (5) of aforementioned act, according to the Resolution

of the Council of the Institute of Physics No. 108/2018 of 12 December 2018

on giving consent for presentation by mgr. inż. Michał Słowiński his doctoral

dissertation in English, this dissertation is prepared in English. According to

the Paragraph 5 (2-3) of the Regulation of the Minister of Science and Higher

Education of 19 January 2018 on the detailed procedure and conditions for

performing activities in the doctoral thesis, in the habilitation procedure and in

the procedure for awarding the title of professor (Journal of Laws of 2018, item

261) and according to the Art. 179 (1) of the Act of 3 July 2018 Provisions

introducing the Act of the Law on higher education (Journal of Laws 2018, item

1669, as amended) attached to this dissertation are declarations of the author

of the dissertation specifying the author’s individual contribution to each of

the articles presented in the dissertation, as well as statements of at least four

co-authors from these articles specifying the individual contribution of each of

them to their preparation.

7

https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20030650595
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20030650595
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20030650595
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180000261
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669
https://isap.sejm.gov.pl/isap.nsf/DocDetails.xsp?id=WDU20180001669


M. Słowiński
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STRESZCZENIE

Niniejsza rozprawa jest poświęcona badaniom nad kształtem linii widmo-

wych. Główna część wyników poświęcona jest możliwości wykorzystania ul-

tradokładnej spektroskopii do testowania modeli zderzeniowych, które uzy-

skiwane są z wykorzystaniem kwantowych obliczeń rozproszeniowych. Wy-

korzystano model kształtu linii widmowej, który w dokładny sposób opisuje

subtelne efekty zderzeniowe (używa modelu zderzeń kul bilardowych i zależ-

ności od prędkości parametrów zderzeniowych kształtu linii obliczonej z zasad

pierwszych), co jest szczególnie istotne dla lekkich molekuł. Na przykładzie

molekularnego wodoru pokazano, że możliwe jest odtworzenie widm ekspety-

mentalnych na poziomie subprocentowym wychodząc z potencjału oddziały-

wania wyliczonego z zasad pierwszych. Na tymże przykładzie zanalizowano

też wkład konkretnych przyczynków zderzeniowych do kształtu linii widmo-

wej. Pokazano także, że wykorzystanie użytych w niniejszej rozprawie metod

modelowania kształtu linii wraz z wysokiej jakości danymi eksperymentalnymi

pozwala na weryfikowanie jakości potencjałów oddziaływania. Na przykładzie

cząsteczki czadu zbadano różnice powodowane wykorzystaniem uproszczo-

nych fenomenologicznych modeli kształtu linii widmowej. Pokazano, że ba-

dane tu metody opisu kształtu linii można także wykorzystać do dokładnego

ustalania pozycji izolowanych linii na przykładzie linii deuteru, osiągając re-

kordową na dzień publikacji dokładność. Zademonstrowano również uprosz-

czoną metodę modelowania kształtu linii widmowej, która pozwala na uzyska-

nie niemalże tych samych wyników przy wielokrotnie mniejszym zapotrzebo-

waniu na zasoby numeryczne i potwierdzono jej działanie na tej samej linii

deuteru. Pokazano także, że możliwe jest wykorzystanie zademonstrowanej

analizy do generowania danych wykorzystywanych w największych spektro-

skopowych bazach danych na świecie.
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ABSTRACT

This dissertation is devoted to the research on the shape of the spectral

lines. The major part of the results is exploring the possibility of using extre-

mely accurate spectroscopic methods for tests of collisional models obtained

through quantum-scattering calculations. This thesis utilizes a line-shape

profile using the billiard-ball model of collisions with ab initio calculation of

the speed dependence of collisional line-shape parameters. This profile is

capable of describing subtle collisional effects, which is particularly impor-

tant for the light molecules. It was demonstrated on the molecular-hydrogen

example, that starting from the ab initio calculated interaction potential it is

possible to recreate the experimental spectra at the sub-percentage level. The

impact of specific collision contributions to the shape of the spectral line was

also analyzed on the same molecular-hydrogen example. It was also shown

that the use of the line shape modeling methods developed in this disserta-

tion, together with high-quality experimental data, allows for verification of

the quality of the calculated potential energy surfaces. Usage of simplified

phenomenological models has in the past been shown to cause differences

between experimental and theoretical results. These differences were investi-

gated on the carbon monoxide sample. Another part shows how the developed

methods can be employed for accurate determination of the positions of iso-

lated lines, as a record-breaking accuracy has been achieved for deuterium

line. A simplified method of modeling the shape of the spectral line that allows

to obtain almost same results with a much smaller numerical complexity was

also demonstrated and tested on the aforementioned deuterium example. Fi-

nally, it was also shown that it is possible to use the analysis demonstrated in

thesis to generate data to populate largest spectroscopic databases.
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INTRODUCTION

The main goal of the dissertation is to use highly accurate molecular spec-

tra to test models of molecular collisions that are based on ab initio quan-

tum scattering calculations. We developed new tools to efficiently handle the

beyond-Voigt effects that are particularly important for light molecules such

as molecular hydrogen. Finally, we applied the developed methodology to:

validate applicability of simple phenomenological collisional models, improve

the accuracy of the metrology of the deuterium rovibrational structure, and to

develop the first ab initio dataset of beyond-Voigt parameters for the HITRAN

database.

The collisional effects are manifested in molecular spectra as a perturba-

tion of the shapes of molecular lines. It was thoroughly demonstrated that the

collisionally broadened and shifted line shape in the impact approximation

can be described by a Lorentzian profile [1,2]. In the cases where the change

of the velocity of the emitter can be neglected, Doppler broadening of a line can

be treated separately from the collisional effects [3] thus giving rise to a Voigt

profile (VP). However if one assumes that collisions induce velocity changes,

then the Doppler contribution to the line width is reduced, which is called the

Dicke narrowing [4]. Historically, there are two distinct velocity-changing col-

lisions model that may include Dicke narrowing in the spectra description, i.e.

the so-called soft and hard collisions [5,6]. Recently, a more physically justi-

fied approach to velocity-changing collisions has been introduced, called the

billiard-ball (BB) model [7,8]. In most cases collision and Doppler broadening

occur together. For the molecular systems featured in our articles, simple VP

turns out to be fairly insufficient [9–11]. The beyond-Voigt line-shape effects

are particularly pronounced for the case of the molecular hydrogen rovibra-

tional transitions (see Fig.2 e-f in Article A). If the correlations between the

collision kinetic energy and collision broadening and shift are strong, the de-

pendence of these two line-shape parameters on the emitter speed has to be

taken into account. Recent studies already confirmed, that in some cases it

is necessary to take into account simultaneously both the speed dependence

of the line-shape parameters as well as the Dicke narrowing. In general, line-
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shape can also be perturbed by other effects such as line mixing. Those effects

are not covered in this dissertation as those effects are not visible under the

considered here conditions.

In the Articles A and B, we use highly-accurate spectra obtained with cavity

ring-down spectroscopy (CRDS) to study collisions at molecular scale and va-

lidate quantum chemical calculations of the potential energy surfaces (PESs).

We focus here specifically on helium-perturbed hydrogen molecule, which is

the simplest neutral chemically bound system colliding with a smallest atom.

The He-perturbed spectra were collected in the Hefei National Laboratory for

Physical Sciences at Microscale (Hefei, China) and Interdisciplinary Physics

Laboratory (Grenoble, France). In both works, we demonstrated agreement

between measured and ab initio calculated shapes of the molecular lines at

the subpercent level.

In Article A we use our ab initio originated line-shape calculations based on

the generalized Hess method [12–14] (in which we replace velocity-changing

model to one based on the Boltzmann operator with the rigid-sphere potential

approximation [15] to create accurate line shapes for the considered trans-

itions. Indeed, basing on the state-of-the-art PES, i.e. the extended Bakr-

Smith-Patkowski PES [16, 17], we were able to reproduce the experimental

spectra to the level of 0.99% and 0.33% rRMSE, for the 3-0 S(1) and 2-0 Q(1)

lines, respectively. In addition to demonstrating that our methodology leads

to reproducing the experimental profiles at unprecedented level, we showed,

that it can also serve as a link between quantum chemical calculations and

high-precision spectroscopy, as it enabling PES testing in the regions of the

parameter space inaccessible with other techniques.

In Article B, we focus primarily on proving, that the signatures of different

collisional line-shape parameters can be clearly distinguished in the experi-

mental spectra. We have shown, that not only both speed dependence of the

line-shape parameters and Dicke narrowing effect has to be taken into ac-

count to properly describe the collision-perturbed line shape, but also that

the imaginary part of the complex Dicke parameters cannot be neglected for

the examined lines. In this article, we also improved the results presented

Article A by introducing the centrifugal distortion which is usually neglected

in the quantum-scattering calculations for rovibrational transition line-shape

calculations. This allowed us to make previous results more consistent, with

the experiment-to-theory agreement at the level of 0.87% and 0.33% rRMSE,
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for the 3-0 S(1) and 2-0 Q(1) lines, respectively. We also discussed how the

uncertainty of the line-shape parameters propagates on the shape of the line.

In article C we use the same methodology as in the articles A. and B. to test

and validate simple phenomenological line-shape models that are often used

in molecular spectra analysis [18–21]. For this purpose, we consider diatomic

molecule that is more relevant to atmospheric spectra, i.e., Ar-perturbed CO;

we studied two lines, P(2) and P(8). As a reference we chose the Hartmann-

Tran profile (HTP), which is the profile recommended to use by IUPAC [22] and

treats the collisions in the hard-collision model. By design, it also includes

the speed dependence of the collisional width and shift in quadratic approxi-

mation, but for the sake of comparison we used also modified profile in which

the speed dependence was swapped to ab initio calculated. We demonstrated,

that BB-based profiles (with both quadratic and ab initio versions of the speed

dependence) for both P(2) and P(8) lines differ approximately 0.5% from the

HTP with approximately 0.5% additional difference comes from the speed de-

pendence model, but the latter is either same or opposed direction to the first

correction. The comparison is presented in Fig. 4 in the Article C We can see

that HTP overestimates the velocity-changing collisions in higher pressures for

the lines considered in the article.

The line-shape methodology (based on the BB model) studied in all the pre-

vious articles gives a reliable description of the collision-perturbed spectra and

allows one to handle sophisticated beyond-Voigt line shape effects [23–26],

but it is computationally very expensive and at low pressures requires spe-

cial treatment based on iterative approach to solving the transport-relaxation

equation [27]. Therefore, it is difficult to widely implement this approach to

molecular spectra analysis in practical applications. To address this issue, in

Article D, we developed a correction function (called β correction) that can be

introduced in the profiles that includes the velocity-changing collisions as in

the hard-collision model. We extend the previous approach [15] (which is li-

mited to the self-perturbed cases) to any value of perturber-to-absorber mass

ratio up to five, which covers almost all atmospheric applications. The cor-

rection itself is a function of aforementioned mass ratio and Doppler width to

the frequency of the velocity-changing collisions ratio and, as such, it does

not include any additional parameter that has to be fitted during any fitting

procedure. It can be used freely in any hard-collision based models without

increasing the computational complexity.
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In Article E, we applied the methodology tested in Articles A, B and C and

the β-correction approach developed in Article D, to improve the accuracy of

the metrology of the deuterium rovibrational structure. Using the frequency-

stabilized CRDS (FS-CRDS) operating in frequency-agile, rapid scanning (FARS)

spectroscopy mode, we measured the S(2) 2-0 deuterium transition in low

pressure range (from 1 up to 40 Torr). Analysis of the experimental data

was done with the β-corrected quadratic speed-dependent hard-collision mo-

del (qSDHCP). The ultimate result was repeated using the billiard-ball based

one. A careful analysis of the collisional line-shape effects allowed us to find

an optimal balance between the statistical and systematic contributions to the

uncertainty budget, see Fig. 3 in Article E. The obtained accuracy allowed us

to test quantum electrodynamics for molecules at fifth significant digit.

Finally, in Article F, we used the approach introduced in Article D to de-

velop a methodology of populating spectroscopic databases with beyond-Voigt

line-shape parameters. We considered the case of the He-perturbed H2 rovi-

brational lines. We tested, that the β-corrected qSDHCP (the approach adop-

ted in the HITRAN database) reproduces the accurate experimental spectra at

sub-percent accuracy level, see Fig. 5 in Article F. We created a comprehen-

sive (3480 entries) database consisting of ab initio calculated line-shape para-

meters from which the 370 entries contain purely ab initio calculated parame-

ters, which we also included in the supplementary materials. We showed that

the double power law [28,29] is capable to reproduce the ab initio temperature

dependence of the line-shape parameters with sufficient accuracy (see Fig. 4).
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Collisional effects in accurate rovibrational spectroscopy of simple diatomic molecules

[24] P Wcisło, F Thibault, H Cybulski, and R Ciuryło. Strong competition

between velocity-changing and phase- or state-changing collisions in h2

spectra perturbed by Ar. Phys Rev A, 91:052505, 2015. doi:10.1103/

PhysRevA.91.052505.

[25] P Wcisło, F Thibault, M Zaborowski, S Wójtewicz, A Cygan, G Kowzan,

P Masłowski, J Komasa, M Puchalski, K Pachucki, R Ciuryło, and D Li-

sak. Accurate deuterium spectroscopy for fundamental studies. J Qu-

ant Spectrosc Radiat Transf, 213:41–51, 2018. doi:10.1016/j.jqsrt.

2018.04.011.

[26] G Kowzan, H Cybulski, P Wcisło, M Słowiński, A Viel, P Masłowski, and
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spoel, IE Gordon, LS Rothman, RR Gamache, and P Wcisło. Evaluation

of different parameterizations of temperature dependences of the line-

shape parameters based on ab initio calculations: Case study for the

HITRAN database. J Quant Spectrosc Radiat Transf, 240:106676, 2020.

doi:10.1016/j.jqsrt.2019.106676.

21

https://doi.org/10.1103/PhysRevA.91.052505
https://doi.org/10.1103/PhysRevA.91.052505
https://doi.org/10.1016/j.jqsrt.2018.04.011
https://doi.org/10.1016/j.jqsrt.2018.04.011
https://doi.org/10.1103/PhysRevA.102.012821
https://doi.org/10.1103/physreva.88.012517
https://doi.org/10.1016/j.jqsrt.2018.05.019
https://doi.org/10.1016/j.jqsrt.2019.106676


PHYSICAL REVIEW A 101, 052705 (2020)

H2-He collisions: Ab initio theory meets cavity-enhanced spectra
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Fully quantum ab initio calculations of the collision-induced shapes of two rovibrational H2 lines perturbed
by He provide an unprecedented subpercent agreement with ultra-accurate cavity-enhanced measurements. This
level of consistency between theory and experiment hinges on a highly accurate potential energy surface and a
realistic treatment of the velocity changing and dephasing collisions. In addition to the fundamental importance,
these results show that ab initio calculations can provide reference data for spectroscopic studies of planet
atmospheres at the required accuracy level and can be used to populate spectroscopic line-by-line databases.
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I. INTRODUCTION

Molecular hydrogen differs in many respects from most
other diatomic molecules, revealing its nonclassical nature
due to a large rotational constant (B = 60.853 cm−1) [1].
The most straightforward example can be traced back to the
early twentieth century, when the heat capacity of H2 at low
temperatures was discovered to dramatically diverge from the
expected classical behavior [2]. The lack of inelastic channels
in H2 scattering, up to relatively high temperatures of a few
hundred kelvin [3], results in many other atypical features
observed in H2 collision studies. In the particular case of the
optically excited H2 molecule, the lack of inelasticity causes
the rate of optical excitation damping to be much smaller than
the rate of velocity-changing collisions. This property results
in strong collisional Dicke narrowing of the H2 rovibrational
lines [4,5]. Furthermore, the opening of the first inelastic
channel leads to a strong dependence of the generalized
spectroscopic cross section on the collision energy [3], which
enhances the speed dependence of the line-shape parameters.
Pronounced collisional effects make the molecular hydrogen
well suited to study not only the potential energy surfaces
(PESs) and quantum-scattering calculation methodology, but
also the models describing the collision-perturbed velocity
distribution of the optical coherence [3,6–9], which constitute
a long-term development at the frontier of quantum optics,
collision theory, and statistical physics [10,11].

Experimental studies on the interactions between two hy-
drogen molecules and between a hydrogen molecule and
a noble gas atom have a several-decades-long history

*mslowinski@umk.pl
†piotr.wcislo@fizyka.umk.pl

[6,7,12–15]. Recently, the rotationally inelastic scattering of
the HD molecule colliding with D2 [16,17] and with He [18]
at 1 K was observed in coexpanded supersonic beams and
theoretically handled by Croft et al. [19]. The influence of
the molecular hydrogen collisions, with perturbers such as
H2 isotopologues or noble gas atoms, on the shapes of the
rotational and rovibrational lines in H2 were already estab-
lished in a wide range of temperatures, from 20 to 1200 K
[20–26]. In particular, the effects of the H2-He collisions on
the widths and shifts of H2 rovibrational lines were subjected
to intense experimental and theoretical studies [3,25,27–32].
However, the collision-perturbed line profiles calculated from
first principles never reached agreement with experimental
data at the subpercent level.

In this work, we report a full ab initio description of the
collision-perturbed shapes of rovibrational lines for the sim-
plest benchmark system, i.e., He-perturbed H2. We demon-
strate agreement between measured and ab initio computed
collision-perturbed shapes of molecular lines at the subper-
cent level: the root-mean-square difference (calculated within
±FWHM) between experimental and theoretical profiles is
smaller than one-hundredth of the profile amplitude. We
merged all of the theoretical tools that are necessary to
reach this agreement; i.e., we used the state-of-the-art sta-
tistical model of the collision-perturbed shape of molecular
lines [33–36], we derived all parameters of this model from
quantum scattering calculations [30,37–39], and we used the
highly accurate ab initio PES [30,40], referred to as BSP3. We
demonstrate that the fully ab initio calculations can provide
reference spectra for atmospheric studies of solar system plan-
ets and exoplanets at the required metrological (subpercent)
level of accuracy. Therefore, this approach is well suited
for populating line-by-line spectroscopic databases such as
HITRAN [41], GEISA [42], and ExoMol [43], including the

2469-9926/2020/101(5)/052705(7) 052705-1 ©2020 American Physical Society
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FIG. 1. Cavity ring-down spectrometers in (a) Hefei and
(b) Grenoble laboratories. AOM, acousto-optic modulator; ECDL,
external cavity diode laser; EOM, electro-optic modulator; FC,
fiber coupler, OFC, optical frequency comb; OI, optical isolator,
PD, photodiode, PFC, polarization fiber coupler; PZT, piezoelectric
transducer; Ti:Sapph, Ti:sapphire laser.

recent advanced database structures [44] involving beyond-
Voigt line-shape parameters and their wide ranges of tem-
perature representations. We show that this approach can be
used to experimentally test the quality of quantum-chemical
calculations of the PESs [30,38,40,45,46].

II. EXPERIMENTS

To validate our ab initio quantum scattering calculations,
we performed measurements of the He-perturbed 3-0 S(1)
H2 line centered at 12 265.59 cm−1 (815.33 nm) and the 2-0
Q(1) H2 line centered at 8075.31 cm−1 (1238.39 nm) using
the experimental setups of Hefei [47] and Grenoble [48–51],
respectively. Both setups, as shown in Fig. 1, are based on
continuous-wave laser sources and high-finesse ring-down
(RD) cavities. The two RD cavities are 1.0 and 1.4 m long,
with finesse of 63 000 and 131 000, which results in effective
path lengths of 20 and 59 km for the Hefei and Grenoble
setups.

Acousto-optic modulators are used as optical switches to
generate the RD events. The frequency of the Hefei laser
source (Ti:sapphire) is set by a temperature-stabilized (�T ≈
10 mK at 302 K) ultralow-expansion etalon reaching 10-MHz
accuracy (see Refs. [52] and [53]), whereas for the Grenoble
setup the external cavity diode laser is referenced to the optical
frequency comb reaching 300-kHz absolute accuracy (see
Refs. [54–56]). The length of the Grenoble cavity is tunable
with a piezoelectric actuator, which allows the spectra to be
recorded on a much denser frequency grid. The temperatures
of the cavities were controlled to within 1 and 0.15 K for the
Hefei and Grenoble setups, respectively. For the 3-0 S(1) line,
the H2/He mixing ratio spans between 33% and 10%, with
1% accuracy, while it has a constant value of 4.9(1)% for the
2-0 Q(1) line. The spectra were recorded at four pressures

ranging from 0.36 to 1.35 atm with an accuracy of 0.5% and
signal-to-noise ratio up to 370 for the 3-0 S(1) line, as well
as at nine pressures ranging from 0.07 to 1.05 atm with an
accuracy of 0.15% and signal-to-noise ratio up to 2800 for the
2-0 Q(1) line.

III. AB INITIO CALCULATION OF THE
COLLISIONAL EFFECTS

Our line-shape calculations [34,35,57,58], originating from
first principles, are based on the generalized Hess method
(GHM) [37,59,60]. To better reproduce the physics of the
velocity-changing collisions, we replace the commonly used
hard-collision model [61,62], which is used in the GHM, with
the model based on the Boltzmann operator for rigid-sphere
approximation of the potential [9]. The latter model based on
the isotropic part of the PES properly reproduces the depen-
dence of the colliding partners on the mass ratio and describes
the relation between velocities before and after collision [9],
which is not the case for the simple hard-collision model.
Moreover, we introduce the full speed dependence [63] of the
collisional broadening and shift [60,64,65] into the GHM.

For the H2-He system, the PES is three-dimensional; i.e.,
it depends on the distance between the center of mass of the
hydrogen molecule and the helium atom, R, the intramolecular
distance, r, and the angle between the inter- and the in-
tramolecular axes, θ . To carry out the close-coupling quantum
scattering calculations [66], the PES is projected on Legendre
polynomials and averaged over the rovibrational wave func-
tions of the hydrogen molecule [3,32]. The generalized spec-
troscopic cross sections, σ

q
λ , for the electric quadrupole lines

considered here (q = 2), as functions of the initial kinetic en-
ergy, EKIN, are determined from S-matrix elements [32,60,64].
For the zero rank of the velocity tensor, λ = 0, σ

q
λ reduces to

the pressure broadening and shift cross sections (PBXS and
PSXS, respectively) [3,65,67,68], while for λ = 1 it provides
the complex Dicke cross section [31,32,59,60,64] (RDXS
and IDXS for its real and imaginary parts, respectively). The
resulting cross sections are shown in Figs. 2(a)–2(d).

We use the generalized spectroscopic cross sections to
calculate the corresponding line-shape parameters at a given
temperature T, i.e., the speed-dependent pressure broadening,
�(v), and shift, �(v) [63,69,70], as well as the complex Dicke
parameter, νopt [30,39,44,71,72],

�(v) + i�(v) =
(

n

2πc

)
2ṽ2

p

v
√

π
exp

( − v2/ṽ2
p

)

×
∫ ∞

0
x2e−x2

sinh(2vx/ṽp)σ q
0 (xṽp)dx, (1a)

νopt =
(

n

2πc

)
mp

m + mp

∫ ∞

0
vr fm(vr )

×
[

2

3

v2
r

v̄2
r

σ
q
1 (vr ) − σ

q
0 (vr )

]
dvr, (1b)

where v, vp, and vr are the speed of the active molecule, the
speed of the perturber with the most probable value ṽp =√

2kBT/mp, and their relative speed with mean value v̄r , re-
spectively, and x = vr/ṽp. m, mp, and μ are the masses of the
active molecule and perturber and their reduced mass, respec-
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FIG. 2. (a–d) Generalized spectroscopic cross sections for the
3-0 S(1) and 2-0 Q(1) lines in helium-perturbed H2: see the respective
black and red lines, respectively. PBXS, PSXS, RDXS, and IDXS are
pressure broadening, pressure shift, and real and imaginary parts of
complex Dicke cross sections, respectively. The two curves in (c) are
overlapping. (e, f) Ab initio speed dependence of the line broadening,
�, and shift, � (same color notation), plotted for 1 amagat of
He at the experimental temperatures. Black and red dashed lines
are the speed-averaged collisional broadening, �0, and shift, �0,
respectively. The gray line is the Maxwell Boltzmann distribution
at 296 K in arbitrary units (vertically shifted in (b) and (d)): the
distribution of relative kinetic energy in (a)–(d) and the distribution
of active molecule speed in (e) and (f).

tively. fm(v) is the Maxwell-Boltzmann speed distribution, n
is the number density of the perturber, kB is the Boltzmann
constant, and c is the speed of light. The ab initio speed-
dependent broadenings and shifts are shown in Figs. 2(e) and
2(f). The calculated line-shape parameters are listed in Table I.
We denote speed-averaged broadening and shift as �0 and �0,
respectively: refer to the dashed horizontal lines in Figs. 2(e)
and 2(f). Following Ref. [35], we introduce two parameters,
�SD = vm

2
d

dv
�(v)|

v=ṽ
and �SD = vm

2
d

dv
�(v)|

v=ṽ
, that quantify

the strength of the speed dependence of the broadening and
shift, respectively, where vm is the most probable active
molecule speed. The �SD/�0 and �SD/�0 ratios, larger than
0.4, reveal extraordinarily pronounced speed dependence in
the H2 case; for typical atmospheric systems, these ratios are
at the level of 0.1 [73–75].

TABLE I. Calculated values of the line-shape parameters for
the 3-0 S(1) and 2-0 Q(1) H2 lines. Calculations are performed at
T = 296.6 K for the 3-0 S(1) line and at T = 294.2 K for the 2-0
Q(1) line. All parameters are given in units of 10−3 cm−1 for n = 1
amagat.

Line �0 �0 �SD �SD νr
opt ν i

opt

3-0 S(1) 11.72 30.51 5.40 12.42 37.96 −17.45
2-0 Q(1) 5.74 19.51 2.68 8.06 41.64 −11.31

We calculate the He-perturbed shapes of the H2 lines by
averaging the velocity distribution of the optical coherence
[33,78,79]

I (ω) = 1

π
Re

∫
d3�v fm(�v)h(ω, �v). (2)

fm(�v) is the Maxwell-Boltzmann distribution of the active
molecule velocity, �v, and fm(�v)h(ω, �v) is a scalar function
proportional to the velocity distribution of the optical co-
herence. The h(ω, �v) function fulfills the transport-relaxation
equation [33,79]

1 = −i(ω − ω0 − �k · �v)h(ω, �v) − Ŝ f h(ω, �v), (3)

where ω and ω0 are the angular frequencies of the electromag-
netic radiation and the unperturbed frequency of the molecular
transition, respectively, �k is the wave vector, and Ŝ f is the total
collision operator describing relaxation and dephasing of the
optical coherence as well as its flow between different velocity
classes. This operator can be written as [34,35,57,58]

Ŝ f = −�(v) − i�(v) + νoptM̂
f

BB, (4)

where νoptM̂
f

BB is the velocity-changing operator for the rigid-
sphere model of collisions [80,81]. By using the complex
Dicke parameter derived from the GHM, νopt, we introduce
the correlations between internal and translational degrees
of freedom to the velocity-changing operator. The ultimate
collision operator used to compare ab initio calculations with
experiment is the sum of two contributions [9]: the H2-He
operator discussed here, Eq. (4), and the H2-H2 operator taken
from Ref. [82].

IV. EXPERIMENTAL VALIDATION OF THE QUANTUM
SCATTERING CALCULATIONS AND TEST

OF THE AB INITIO POTENTIALS

The direct comparison between theory and experiment is
shown in Figs. 3(a) and 3(c). Despite the fact that none of
the line-shape parameters were fitted, we achieved subpercent
agreement between the simulated and the raw experimental
profiles; i.e., the root-mean-square error of the ab initio model
relative to the profile amplitude (rRMSE) calculated within
±FWHM is smaller than 1%. The pressure-average values of
the rRMSE are 0.99% and 0.33% for the 3-0 S(1) and 2-0
Q(1) lines, respectively. We do not know the reason why the
discrepancy is larger for the 3-0 S(1) line (one possibility is a
slight nonlinearity in the Hefei frequency axis; see Ref. [47]).
The main conclusion of Fig. 3 is that the fully ab initio
line-shape calculations, including not only the collisional
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FIG. 3. (a, c) Comparison of the raw experimental spectra (black points) and the simulated line profiles (red lines). The absorption axis has
been normalized to the area of the spectral line, A. Red lines under the line profiles represent the differences between experiment and theory.
rRMSE values in the plots describe the root-mean-square errors relative to the profile amplitude. (b, d) Solid red, dotted blue, and dashed
green lines are the zoomed residuals for the BSP3 [30,40], SK [38], and mMR [45,46] potentials, respectively. Vertical gray lines indicate
the theoretical unperturbed line position [76,77]. The pressure shift is atypically large for H2 and, despite the small pressure range, is clearly
visible; see the deviation of the line maximum from the vertical gray line.

perturbations of both internal and translational motions of
molecules but also the correlations between them, are val-
idated for highly accurate experimental spectra. In addition
to the line-shape parameters, whose values are directly taken
from our ab initio calculations, several other parameters (not
related to the collisional effects) were fitted: the unperturbed
line position frequency, ν0 = ω0/2π , the line intensity, S, and
the background slope and baseline. The fitted values of ν0 and
S are consistent with the theoretical values [51,76,77] within
the declared 1σ uncertainties.

The H2 lines are considerably asymmetric due to col-
lisional effects (the asymmetry is much stronger than in
typical cases of atmosphere-relevant molecules with a much
smaller rotational constant). We tested that if we neglect in
our line-shape model the main source of the asymmetry, i.e.,
the speed dependence of the collisional shift, the residuals
are approximately 10 times larger and have almost a purely
asymmetric shape. Our ab initio line-shape model almost
completely eliminates the strong asymmetry without fitting
any line-shape parameter. The small remaining asymmetry
that is seen in the residuals for the Q(1) 2-0 line is not caused
by an incorrect value of the line position, which was fitted in

our analysis. It is difficult to uniquely identify the source of the
remaining asymmetry. Although this paper reports the most
accurate theoretical line shapes, we suspect that the source
may still lie on the theory side.

The advantage of the method employed in this work is that
it allows the absolute value of the collisional cross sections to
be accurately tested experimentally, which is not the case for
most other experimental techniques [16–18]. As an example,
we consider the pressure-broadening cross section [PBXS
in Fig. 2(a)], which gives the �0 parameter after thermal
averaging: refer to the dashed horizontal lines in Fig. 2(e).
At high pressures (at which the collisional broadening domi-
nates), the relative error of �0 is approximately equal to the
residual rRMSE. For instance, in the case of the 2-0 Q(1)
line, rRMSE = 0.26% at the highest pressure corresponds to
subpercent agreement between our ab initio and experimental
values of �0.

In addition to demonstrating that the full theoretical
methodology can reproduce the collision-perturbed experi-
mental profiles at an unprecedented level of accuracy, we
show that this approach can serve as a link between high-
precision spectroscopy and quantum chemical calculations,
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thus enabling experimental tests of PESs in regions that are
inaccessible with other techniques. In Figs. 3(b) and 3(d),
we show the differences between the experimental and the
theoretical profiles for three PESs: the Schaefer and Köhler
(SK) PES [38], the modified Muchnik and Russek (mMR)
PES [45,46], and the PES used in our main analysis, namely,
the extended Bakr, Smith, and Patkowski (BSP3) [30,40].
Contrary to the main analysis, here we do not fit the line
intensity but fix it to the theoretical value [51]. We do so
because for the older, less accurate PESs [38,45,46] the fitted
line intensities, to some extent, artificially compensate the
inaccurate values of some of the line-shape parameters. This
comparison clearly demonstrates that the best agreement with
the experiment is achieved for the BSP3 PES. This result is
consistent with our expectations, since the most recent BSP3
surface was calculated using the coupled-cluster method with
single, double, and perturbative triple excitations [CCSD(T)],
augmented by full configuration interaction corrections, with
the relative uncertainty in the minimum estimated as 0.4%
(±0.045 cm−1). Two other potentials studied here, SK and
mMR, were obtained using much smaller Gaussian basis sets
and lower levels of electronic structure theory. Moreover, the
BSP3 PES involves the consistent treatment of a large range of
intramolecular H-H distances and ensures a proper asymptotic
behavior for large H2-He separations [30].

V. CONCLUSION

We have demonstrated that the calculations from first
principles are able to reproduce the experimental collision-
perturbed molecular spectra at a subpercent-level accuracy.
We used quantum scattering calculations to construct a col-
lision operator that describes not only the dephasing and
damping of the optical coherence, but also the flows of
an optical coherence between different velocity classes. We
solved a Boltzmann-like transport-relaxation equation to de-
termine the velocity distribution of optical coherence and,
hence, the collision-perturbed shapes of molecular lines. The
calculations were validated on the highly accurate experi-
mental spectra of the H2 S(1) 3-0 and Q(1) 2-0 electric
quadrupole transitions perturbed by helium. In addition to
validating the theoretical methodology of accurate determi-

nation of the collision-induced shapes of molecular lines,
we demonstrated that this approach can be used to test
quantum-chemical calculations of the potential energy sur-
faces. This work demonstrates that theoretical calculations
are capable of delivering line-shape parameters with the ac-
curacy necessary to interpret experimental spectra for atmo-
spheric, planetary, and astrophysical applications. With this
approach, we show the possibility of calculating and validat-
ing beyond-Voigt line-shape parameters in order to populate
line-by-line spectroscopic databases such as HITRAN [41],
GEISA [42], and ExoMol [43] with requested accuracies
in a wide temperature range for recent advanced database
structures [44]. This approach is important for the lines rel-
evant for atmospheric and astrophysical applications, espe-
cially for those which have not been accessed with laboratory
experiments yet.
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R. Ciuryło, and P. Wcisło, J. Quant. Spectrosc. Radiat. Transf.
202, 308 (2017).

[31] R. Z. Martínez, D. Bermejo, F. Thibault, and P. Wcisło,
J. Raman Spectrosc. 49, 1339 (2018).
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a b s t r a c t 

We investigate collisional line-shape effects that are present in highly accurate experimental spectra of 

the 3-0 S(1) and 2-0 Q(1) molecular hydrogen absorption lines perturbed by helium. We clearly distin- 

guish the influence of six different collisional effects (i.e.: collisional broadening and shift, their speed 

dependencies and the complex Dicke effect) on the shapes of H 2 lines. We demonstrate that only a very 

specific combination of these six contributions, determined from our ab initio calculations, gives unprece- 

dentedly good agreement with experimental spectra. If any of the six contributions is neglected, then the 

experiment-theory comparison deteriorates at least several times. We also analyze the influence of the 

centrifugal distortion on our ab initio calculations and we demonstrate that the inclusion of this effect 

slightly improves the agreement with the experimental spectra. 

© 2021 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

Hydrogen molecule, which is the simplest neutral chemically 

bound system, colliding with a helium atom constitutes a bench- 

mark system well suited for testing and validating [1] the ab ini- 

tio quantum chemical calculations of potential energy surfaces 

(PESs) [2,3] . The way the collisional effects are manifested in rovi- 

brational spectra is particularly interesting in the case of the H 2 

molecule. Due to a large rotational constant [4] and the lack 

of low-temperature inelastic channels in H 2 scattering [5] , the 

nontrivial beyond-Voigt collisional line-shape effects are atypi- 

cally strong [6] , which makes it a perfect system for testing the 

collision-induced line-shape effects together with the quantum- 

scattering calculations associated with them. 

Recently, low-temperature experiments with coexpanded super- 

sonic beams allowed to measure rotationally inelastic scattering of 

the HD molecule colliding with D 2 [7,8] and with He [9] . The in- 

∗ Corresponding author. 

E-mail addresses: mslowinski@umk.pl (M. Słowi ́nski), piotr.wcislo@umk.pl (P. 

Wcisło). 

fluence of collisions of H 2 isotopologues or noble gas atoms with 

a hydrogen molecule on the shapes of the H 2 lines was studied in 

a wide temperature range, spanning from 20 to 1200 K [10–17] . 

In particular, the widths and shifts of the H 2 rovibrational lines 

affected by the H 2 -He collisions were subjected to intense theoret- 

ical and experimental studies [3,5,15,18–26] . Recently, the ab ini- 

tio calculations carried out for two rovibrational lines of molecu- 

lar hydrogen achieved a subpercent agreement with experimental 

spectra [1] . 

In this work, we investigate the shapes of two molecular hy- 

drogen absorption lines perturbed by helium. We clearly distin- 

guish the influence of six different collisional effects (i.e.: colli- 

sional broadening and shift, speed dependence of the broadening 

and the shift, and real and imaginary Dicke effect) on the shapes 

of H 2 lines. We demonstrate that only a specific combination of 

these six contributions, as resulting from our ab initio calculations, 

gives unprecedentedly good agreement with experimental spectra 

(0.87% for the 3-0 S(1) line and 0.33% for the 2-0 Q(1) line). Ad- 

ditionally, we extend the previous analysis [1] by introducing into 

our quantum-scattering calculations the impact of the centrifugal 

distortion (CD) on the H 2 -He interaction. We note that the CD is 

https://doi.org/10.1016/j.jqsrt.2021.107951 
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introduced into our quantum-scattering calculations in a twofold 

manner. First, CD influences the calculations of the structure of the 

H 2 molecule, i.e. the energies of the rovibrational levels. This effect 

was already taken into account in all our previous analyses of the 

He-perturbed hydrogen lines [1,3,5,21–23,26] . In fact, we used the 

energy levels of H 2 reported in Ref. [27] . Second, CD influences the 

H 2 -He interaction calculated from the PES for a given rovibrational 

state of H 2 . This is because as the H 2 molecule rotates, its rovibra- 

tional wave function, χν j (r hh ) , is slightly stretched. Thus, the full 

H 2 -He PES should be averaged over wave functions which include 

this stretching (see Section 4 for details). In this paper, while refer- 

ring to CD, we refer to the second meaning of those stated above. 

In the previous works it was pointed out that CD can be crucial for 

purely rotational lines [5] . Here, we demonstrate that while for the 

2-0 Q(1) line, CD does not impact the line-shape parameters signif- 

icantly, it influences the line-shape parameters of the 3-0 S(1) line 

at the 6% level and, hence, cannot be neglected in the interpreta- 

tion of highly accurate experimental spectra. 

Besides its importance for studying molecular interactions and 

collisions, accurate determination of the collisional line-shape pa- 

rameters is important for astrophysical research. Spectroscopic 

studies of the atmospheres of giant planets need an accurate deter- 

mination of pressure broadening and shift for electric-quadrupole 

H 2 lines [28–31] . Higher H 2 overtones are also used to study the 

atmospheres of giant planets [32,33] , where beyond-Voigt line- 

shape parameters were proven to be necessary to interpret the 

measured spectra. 

2. Line shape description 

Our line-shape calculations [1,34–37] are based on the general- 

ized Hess method (GHM) [38–40] . Instead of fitting, we calculate 

the line-shape parameters, namely the speed-dependent pressure 

broadening, �(v ) , and shift, �(v ) [41–43] , along with the com- 

plex Dicke parameter, νopt [3,44–48] , directly from the generalized 

spectroscopic cross sections 

�(v ) + i �(v ) = 

(
n p 

2 πc 

) 2 ̃ v 2 p 
v 
√ 

π
exp 

(
−v 2 / ̃ v 2 p 

)
×

×
∞ ∫ 
0 

x 2 e −x 2 sinh ( 2 v x/ ̃ v p ) σ q 
0 
(x ̃ v p )d x, (1a) 

νopt = 

(
n p 

2 πc 

)
m p 

m + m p 

∞ ∫ 
0 

v r f m 

(v r ) ×

×
[
2 

3 

v 2 r 
v 2 r 

σ q 
1 
(v r ) − σ q 

0 
(v r ) 

]
d v r , (1b) 

where n p is the number density of the perturber, c is the speed 

of light, v p , v and v r are the speed of the perturber with the most 

probable value ˜ v p , the speed of the active molecule and their rel- 

ative speed with mean value v r , respectively, with x = v r / ̃ v p . m p 

and m are the masses of the perturber and the active molecule, 

respectively, and f m 

(v ) is the Maxwell-Boltzmann speed distribu- 

tion. The cross sections, σ q 
ε (v ) , are determined from the S-matrices 

that are obtained, from the binary impact approximation, from the 

quantum-scattering calculations [22] , which are performed on the 

state-of-the-art H 2 -He PES, i.e. extended Bakr, Smith and Patkowski 

potential (BSP3) [2,3] . The q superscript denotes the tensorial rank 

of radiation-matter interaction, which describes the type of a spec- 

troscopic transition. In absorption spectroscopy, q = 1 corresponds 

to electric dipole transitions and q = 2 corresponds to the electric 

quadrupole transitions considered here. In the case of Raman spec- 

troscopy, q = 0 describes isotropic Q lines, while q = 2 corresponds 

to anisotropic transitions. ε denotes the rank of the velocity ten- 

sor. For ε = 0 , the real and imaginary part of σ q 
ε (v ) are referred 

to as the pressure broadening and pressure shift cross sections, re- 

spectively [49–51] , which describe the damping and dephasing of 

the optical coherence. For ε = 1 the σ q 
ε (v ) provides the complex 

Dicke cross section [39,40,52] , the real part of which describes the 

flow of the optical coherence between different velocity classes. 

The imaginary part of σ q 
ε=1 

(v ) describes the phase changing of 
the optical coherence during velocity-changing collisions. We note 

that the cross sections, σ q 
ε (v ) , include the contribution from the 

inelastic scattering of the diatomic molecule and the dephasing 

part, which involves both the reorienting collisions (induced by 

the anisotropic part of the PES) and purely phase-changing colli- 

sions [5] . 

The isolated absorption line can be described in terms of the 

transport-relaxation equation [53] 

1 = −i (ω − ω 0 − k · v ) h (ω, v ) − ˆ S f h (ω, v ) , (2) 

where ω and ω 0 are the laser frequency and the unperturbed line 

position, respectively, k is the wave vector, ˆ S f is the collision op- 

erator, f m 

(v ) is the Maxwell velocity distribution of the active 

molecule velocity, v , and f m 

(v ) h (ω, v ) is a scalar function pro- 

portional to the velocity distribution of the optical coherence. The 

shape of molecular line is calculated as [53] 

I(ω) = 

1 

π
� e 

∫ 
d 3 v f m 

( v ) h (ω, v ) . (3) 

The velocity distribution of the optical coherence arises as an 

interplay between two competing processes. On one hand, the 

laser light induces the optical excitation within some velocity 

classes. On the other, collisions change both the internal state of 

the molecule and its velocity [54–56] . These effects can be incor- 

porated into the collision operator as a sum of the broadening and 

shift and a velocity-changing operator 

ˆ S f = − (�0 + i �0 ) −
(
�SD b γ (v ) + i �SD b δ(v ) 

)
+ 

+ (νr 
opt + iν i 

opt ) ˆ M 

f 
ξ , (4) 

where �0 and �0 are the speed-averaged broadening and shift, 

�SD and �SD are the parameters describing the magnitude of the 

speed-dependence of broadening and shift of the line with b γ
and b δ describing their shape [35] , νr 

opt and ν
i 
opt are the real and 

imaginary part of νopt , respectively. Finally, νopt ˆ M 

f 
ξ
is the velocity- 

changing operator [53,57,58] within a given ξ model of collisions 

νopt ˆ M 

f 
ξh (ω, v ) = 

∫ [
f ξ (v ← v ′ ) − f ξ ( v 

′ ← v ) 
]
h (ω, v ′ )d v ′ , (5) 

where f ξ is the collision kernel. We note here that the complex 

Dicke parameter, νopt , involves correlation between the internal 

and translational degrees of freedom [3,39,40,45] . In the original 

formulation of the GHM, this operator is a simple hard-collision 

(HC) operator [44,59] whose collision kernel depends only on the 

Maxwell velocity distribution [60] 

f HC (v ← v ′ ) = νopt f m 

(v ) . (6) 

In this work, we replace the HC collision kernel with the more 

physically-justified billiard-ball (BB) model [54,57,58] , in which the 

collision kernel takes into account not only the speed after the col- 

lision, v , but also the speed before the collision, v ′ , the angle φ be- 

tween aforementioned velocities and the perturber-absorber mass 

ratio, α. The BB collision kernel can be expressed as 

f BB (v ← v ′ ) = 

= νopt 
1 

v 2 m 

3 

32 π

(1 + α) 5 / 2 

α2 

1 √ 

v 2 − 2 vv ′ cos (φ) + v ′ 2 
×

× exp 

(
− (1 − α) 2 

4 α

v ′ 2 
v 2 m 

− (1 + α)(1 − α) 

2 α

vv ′ 
v 2 m 

cos (φ)+ 

2 
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Fig. 1. Isotropic part of the BSP3 PES for colliding H 2 -He (red thick solid line) as a 

function of relative distance, R . The hard-sphere potential (black dashed line) was 

constructed so it intersects the ab initio potential curve at the mean collisional en- 

ergy ( ε/k B = 4 4 4 K). Green solid line is the Lennard-Jones potential fitted to the 

isotropic part of the BSP3 PES. Mean collision energy and energy corresponding to 

the temperature T are indicated as the blue (upper) and orange (lower) dot-dashed 

lines respectively. The mean hard-sphere diameter d H 2 −He = 4 . 24 a 0 at 296 K. 

+ 

αv 2 v ′ 2 sin 2 ( φ) 

v 2 m 

(
v 2 − 2 vv ′ cos ( φ) + v ′ 2 

) − (1 + α) 2 

4 α

v 2 

v 2 m 

) 

, (7) 

where v m 

= 

√ 

2 k B T /m is the most probable speed of an active 

molecule of mass m , k B is the Boltzmann constant, and T is the 

temperature. With the BB model of collisions included, we refer to 

the line shape as the speed-dependent billiard-ball profile (SDBBP). 

In this work, we calculate the complex Dicke parameter from 

the ab initio calculations based on the GHM. It is interesting to 

compare it with the frequency of the velocity-changing collisions 

(real number), νdiff , calculated from the diffusion [57,61] 

νdiff = 

v 2 m 

2 D 

, (8) 

where D is the binary diffusion coefficient. The latter can be simply 

calculated using a crude hard-sphere model [34,57] or an effective 

Lennard-Jones (LJ) potential parameters [62] . It can be also deter- 

mined experimentally [63] . We estimate the mean hard-sphere di- 

ameter ( σ in Ref. [34] ) as the intersection of the true isotropic part 

of the PES with the mean collisional energy, see black line in Fig. 1 . 

The effective LJ potential was obtained by fitting its parameters to 

the true isotropic part on the interacting pair in the ground state, 

see green line in Fig. 1 . 

Note that while this work focuses on describing the line shape 

in a physically justified model, we also provide a comprehen- 

sive dataset of the line-shape parameters for this system for the 

quadratic speed-dependent hard-collision profile in a wide temper- 

ature range in Ref. [17] . 

3. Signatures of different collisional line-shape effects in 

experimental spectra 

In this section, we use the experimental spectra reported in 

Ref. [1] . The He-perturbed 2-0 Q(1) H 2 line was measured in the 

Grenoble laboratory at temperature 294.2 K and at nine pressures 

from 0.07 to 1.05 atm and the He-perturbed 3-0 S(1) H 2 line was 

measured in the Hefei laboratory at temperature 296.6 K and at 

four pressures from 0.36 to 1.35 atm. The H 2 -He mixing ratio is 

different for both experiments and for the 2-0 Q(1) line has a 

constant value of 4.9(1)% while for the 3-0 S(1) line spans be- 

tween 10% and 33%. We perform fully quantum calculations of the 

line-shape parameters on the newly-developed BIGOS code [64] , 

see Ref. [3,22] for detailed description of the methodology. Com- 

paring to our previous work [1] we perform additional quantum- 

scattering calculations to check the influence of the CD (which 

Fig. 2. The raw experimental spectra reported in Ref. [1] (black points) in compar- 

ison with the simulated line profiles (red lines). Linear background is subtracted 

from the spectra. The absorption axis is normalized to the spectral line area, A . 

The red lines under the line profiles show the differences between the experiment 

and theory enlarged twenty times. Relative root-mean-square error, rRMSE, values 

in the plots describe the errors relative to the profile amplitude calculated within 

±FWHM (Full-Width at Half Maximum) from the line maximum. Vertical gray lines 

correspond to the theoretical unperturbed line position, ω 0 . Deviation of the line 

maximum from ω 0 highlights that H 2 has atypically large pressure shift. 

is usually neglected) on the shapes of molecular resonances, see 

Section 4 for more details. In our spectra analysis, we fit the line 

position, ω 0 , line intensity, S, and linear baseline. The fit of the line 

position was performed by means of multispectrum fitting tech- 

nique [65] , while the line area was fitted separately for every pres- 

sure. Line-shape parameters are not fitted, but fixed to calculated 

ab initio values. The results for two chosen pressures are presented 

in Fig. 2 . We have already demonstrated, in Ref. [1] , that the con- 

sistency between our theoretical line-shape calculations and ex- 

perimental data reaches subpercent accuracy for the He-perturbed 

H 2 lines. Here we demonstrate that taking into account more so- 

phisticated line-shape parameters is crucial to achieve this agree- 

ment. In a typical case the collisional effects in molecular ab- 

sorption spectra are dominated by the speed-averaged broaden- 

ing, �0 , and shift, �0 , and hence the Voigt Profile (VP) suffices 

to describe the collision-perturbed shapes of the molecular lines 

[66,67] . However, the atypical properties of the hydrogen molecule 

give us an opportunity to experimentally study more subtle line- 

shape effects that our collision operator, Eq. (4) , takes into account. 

In Sections 3.1 –3.3 we demonstrate on the experimental data that 

none of these collisional effects can be neglected. Indeed, the ex- 

cellent agreement between theory and experimental spectra, see 

Fig. 2 , is achieved only when the contributions from all six colli- 

sional line-shape parameters are taken into account at the same 

time, see Fig. 3 . 

3.1. Speed-averaged line broadening and shift 

The simplest description of the line shape is based on the 

speed-averaged broadening and shift in conjunction with the 

Doppler effect. In the absence of any other collisional line-shape 

effects, this results in the formation of a simple VP. To quantify 

the impact of these collisional effects on the overall shape of the 

3 
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Fig. 3. Influence of different collisional effects on the shapes of the rovibrational transitions in H 2 . Black dots are the experimental data reported in Ref. [1] and the red lines 

are the ab initio line shapes. Panels (a-c) and (d-f) correspond to the He-perturbed 3-0 S(1) and 2-0 Q(1) H 2 line, respectively. Panels (a) and (d) present the line shapes 

in which the speed-averaged line broadening and shift is neglected, i.e. �0 = 0 (yellow line) and �0 = 0 (blue line). In panels (b) and (e) the speed dependence of the line 

broadening, �SD = 0 (yellow line) and shift, �SD = 0 (blue line) is neglected. In panels (c) and (f) we neglect the complex Dicke parameter; its real, νr 
opt = 0 (yellow line), and 

imaginary, ν i 
opt = 0 (blue line), parts. These panels also present the effect of replacing νr 

opt with νdiff originating from the diffusion model calculated with the hard-sphere 

approach (green line). 

4 



M. Słowi ́nski, H. Jóźwiak, M. Gancewski et al. Journal of Quantitative Spectroscopy & Radiative Transfer 277 (2022) 107951 

measured H 2 absorption lines, we set the �0 (see yellow lines in 

Fig. 3 a and d) and �0 (see blue lines in Fig. 3 a and d) parameters 

to zero in our ab initio profiles and directly superimpose them on 

the raw experimental data. The resulting large differences show, as 

expected, that both of these parameters are crucial for a proper 

description of the spectral profile. 

3.2. Speed dependence of the line broadening and shift 

For the present molecular system the simple VP is fairly in- 

sufficient [43,68,69] . The beyond-Voigt line-shape effects are par- 

ticularly pronounced for the case of the rovibrational transitions 

in molecular hydrogen, see Fig. 2 e–f in Ref. [1] . The depen- 

dence of the collisional width and shift on the speed of the 

molecules [41] has to be included to increase the agreement 

with experimental data. To examine its influence, we set the 

�SD (see yellow lines in Fig. 3 b and e) and �SD (see blue lines in 

Fig. 3 b and e) parameters to zero in our ab initio profiles and di- 

rectly superimpose them on the raw experimental data. The speed 

dependence of the line width reduces the effective width of the 

line via the speed class exchanges, while the speed dependence 

of the shift manifests as inhomogeneous broadening and asym- 

metry of the line [70,71] . This is clearly confirmed by our experi- 

mental data, for �SD = 0 (see aforementioned yellow line) the line- 

shape profile is broader, i.e., the peak of the line is lower, while for 

�SD = 0 (blue line) the line is narrower, i.e. the line peak is higher, 

and the residuals are clearly asymmetric. 

3.3. Velocity-changing collisions 

The influence of the velocity-changing collisions is incredibly 

pronounced for the H 2 molecule. It is clearly visible while compar- 

ing the velocity-changing collisions frequency derived directly from 

the diffusion coefficient, νdiff , to the speed-averaged width, �0 (for 

the values refer to the Table 1 ). Therefore, even if the state/phase- 

and velocity-changing collisions are correlated, i.e. some fraction 

of the excited molecules undergoing the change of the velocity are 

damped, the effective rate of velocity-changing collisions, νopt , is 

Table 1 

Line-shape parameters for the 3-0 S(1) and 2-0 Q(1) H 2 lines, de- 

termined with our ab initio quantum-scattering calculations that 

include centrifugal distortion. The calculations are done for T = 

296 . 6 K for the 3-0 S(1) line and for T = 294 . 2 K for the 2-0 

Q(1) line. As a reference, we calculated also νdiff from Eq. (8) for 

the hard-sphere and LJ potentials (see Fig. 1 ). For the hard-sphere 

potential, νdiff = 43 . 38 and 43.19 for T = 296 . 6 K and 294.2 K, re- 

spectively. For the LJ potential, νdiff = 38 . 67 and 38.43 for these two 

temperatures, respectively. For the experimentally determined dif- 

fusion coefficient [63] , νdiff = 40 . 9 and 41.15 for T = 296 . 6 K and 

294.2 K, respectively. All the parameters are given in 10 −3 cm 

−1 

and are calculated for n p = 1 amg. Abbreviations of the PESs are 

given in the text. 

PES �0 �0 �SD �SD νr 
opt ν i 

opt 

3-0 S(1) Line 

mMR 6.51 23.38 2.87 8.92 40.99 −13.03 

SK 14.59 33.03 7.01 14.25 36.53 −19.28 

BSP 12.79 31.52 5.91 12.99 37.32 −18.29 

BSP2 12.36 31.15 5.70 12.67 37.57 −17.94 

BSP3 12.38 31.14 5.71 12.69 37.56 −17.96 

2-0 Q(1) Line 

mMR 3.45 14.28 1.59 5.53 42.63 −7.98 

SK 7.04 21.89 3.35 9.25 41.25 −12.62 

BSP 5.85 19.58 2.73 8.15 41.59 −11.51 

BSP2 5.74 19.36 2.68 7.99 41.66 −11.33 

BSP3 5.75 19.36 2.68 8.00 41.65 −11.35 

still much larger than all the other collisional line-shape parame- 

ters, see Table 1 . We bring this to the fore this in Fig. 3 c and f; 

the yellow lines show the case when the real part of the complex 

Dicke parameter, νr 
opt , is neglected. 

For the considered lines, the real part of the complex Dicke pa- 

rameter, νr 
opt , is close to the one calculated from diffusion coeffi- 

cient either using a hard-sphere model or LJ potential parameters 

(see the Appendix B of Ref. [3] ), see Eq. (8) , Fig. 1 and Table 1 . The 

green lines in Fig. 3 c and f correspond to the case when the ab ini- 

tio calculated νr 
opt was replaced with νdiff . Using ν

r 
opt we achieved 

lower residuals than with this approach, but the differences on the 

figure scale is almost negligible. 

In this analysis we clearly observe in experimental spectra the 

contribution of the imaginary part of the complex Dicke parameter, 

ν i 
opt . It has to be emphasized that here we do not phenomenolog- 

ically fit the ν i 
opt parameter to the experimental data (which was 

done before many times [43,69,72–75] ), but we set it to the value 

determined from our fully ab initio calculations and make a direct 

comparison with the raw experimental spectra, see the red lines 

in Fig. 3 . To see the contribution from the ν i 
opt parameter we set it 

to zero and compare with experimental spectra, see the blue lines 

in Fig. 3 c and f. It can be clearly seen that when the contribu- 

tion of ν i 
opt is neglected, then the discrepancy between theory and 

experiment is a few times larger. 

3.4. Other collisional line-shape effects 

In this section, we discuss several other collisional line-shape 

effects which we do not observe in our spectra. We argue that 

these effects have negligible influence in the cases considered here. 

3.4.1. Non-impact (collision duration) effects 

To estimate the influence of the collision-duration effect, we 

use the results obtained for the Ar-perturbed HF lines [76] . The 

asymmetry parameter, b, for this system is at the level of 3 ×
10 −3 amg −1 . At our highest pressure this would correspond to 

0 . 15% rRMSE, which is smaller than the rRMSE of the comparison 

between experiment and theory reported in this work. This esti- 

mation is conservative since the range of the H 2 -He interaction is 

smaller than for HF-Ar and the corresponding collision-duration ef- 

fects for H 2 -He are expected to be smaller as well. 

3.4.2. Line mixing 

To estimate the influence of the line-mixing effect, we use 

the results obtained for the selfperturbed HD lines [77] . The 

line-mixing coefficient, y , for HD-HD is at the level of 2 ×
10 −3 amg −1 [77] . At our highest pressure this would correspond to 

0 . 1% rRMSE. Also this estimation is conservative since the separa- 

tion between the Q lines is much larger for H 2 compared to the 

HD lines from Ref. [77] . 

4. Improved accuracy of the ab initio calculations 

The analysis presented in the previous sections is based on the 

most recent ab initio PES (BSP3) [3] . In Section 3 , we demonstrated 

that the ab initio line-shape calculations based on the BSP3 PES 

agree well with the experimental data. In this section, we use 

our quantum-scattering and line-shape calculations to validate the 

PESs available in the literature [2,3,78–80] as well as to quantify 

the influence of the CD, which is usually neglected in the scatter- 

ing calculations for rovibrational transitions. The calculations that 

include CD are performed on the most accurate BSP3 PES using the 

newly developed BIGOS code [64] . 

For the purpose of scattering calculations, the PES for the 

H 2 -He system, V (R, r hh , θ ) is expanded over Legendre polynomi- 
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als [3,5,22] 

V (R, r hh , θ ) = 

∑ 

λ=0 , 2 , 4 , 6 

V λ(R, r hh ) P λ( cos θ ) , (9) 

where R is the separation between the helium atom and the cen- 

ter of mass of H 2 , r hh is the distance between hydrogen atoms, 

and θ denotes the angle between R and r hh . Radial coupling terms, 

which enter the coupled equations, are obtained from the rovibra- 

tional average of the V λ(R, r hh ) terms over the wave functions of 

the unperturbed H 2 molecule, χv j (r hh ) , 

V λ, v j, v ′ j ′ (R ) = 

∫ 
d r hh χv j (r hh ) V λ(R, r hh ) χv ′ j ′ (r hh ) , (10) 

where v and j denote vibrational and rotational quantum num- 

bers, respectively. In this work we neglect the vibrational cou- 

pling between molecular states, which means that we use only ra- 

dial coupling terms with v ′ = v in the scattering calculations. The 
non-diagonal vibrational couplings would be too expensive to in- 

clude. Disregarding the CD, in turn, means that in each vibrational 

state the coupling terms can be approximated as V λ, v j, v j ′ (R ) ≈
V λ, v 0 , v 0 (R ) . 

4.1. H 2 -He potential energy surfaces 

We consider five different PESs: the PES of Schaefer and Köhler 

(SK PES) [78] , the modified Muchnick-Russek PES (mMR) [79,80] , 

the PES reported by Bakr, Smith and Patkowski (BSP) [2] and its 

two extensions: BSP2 and BSP3 [3] . 

The original PES of Schaefer and Köhler was based on the 

ab initio points reported in Ref. [81] with the configuration inter- 

action techniques. The SK PES covered a relatively large range of 

absorber-perturber distance R , (1.6 – 11 a 0 ) and was calculated for 

five intramolecular distances r hh between 0.9 and 2 a 0 , with three 

of them (1.28, 1.449, 1.618 a 0 ) determined at a higher level of ac- 

curacy [78] . The SK PES was originally presented in the form of 

V λ(R, r hh ) values. We made use of the form published in Ref. [80] . 

The mMR PES was published as a modification of the ab ini- 

tio potential of Muchnick and Russek [79] . The original MR PES 

covered a narrow range of r hh near 1.4 a 0 , but the analytic fit was 

expected to behave reasonably even up to 4 a 0 . The modification 

of this PES (mMR) [80] was performed to fit to the more accurate 

ab initio values reported in Ref. [82] , which were calculated with 

the complete fourth-order Møller-Plesset approximation. 

The BSP PES (and its further extensions) was obtained us- 

ing the coupled-cluster method with single, double and pertur- 

bative triple (CCSD(T)) excitations, taking also into account the 

contributions from the higher coupled-cluster excitations [2] . This 

PES was determined for ten values of r hh in the range of r hh ∈ 

[1 . 1 , 1 . 75] a 0 , which turned out to be insufficient for the accu- 

rate studies of processes involving vibrationally excited H 2 (see 

Section 2 of Ref. [5] for details). This problem was solved in the 

second version of this PES, BSP2, which extended the ab initio data 

points range to r hh ∈ [0 . 65 , 3 . 75] a 0 . In the final extension of this 

potential, BSP3, an improved asymptotic behavior for the large val- 

ues of R was introduced (for details see Section 2 of Ref. [3] ). This 

PES (denoted as BSP3) was used in Ref. [1] . 

In Table 1 , we report the ab initio values of the line-shape pa- 

rameters for all the considered PESs. There are no fitted line-shape 

parameters because for the molecular hydrogen they can consider- 

ably deviate from the real ones due to a strong numerical corre- 

lation. For this reason, we adopt a methodology that is more ade- 

quate to study the collisional effects in H 2 , i.e., instead of compar- 

ing the fitted values of the collisional line-shape parameters with 

theory, we directly compare the ab initio line shapes with exper- 

imental spectra and the RMSE of their difference gives us infor- 

mation about the agreement between the theory and experiment. 

Fig. 4. Differences between experimental data and modelled spectra with central 

frequency fitted by means of the multispectrum fitting technique and line inten- 

sity fixed to the theoretical value [83] . Green, blue, gray and black lines are the 

residuals for the mMR, SK, BSP and BSP3 potentials, respectively. Vertical gray lines 

correspond to the unperturbed line position [83] . 

This way we can also check separately an individual influence of 

any of the six collisional line-shape parameters, see Fig. 3 . 

In Fig. 4 we show a comparison between the experiment and 

theory for different PESs. Contrary to the analysis from Figs. 2 

and 3 , here the line intensity is not adjusted but settled to the 

fixed theoretical value [83] (this is why the black residuals from 

Fig. 4 are slightly larger than the red ones from Figs. 2 and 3 ) to 

get a clear comparison and to not artificially compensate inaccu- 

rate values of some of the line-shape parameters by the line-fitting 

procedure. 

The smallest residuals are for the most recent BSP3 PES, see the 

black lines in Fig. 4 . The residuals for the BSP2 PES are hardly dis- 

tinguishable from the ones for BSP3 (hence, we do not show them 

in Fig. 4 ). Physically, this means that any inaccuracies of the BSP2 

potential at large separations between H 2 and He are minor rela- 

tive to the sensitivity of the line-shape parameters to the asymp- 

totic behavior of the PES, at this level of accuracy. This is consistent 

with the expectation that at room-temperature energies the gener- 

alized spectroscopic cross sections are hardly sensitive to the long- 

range part of the PESs (see Appendix C of Ref. [3] ). The asymptotic 

behavior influences the values of the line-shape parameters at the 

subpercent level, see the BSP2 and BSP3 rows in Table 1 . 

The residuals for the BSP PES are shown in Fig. 4 as gray lines. 

The main difference between BSP and BSP3 is that BSP does not 

cover as large a range of intramolecular separations in H 2 , see 

Fig. 1 in Ref. [5] . For the second overtone, at higher pressures, 

the residuals for BSP (blue line in the top panel in Fig. 4 ) are 

larger than for BSP3 (red line). It is consistent with our expecta- 

tions but at the present level of accuracy the difference is not yet 

large enough to unambiguously conclude that we experimentally 

validate the highly-stretched regions of the PESs. 

The residuals for the SK and mMR PESs are shown in Fig. 4 as 

blue and green lines, respectively. For these two cases, the residu- 

als are much larger (especially for the mMR PES) than for the three 

versions of the BSP PES. This confirms the preliminary analysis of 

Ref. [5] . 

4.2. Centrifugal distortion (CD) 

We performed additional scattering calculations on the 

BSP3 PES to determine the influence of the CD on the accu- 

racy of theoretically modelled spectral line shapes. Figure 5 

presents CD of the wave functions of H 2 in the three vibrational 

states considered in the experiment. The difference between the 
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Fig. 5. Rovibrational wave functions of ortho-H 2 , χv j (r hh ) ( j = 1 to j = 15 ) con- 

sidered in our scattering calculations. For small j numbers the wave functions are 

overlapped. 

purely vibrational state, χv 0 (r hh ) , and the true wave function, 

χv j (r hh ) , increases with both j and v . Due to the fact that H 2 has 

a remarkably large rotational constant ( B = 60 . 853 cm 

−1 [4] ), this 

effect should be pronounced in the rovibrational spectra of this 

molecule. The influence of the CD on the pressure broadening and 

shift coefficients was studied by Green [84] in the He-perturbed 

Q lines of D 2 from the fundamental band and by Shafer and 

Gordon [49] and Dubernet and Tuckey [85] in the He-perturbed 

isotropic Raman Q lines of the fundamental band and S purely 

rotational lines of H 2 . These studies concluded that CD has a rela- 

tively small effect on both the pressure broadening and shift in the 

fundamental band (about 1–3%), but can significantly modify the 

pressure shift of the purely rotational lines, which is very sensitive 

to the difference in the elastic scattering in two rotational states. 

The majority of recent theoretical investigations [3,5,21–23] took 

this effect into account for purely rotational lines, but neglected it 

for rovibrational transitions. It was suggested [5] that in the latter 

case, CD might be masked due to the large contribution from the 

vibrational dephasing. 

Here, we report values of the six line-shape parameters calcu- 

lated with and without CD, see Table 2 . In Fig. 6 we show the com- 

Fig. 6. The influence of centrifugal distortion (CD) on the theory-to-experiment 

consistency. We present differences between experimental data and modeled spec- 

tra with central frequency fitted by means of multispectrum fitting technique and 

line intensity fitted individually for each pressure. Black and red lines correspond 

to the cases when the CD was and was not taken into account, respectively. CD has 

a negligible effect on the Q line, therefore the lines are overlapping. Vertical gray 

lines correspond to the theoretical unperturbed line position. 

parison between the experimental spectra and the theoretical line 

shape calculated with and without including the CD. 

For the 3-0 S(1) line, CD modifies the �0 and �SD by over 

5%. The rest of the parameters, in particular, the pressure shift 

�0 , are modified by over 2.5%. CD leads to lower differences be- 

tween theoretical and experimental spectra, and reduces the mean 

rRMSE calculated for ±FWHM from 0.99% to 0.89%. In the case of 

the 2-0 Q(1) line, CD has almost no effect on the calculated line- 

shape parameters and the spectra calculated with and without it 

overlap. This result agrees with the observation of Dubernet and 

Tuckey [85] , who reported that the influence of CD on the Q( j) 

lines is significantly smaller than on the S( j) lines. 

The fact that the collisional broadening for the two rovibra- 

tional lines which differ only in the final spectroscopic state differs 

by a factor of two might be surprising. As it turns out, collisional 

widths of rovibrational lines in H 2 (both He- and self-perturbed) 

exhibit an unusually strong dependence on the vibrational quan- 

tum number (see, for example Fig. 6 in Ref. [17] or Fig. 4 in 

Ref. [6] ). This is caused by a large contribution to the line broaden- 

ing from the vibrational dephasing, which mainly originates from 

the difference between the isotropic parts of the PES in initial and 

final vibrational states. As discussed in Refs. [3,5,22] , this difference 

increases for 0- v transitions with v . Apart from the dephasing part, 

there is also a significant difference in the inelastic contribution to 

the collisional broadening between the Q v (1) and S v (1) lines. The 

former have significantly smaller inelastic contribution to �0 , due 

to the fact that the first inelastic transition from either initial or 

final spectroscopic state is possible once the first inelastic chan- 

nel becomes accessible (here, for E kin ≈ 500 cm 

−1 ). On the other 

hand, for the S v (1) line the inelastic contribution from the scat- 

tering in the final spectroscopic state ( v , J = 3 ) is non-zero even at 

very low kinetic energies. Moreover, the inelastic contribution in- 

creases with v because the spacing between the rotational energy 

levels in a given vibrational state decreases with v . 

4.3. Propagation of the uncertainties of the line-shape parameters on 

the residuals 

In the previous section, we demonstrate that an almost-6% 

change on the line-shape parameters can be introduced with the 

addition of the CD for the case of the 3-0 S(1) line, see Table 2 . At 

the same time, in Fig. 2 we show that adding the CD improves the 

mean rRMSE for the 3-0 S(1) line by approximately 0.38% for the 

highest pressure (from 1.24% in Ref. [1] down to 0.86% in Fig. 2 ). 

In this section we explain this apparent inconsistency by analysing 

how the changes of the line-shape parameters propagate to the 

magnitude of the residuals. To do it, we directly simulate the line- 

shape profile for the original and corrected values of the line-shape 

parameters (the first and middle columns in Table 2 , respectively) 

and we calculate rRMSE of the difference. All of the following dis- 

cussion is made for the case of the 3-0 S(1) hydrogen line since CD, 

at this level of accuracy, has insignificant impact on the Q-branch 

lines [85] . 

The perturbations of �0 and �0 (by 5.65% and 2.06%, respec- 

tively) have the largest impact and change the profile by almost 

2% for each of the two parameters in the high-pressure limit, see 

the top panel in Fig. 7 . Curves overlapping with each other are a 

coincidence. For the case of our experiment, perturbations intro- 

duce an approximately 0.2% profile change (rRMSE) for the low- 

est and approximately 0.8% for the highest pressure. This is over 

7 times less than the magnitude of the �0 correction. As a refer- 

ence for the numerical tests, we derive a simple analytical formula 

that describes propagation of the �0 and �0 uncertainties on the 

residuals for the case of the Lorentz Profile (LP), see Appendix A. 

The analytical values, which are valid in the high-pressure limit in 

which the profile is close to the LP, are shown in the top panel in 
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M. Słowi ́nski, H. Jóźwiak, M. Gancewski et al. Journal of Quantitative Spectroscopy & Radiative Transfer 277 (2022) 107951 

Fig. 7. Propagation of the uncertainties of the line-shape parameters on the resid- 

uals for the case of the He-perturbed 3-0 S(1) H 2 line. The vertical axis is rRMSE of 

the difference between the SDBBP generated for the uncorrected and centrifugal- 

distortion corrected values of the line-shape parameters (see Table 2 ). The first 

three panels show the results for the case when only one line-shape parameter 

is changed (see the labels in the plots). It is a coincidence that the two lines in the 

top panel overlap. The bottom panel shows the overall difference when all six line- 

shape parameters are changed. The dashed lines in the top panel are the analytical 

reference values (the same color notation as for solid lines), see Appendix A. The 

gray vertical lines correspond to the experimental pressures covered in this paper. 

Table 2 

Line-shape parameters for the 3-0 S(1) and 2-0 Q(1) H 2 lines, determined with 

our ab initio quantum-scattering calculations, using the BSP3 PES. Columns 

show the impact of the centrifugal distortion (CD) included in the calculations, 

showing both the line-shape parameter values and differences respective to the 

ones reported in Ref [1] . The calculations are done for T = 296 . 6 K for the 3- 

0 S(1) line and for T = 294 . 2 K for the 2-0 Q(1) line with the corresponding 

Doppler frequency equal to ω D = 64 . 01 × 10 −3 cm 

−1 and 41 . 96 × 10 −3 cm 

−1 , re- 

spectively. All the parameters are given in 10 −3 cm 

−1 and are calculated for 

n p = 1 amg. 

Ref. [1] Ref. [1] + CD � [%] 

3-0 

S(1) Line 

�0 11 .72 12 .38 5 .65 

�0 30 .51 31 .14 2 .06 

�SD 5 .40 5 .71 5 .61 

�SD 12 .42 12 .69 2 .15 

νr 
opt 37 .96 37 .56 −1 .06 

ν i 
opt −17 .45 −17 .96 2 .91 

2-0 

Q(1) Line 

�0 5 .74 5 .75 0 .17 

�0 19 .51 19 .36 −0 .77 

�SD 2 .68 2 .68 0 .00 

�SD 8 .06 8 .00 −0 .74 

νr 
opt 41 .64 41 .65 0 .02 

ν i 
opt −11 .31 −11 .35 0 .35 

Fig. 7 as the dashed horizontal lines (black for �0 and red for �0 ). 

The full numerical values (solid lines in the top panel in Fig. 7 ) 

in the high-pressure limit are close to the analytical values. The 

slight difference is caused by the influence of the speed-dependent 

effects, the velocity-changing collisions, and the competition be- 

tween them [70] that are present in our full line-shape model. 

The perturbations of �SD and �SD have an approximately four- 

times smaller impact on the profile than the speed-averaged ones, 

with a maximum change of approximately 0.5% in the high- 

pressure limit and changes approximately 0.07% and 0.3% for low- 

est and highest experimental pressure, respectively, see the second 

panel in Fig. 7 . The corrections of both νr 
opt and ν

i 
opt change the 

rRMSE by approximately 0.1% in the high-pressure limit and by 

approximately 0.05% and 0.1% for the low and high experimental 

pressures, respectively, see the third panel in Fig. 7 . It is worth 

mentioning that for the differences introduced by the complex 

Dicke narrowing changes, the rRMSE curve has a different shape 

and has a maximum around 1.5 atm instead of an infinite pres- 

sure. 

Introducing all corrections at once leads to an approximately 2% 

rRMSE change in the high-pressure limit, see the bottom panel in 

Fig. 7 . For the case of our experiment, the changes are approxi- 

mately 0.3% and 1% for the lowest and highest experimental pres- 

sure, which are impressively low taking into account the almost-6% 

magnitude of perturbations. The actual difference between resid- 

uals (from the theory-experiment comparison) for the cases with 

and without CD is even smaller than 0.3% and 1% for the lowest 

and highest experimental pressures. This is caused by the fact that 

the line intensity and linear baseline were fitted to the experimen- 

tal data. 

4.4. Relation of the present results with the previous works 

It is true that the standard phenomenological models, taking 

into account the speed-dependent broadening and shift and com- 

plex Dicke-narrowing, with fitted parameters can provide a bet- 

ter representation of the data. Let us recall some recent works for 

the H 2 isotopologues. In Ref. [35] for a self-broadened D 2 line, it 

was shown that the SDBBP is able to fit experimental data within 

the experimental noise when all the parameters are adjusted. Fit- 

ting all the parameters leads to a significant improvement of the 

quality of the fit, however, some discrepancy between the param- 

eters obtained from the fit and those from ab initio calculations 

was observed. In the case of the pressure broadening parameter it 

leads to a 14% deviation, while in the case of the parameter char- 

acterizing the speed dependence of the collisional width and shift, 

the deviation can even exceed an order of magnitude. Several D 2 

lines from the same band were analyzed in Ref. [86] using the 

speed-dependent Nelkin-Ghatak profile (SDNGP) with a quadratic 

speed dependence of collisional broadening and shift. This pro- 

file was also able to fit the experimental data within the exper- 

imental noise when all the line-shape parameters were fitted. It 

should be pointed out, however, that the narrowing parameter ob- 

tained from the SDNGP fit differs by a factor of about 3 from the 

SDBBP fit. Also, SDNGP with a quadratic speed dependence of col- 

lisional broadening and shifting was applied to the H 2 lines in 

Ref. [35] and was able to fit experimental data within the experi- 

mental noise. The narrowing parameter obtained from this fit dif- 

fers by a factor of 2 from the expected value and the speed de- 

pendence was overestimated ( �SD was larger than 2/3 �0 , which 

is unphysical). These examples as well as older works in literature 

considering H 2 lines clearly show that the phenomenological mod- 

els can fit experimental data well, however, the physical meaning 

of the parameters is problematic. Therefore, in this work we are 

focused on a direct comparison of ab initio calculations and exper- 
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imental data rather than on fitting some phenomenological line- 

shape profiles. 

We would like to emphasize that in the present work we per- 

formed an advanced analysis of the H 2 spectra that has not been 

done before. Our analysis provides a deep physical understanding 

of the collisional effects imprinted in the shapes of the H 2 lines. 

The key result of the present work is shown in Fig. 3 . In contrast to 

the previous works, here we analyze step-by-step the contribution 

of each of the six collisional line-shape effects. For instance, the 

blue line in Fig. 3 b shows that the very strong speed dependence 

of the collisional shift is essential for an accurate description of 

the spectra. Furthermore, in Fig. 3 we demonstrate the importance 

of the contribution of the imaginary part of the Dicke parameter. 

We show that if we set the imaginary part of the Dicke param- 

eter to zero, then the agreement between theory and experiment 

is a few times worse. In Fig. 3 , we also demonstrate that all of 

these six collisional contributions have to be taken into account to 

reach this high agreement with experiment. This is a very interest- 

ing case in molecular spectroscopy. For most molecular species, the 

line shape is greatly dominated by one, two, or sometimes three 

contributions, and others are either completely negligible or have 

a small impact. Here, we were able to properly interpret all the 

collisional contributions in the case when all six effects play an 

important role. 

5. Conclusion 

In this work, we used the highly accurate experimental spec- 

tra of the 3-0 S(1) and 2-0 Q(1) molecular hydrogen absorption 

lines perturbed by helium to study collisional line-shape effects. 

We clearly distinguished the influence of six different collisional 

effects (i.e.: collisional broadening and shift, their speed dependen- 

cies, and the complex Dicke effect) on the shapes of the H 2 lines. 

We showed that only the specific combination of these six con- 

tributions, obtained from our ab initio calculations, gives unprece- 

dentedly good agreement with experimental spectra. If any one of 

the six contributions is neglected, then the agreement between the 

experiment and theory worsens at least several times. We also in- 

cluded the centrifugal distortion in our ab initio calculations, which 

further improved the agreement with the experimental spectra. 

Declaration of Competing Interest 

The authors declare that they have no known competing finan- 

cial interests or personal relationships that could have appeared to 

influence the work reported in this paper. 

CRediT authorship contribution statement 
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Appendix A 

In this Appendix we derive analytical formulas representing the 

relative root-mean-square error (rRMSE) for the small perturbation 

of the broadening and shift parameters. By this analysis one can 

quantify how an error on the line-shape parameters propagates on 

the final spectral line-shape-profile accuracy. We utilize a simple 

example of the normalized Lorentz profile 

L ( ω;�, �) = 

1 

π

�

�2 + ( ω − �) 
2 
. (A.1) 

Perturbation of the broadening parameter 

We analyze a small change of the broadening parameter � → 

� + ε�. The relative difference caused by the perturbance of the 

profile is 

D �(ω ; ε�) = 

L ( ω ;� + ε�, �) − L ( ω ;�, �) 

L ( 0 ;�, �) 
. (A.2) 

To quantify the error on the final line-shape profile, we utilize 

rRMSE at ± FWHM of the line center, which can be expressed as 

rRMSE(ε�) = 

√ 

1 

4�

∫ 2�
−2�

[ D �(ω; ε�) ] 
2 
dω . (A.3) 

Because L ( 0 ;�, �) is independent on ω, one can calculate typical 

RMSE and divide it by L ( 0 ;�, �) to determine rRMSE as well. 

Since our goal is only to quantify the errors, the actual position 

of the line is irrelevant and the vertical axis can be adjusted so 

that � = 0 , which simplifies the further formulas. The integration 

in Eq. (A.3) can be analytically performed and, since we consider 

small perturbations of the line-shape parameters, expanded into a 

series, the linear term of which is 

rRMSE(ε�) ≈
√ 

73 
15 

+ 

25 atan 2 
2 

10 

ε�

�
≈ 0 . 433 

ε�

�
. (A.4) 

The above formula allows to estimate the rRMSE caused by the 

change ε� of broadening line-shape parameter, �. 

Perturbation of the shift parameter 

We repeat above discussion for the case of a small change of 

the shift parameter � → � + ε�. The relative difference caused by 

the perturbance of the profile is 

D �(ω ; ε�) = 

L ( ω ;�, � + ε�) − L ( ω ;�, �) 

L ( 0 ;�, �) 
. (A.5) 
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Fig. A1. The numerical validation of the analytical formulas for the relative root 

mean square errors (see text for more details). The black curves represent the nu- 

merical values and the red ones stand for analytical ones. Dashed and plain black 

curves of left panel corresponds to the negative and positive values of ε�/ �, re- 

spectively. 

The same reason as mentioned before allows us to exclude � pa- 

rameter and focus only on its distortion, i.e., ε�. Again, we quan- 

tify the error by calculating rRMSE at ±FWHM, which is 

rRMSE(ε�) = 

√ 

1 

4�

∫ 2�
−2�

[ D �(ω; ε�) ] 
2 
dω . (A.6) 

Similarly, rRMSE can be determined by dividing typically calculated 

RMSE by L ( 0 ;�, �) . The integral can be analytically performed, 

expanded into series and since we consider small perturbations 

again, approximated by linear term which is 

rRMSE(ε�) ≈
√ 

77 
15 

+ 

25 atan 2 
2 

10 

ε�

�
≈ 0 . 436 

ε�

�
. (A.7) 

The above formula allows to estimate the rRMSE caused by the 

change ε� of shift line-shape parameter, �. 

The direct comparison of the numerical results with 

Eqs. (A.4) and (A.7) is presented in Fig. A.1 . 
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a b s t r a c t 

We present a procedure for generating the parameters of the Hartmann-Tran profile (HTP) from purely 

first principles calculations. Starting from an absorber-perturber interaction potential, we calculate S - 

matrices describing the effect of collisions on the absorbing molecule. We then use the generalized Hess 

method to calculate speed-dependent pressure shift and broadening parameters, and the complex Dicke 

parameter, νopt , which accounts for such effects as the Dicke effect and correlations between dephasing 

and velocity-changing collisions. Based on these ab initio results, we derive the Hartmann-Tran profile 

parameters and evaluate the validity of the quadratic approximation of speed dependence and the hard- 

collision model of velocity-changing collisions adopted in the Hartmann-Tran profile. We also discuss the 

interpretation and speed dependence of νopt . Finally, we evaluate the approximation scheme for temper- 

ature dependence of HTP line-shape parameters adopted in the 2016 edition of the HITRAN database. 
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1. Introduction 

The availability of accurate line-shape parameters, including the 

ones accounting for speed-dependent effects [1–3] and velocity- 

changing collisions [4] , combined with an appropriate line-shape 

model permitting efficient evaluation of molecular line shapes are 

crucial for faithful reconstruction and interpretation of accurate 

molecular spectra [5–9] and for reduction of model-induced er- 

rors in atmospheric measurements of the Earth and other plan- 

ets [10] . Various beyond-Voigt profiles [2,11–17] have been suc- 

cessfully used in analysis of molecular spectra exhibiting influence 

of speed dependence of broadening and shift as well as the in- 

fluence of the Dicke effect, but their complexity and high compu- 

tational cost made them unsuitable for use beyond interpretation 

of laboratory spectra. Since then, it was shown that the compu- 

tational cost of a class of such profiles can be significantly low- 

ered by employing the quadratic approximation of speed depen- 

dence [18–20] , reducing it to at most five times that of the Voigt 

profile. The Hartmann-Tran profile utilizes this development and 

encompasses several beyond-Voigt profiles, allowing for fast and 

accurate line-shape modeling. This led to its recommendation by 

∗ Corresponding author. 

E-mail address: gkowzan@fizyka.umk.pl (G. Kowzan). 

the IUPAC [21] and its adoption in the 2016 edition of the HITRAN 

database [22] . 

The HTP is described by the Doppler width of the transition 

and six collisional parameters. The 2016 edition of the HITRAN 

database allows for inclusion of the values of four of them at 

four reference temperatures corresponding to different tempera- 

ture ranges. Of the remaining two, the correlation parameter is 

assumed to be temperature independent and the frequency of 

velocity-changing collisions is provided at a single temperature and 

described by a single power law for all temperature ranges. For 

two parameters, pressure broadening half-width and pressure shift, 

and for each temperature range, the temperature dependence co- 

efficients also have to be provided. The parameters introduced into 

the database should primarily allow for accurate modeling of mea- 

sured spectra in a wide temperature range. The task of filling the 

database with experimentally determined values of these param- 

eters is made difficult by high demands on signal-to-noise ratio 

of the spectra, imperfections of the line-shape model and strong 

numerical correlation between fitted parameters [20,21,23] . An al- 

ternate approach to the technically difficult and time-consuming 

measurements was recently proposed by Ngo and Hartmann [24] . 

It combines requantized classical molecular dynamics simulations 

(rCMDS) and currently available measurements of pressure broad- 

ening halfwidths to generate a subset of HTP parameters. Here, we 

https://doi.org/10.1016/j.jqsrt.2019.106803 

0022-4073/© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 



2 G. Kowzan, P. Wcisło and M. Słowi ́nski et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 243 (2020) 106803 

validate a method of obtaining all the HTP parameters from purely 

ab initio quantum-mechanical calculations. 

Pressure broadening and shift parameters based on ab initio 

quantum-mechanical calculations have already been obtained for 

a number of systems [25,26] , including CO-Ar [27–30] . In contrast, 

the complex Dicke parameter [31] νopt , has so far been only ob- 

tained in this manner for the hydrogen molecule isotopologues in 

helium baths [32–34] and D 2 -D 2 [35] , which are not representative 

of most systems relevant to atmospheric studies. Here, we derive a 

complete set of HTP parameters from ab initio calculations for the 

first time for an atmospherically relevant system, namely CO-Ar. 

More specifically, we apply this approach to the two P(2) and 

P(8) CO-Ar fundamental band lines. We calculate pressure broad- 

ening and shift coefficients, and the complex Dicke parameter for 

a broad temperature range and provide thermally-averaged and 

quadratic-speed-dependent values of these parameters directly ap- 

plicable to evaluation of the HTP. We establish the accuracy of the 

obtained pressure broadening and shift values by comparing them 

with the most accurate experimental values available, measured by 

Luo et al. [27] and Wehr et al. [30] . Further, we investigate the va- 

lidity of the HTP approximations in several ways. First, we evalu- 

ate the model of velocity-changing collisions assumed in the HTP 

by comparing the HTP line shapes with the speed-dependent bil- 

liard ball profile (SDBBP) [36] . Second, we evaluate the quadratic 

approximation of the speed dependence of broadening and shift by 

directly comparing the ab initio and quadratic speed dependence 

of the parameters and by comparing the HTP line shapes calcu- 

lated with ab initio and approximate speed dependence. Third, we 

examine the speed dependence of νopt and the consequences of 

including it in the HTP. We also validate a procedure for obtain- 

ing quadratic-speed-dependent parameters from otherwise known 

temperature dependence of thermally-averaged parameters [37,38] . 

The theoretical framework is described in Section 2 . The CO-Ar 

results are gathered in Section 3 . Tests of validity of various ap- 

proximations are presented in Section 4 before Section 5 that con- 

cludes. 

2. Theoretical framework 

The HTP is described by a set of seven parameters: 

HTP (�D , �0 , �0 , �2 , �2 , νVC , η;�ν) , (1) 

where �D is the Doppler half-width, �0 is the pressure-broadened 

half-width at half-maximum (HWHM), �0 is the pressure shift, 

�2 and �2 are the quadratic-speed-dependent pressure broaden- 

ing and shift, νVC is the frequency of velocity-changing collisions 

and η is the correlation parameter. The argument, �ν , of the func- 
tion is the detuning from the transition frequency. The pressure- 

independent equivalents of the five pressure-dependent parame- 

ters are defined as: γ0 = �0 /p, δ0 = �0 /p, γ2 = �2 /p, δ2 = �2 /p

and ˜ νVC = νVC /p. 
The HTP is otherwise known as partially-correlated quadratic- 

speed-dependent hard-collision profile. The hard-collision profiles 

are usually derived by solving the classical Boltzmann transport- 

relaxation equation for the distribution function f ( r , v 1 , t ) of the 

active molecule [13,39] . The arguments of the function are: the 

position r and velocity v 1 of the active molecule, and time t . 

The spectral line shape profile is obtained from the distribution 

function through the Fourier-Laplace transform. The solution of 

the Boltzmann equation is determined by the collision operator, 

which is separated into two terms: a first one, corresponding 

to dephasing collisions [40] , responsible for pressure broadening 

and shift, and a second one, corresponding to combined velocity- 

changing and dephasing collisions. This description results in the 

general shape of the resonances which is specialized to a par- 

ticular absorber-perturber pair by the speed-dependent pressure 

broadening and shift functions, �( v 1 ) and �( v 1 ), the frequency of 

velocity-changing collisions, νVC , and the degree of correlation be- 

tween those, through η. These four parameters are determined by 

the nature of absorber-perturber collisions, and provide a way to 

introduce precise ab initio quantum scattering calculations into the 

determination of line shapes. 

2.1. Broadening, shift and their dependence on speed 

Since the seminal works of Baranger [41–43] , Fano [44] and 

Ben-Reuven [45 , 46] the formulas for spectroscopic cross sections 

are well known. They rely on expressing spectral lines as Liouville 

space elements and pressure broadening and shift coefficients as 

diagonal matrix elements of the relaxation operator in the line ba- 

sis. For a diatomic molecule of mass m 1 perturbed by an atom of 

mass m 2 such elements are proportional to generalized cross sec- 

tions given by: 

σ q 

λ=0 
(νa , j a , νb , j b ; E kin ) = 

π

k 2 

∑ 

J a ,J b ,l ,l 
′ 
[ J a ][ J b ](−1) l −l ′ 

×
{
j a q j b 
J b l J a 

}{
j a q j b 
J b l ′ J a 

}
×

(
δl l ′ − S ∗J b (νb , j b , l 

′ ;νb , j b , l) S 
J a (νa , j a , l 

′ ;νa , j a , l) 
)
, (2) 

where J a , J b are total angular momenta, l, l ′ are orbital angular mo- 

menta and νa , j a , νb , j b are initial and final rovibrational quan- 

tum numbers of the diatomic before and after the optical transi- 

tion. {: : :} is the 6- j symbol, [ x ] stands for (2 x + 1) , q denotes the 

tensor order of the optical transition and λ denotes the rank of 

the molecular velocity tensor associated with the cross section. For 

electric dipole transitions considered in this article q = 1 and for 

the dephasing cross section λ = 0 . S -matrix elements are expressed 

in the total angular momentum coupling scheme for fixed kinetic 

energy E kin . The magnitude of the wavevector k is determined by 

the relative center-of-mass kinetic energy k 2 = 2 μE kin / h̄ 
2 , where 

μ = m 1 m 2 / (m 1 + m 2 ) is the reduced mass of the system. Subse- 

quently, the j and ν indices will be omitted for brevity. Similarly, 

all the HTP line-shape parameters, Eq. (1) , are implicit functions 

of temperature T , through energy dependence of σ q 

λ
(E kin ) aver- 

aged over Maxwell–Boltzmann distribution, but in the following 

the argument T will be omitted, e.g. �0 ≡�0 ( T ). The formulas are 

given for line-shape parameters expressed in units of angular fre- 

quency. The thermally-averaged parameters at a given concentra- 

tion of the perturbing atom, n , are obtained from the following ex- 

pression [47,48] : 

�0 − ı �0 = n 〈 v r 〉〈 σ q 

λ=0 
(E kin = μv 2 r / 2) 〉 , (3) 

where 〈 v r 〉 = 

√ 

8 k B T /πμ is the mean relative speed and 〈 . . . 〉 de- 
notes integration over the Maxwell–Boltzmann energy distribu- 

tion, 

〈 σ q 

λ=0 
(E kin ) 〉 = 

(
1 

k B T 

)2 ∫ ∞ 

0 

E kin σ
q 

λ=0 
(E kin ) e 

− E kin 
k B T d E kin . (4) 

The speed-dependent parameters are obtained by averaging the 

cross sections over the distribution function f ( v r | v 1 ) of relative 

velocity v r with respect to the absorber velocity v 1 at a given 

T [49] : 

�(v 1 ) − ı �(v 1 ) = n 

∫ ∞ 

0 

v r σ q 

λ=0 

(
E kin = μv 2 r / 2 

)
f (v r | v 1 ) d v r . (5) 

The obtained ab initio parameters are used to determine the 

quadratic-speed-dependent parameters (see Eq. (A.7) ), �2 , �2 , 

by requiring the derivatives of both ab initio and quadratic speed 

dependence to be equal at the most probable speed of the active 
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molecule v p = 

√ 

2 k B T /m 1 , hence: 

�2 = 

v p 
2 

d 

d v 
�(v 1 ) 

∣∣∣∣
v 1 = v p 

. (6) 

2.2. The complex Dicke parameter 

In the framework of the classical Boltzmann equation the 

physics of velocity-changing collisions and their effect on the line 

shape is encapsulated in the probability rate A ( v ′ 
1 
, v 1 ) , describing 

the probability per unit time for velocity change v ′ 
1 

→ v 1 of the 
absorber to occur. In order to obtain a closed-form solution, 

permitting fast evaluation of the line shape, a simplifying as- 

sumption is made. It assumes that the effect of a collision is 

independent of the initial collision velocity and that the final 

velocity is determined only by the frequency of velocity-changing 

collisions νVC and the equilibrium velocity distribution f MB ( v 1 ), 

i.e. , A ( v ′ 
1 
, v 1 ) = νVC f MB ( v 1 ) ; this assumption leads to the familiar 

hard-collision model. 

The separate treatment of confinement narrowing, colli- 

sional broadening and shift depends on the assumption that 

the associated velocity-changing and dephasing collisions occur 

independently. If velocity-changing collisions are correlated with 

dephasing collisions, then the νVC frequency is replaced by the 

νopt frequency which is in general smaller than νVC . The reason 

for this substitution is that the νVC frequency includes velocity 

changes of the part of optical coherence which was damped (or 

phase-shifted) by dephasing collisions. The HTP’s hard collision 

model takes into account this effect by defining νopt as 

νHTP 
opt (v 1 ) = νVC − η[�(v 1 ) + ı �(v 1 )] . (7) 

In Eq. (7) , η is a phenomenological correlation parameter and 

νVC is the constant frequency of velocity-changing collisions from 

the uncorrelated model. The imaginary part of νopt leads to an 

asymmetry of the profile distinct from the asymmetry caused by 

the speed dependence of pressure shift. 

Similarly to pressure broadening and shift coefficients, the com- 

plex Dicke parameter, νopt , can be calculated from first principles, 

provided an accurate interaction potential is available. The theory 

of Hess [50,51] connects the developments of Baranger [41–43] , 

Fano [44] and Ben-Reuven [45 , 46] with the quantum treatment of 

transport-relaxation phenomena [52,53] . In the resultant quantum 

Boltzmann-like kinetic equation the effect of correlated velocity- 

changing and dephasing collisions on the line shape is explicitly 

included and described in terms of the flow of the spectral transi- 

tion operator through the gas. Within the generalized Hess method 

(GHM) [54] , this leads to a definition of the cross section for veloc- 

ity change of an optical coherence. A formula for this cross section 

in terms of S -matrix elements and in the case of an isolated line of 

a diatomic molecule perturbed by an atom is provided below [54–

57] : 

σ q 

λ=1 
(νa , j a , νb , j b ; E) = 

π

k 2 

∑ 

J a ,J b 

l a ,l 
′ 
a ,l b ,l 

′ 
b 

[ J a ][ J b ] 
√ 

[ l a ][ l ′ a ][ l b ][ l ′ b ] 

×
(
l a l b λ

0 0 0 

)(
l ′ a l ′ 

b 
λ

0 0 0 

)⎡ 

⎢ ⎣ 

j a j a l b l ′ 
b 

j b l a j b l ′ a 
q J b J a λ

⎤ 

⎥ ⎦ 

× ı l 
′ 
a −l a + l ′ b −l b 

(
δl a l ′ a δl b l ′ b − S ∗J b (νb , j b , l 

′ 
b 
;νb , j b , l b ) 

×S J a (νa ; j a , l ′ a ;νa , j a , l a ) 
)
, 

(8) 

the same notation as in Eq. (2) is used. In addition, (: : :) refers 

to the 3- j symbol and [ ����] to the 12- j symbol of the second 

kind [58] . Introducing the collision integrals, ω 

s,s ′ 
λ

(q ) , as being the 

thermally averaged cross sections [56,57] : 

ω 

s,s ′ 
λ

(q ) = 〈 v r 〉 
∫ ∞ 

0 

x (s + s 
′ +2) / 2 e −x σ q 

λ
(E kin = xk B T ) d x, (9) 

the thermally-averaged frequency νopt is defined by 

νGHM 

opt = nM 2 

[ 
2 

3 
ω 

11 
1 (q ) 

∗ − ω 

00 
0 (q ) 

∗
] 
, (10) 

with M i = m i / (m 1 + m 2 ) . Clearly, for s = s ′ = 0 and λ = 0 we re- 

trieve the results from the earlier theories and nω 

00 
0 

(q ) = �0 −
ı �0 , see Eq. (3) . 

The form of νopt assumed by the HTP, Eq. (7) , is different from 

the one in the GHM, Eq. (10) . Eq. (7) defines νopt as a function 

of absorber’s speed and restricts νVC to real values. We obtain the 

values of νVC and η by requiring the thermally-averaged value of 

νHTP 
opt (v 1 ) to be equal to νGHM 

opt , which implies the following rela- 

tions: 

νVC = Re νGHM 

opt + η�0 , (11) 

η = − Im νGHM 

opt 

�0 

. (12) 

Together with the speed-dependent broadening �( v 1 ) and shift 

�( v 1 ), obtained according to Eq. (5) , this indirect identification 

of the HTP parameters, νVC and η, enables evaluation of the HTP 
based on quantum mechanical calculations. 

3. Results for Ar-perturbed CO lines 

Ab initio calculations of spectroscopic cross sections require a 

potential describing the interaction between the active molecule 

and the perturber molecule. In the case of CO and Ar, i.e. a di- 

atomic molecule and a structureless atom, the interaction poten- 

tial is expressed as a function of the distance R between the CO 

center of mass and the Ar atom, the distance r between C and O 

atoms, and the angle θ between the corresponding vectors R and 

r . In the current calculations, we used the potential of Sumiyoshi 

and Endo [59] , which was expanded in the basis of Legendre poly- 

nomials [60] up to 10th order. The extent of values for the CO bond 

length determined in [59] , namely 1.0 to 1.35 Å, covered 99.98% of 

the squared wave function amplitude of the upper vibrational state 

(for a non-rotating, j = 0 , CO), which from our experience can be 

considered as sufficient for accurate calculations of ν = 0 → 1 tran- 

sitions. 

The S -matrix calculations were performed with the MOLSCAT 

code [61] and its implementation of the modified log-derivative 

propagator [62,63] . The grid of collision energies at which S - 

matrices were calculated was limited to 1700 cm 

−1 [64] and its 

density was adjusted to obtain smooth σ q 

λ
curves, with denser 

sampling at low collision energies and sparser sampling at high 

collision energies. Fig. 1 shows the spectroscopic cross sections for 

the P(2) and P(8) lines with insets for collision energies below 

the potential well depth i.e. below 107.1 cm 

−1 . A power-law depen- 

dence was used to fit cross sections, see Eq. (A.4) , ignoring low- 

energy points. For Re (σ 1 
0 ) , Re (σ

1 
1 ) the cut off was set at 50 cm 

−1 , 

for Im (σ 1 
0 
) it was set at 100 cm 

−1 , and for Im (σ 1 
1 
) at 200 cm 

−1 . 

The cut offs for the fits of the real parts of cross sections were set 

to ignore low-energy points because they do not contribute sig- 

nificantly to Boltzmann integrals, Eqs. (4) , (9) , at most tempera- 

tures accessible to experiment and cause the fits to have different 

asymptotic limits than the ab initio data. For the imaginary parts 

of the cross sections, it was clear from visual inspection that the 

low-energy part could not be fitted well with a single power-law, 

therefore the limit was set even higher. The fitted values are pro- 

vided in Table A.1 and were used for evaluation of hypergeometric 
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Fig. 1. Spectroscopic cross sections describing the effects of dephasing (a, b) and velocity-changing (c, d) collisions. Insets show the cross sections for collision energies 

below the potential well depth (107.1 cm 

−1 ) and vertical dashed lines mark the well depth energy. The dashed lines show the fits of cross sections to power-law dependence 

from Eq. (A.4) . The crosses in (a) mark the mean relative speed energies ( = 

4 
π

k B T 
hc 

) corresponding to HITRAN reference temperatures: 50 K, 150 K, 296 K and 400 K. 

speed dependence according to Eq. (A.6) ; all the other results pre- 

sented in this paper are based on interpolated and extrapolated 

raw data, i.e. the solid lines in Fig. 1 . The P(2) line cross sections 

at low collision energies exhibit strong signatures of Ar-CO reso- 

nances [65] , which are much diminished for the P(8) line due to 

higher degree of centrifugal screening. 

The cross sections were extrapolated to higher energies if 

necessary and interpolated with cubic B-splines, before perform- 

ing the numerical integration of Eqs. (4) , (5) , (9) . The upper 

limit of integration for thermal averaging at a given temperature, 

Eqs. (4) , (9) , was set by the 0.9999 quantile of 〈 x 2 exp (−x ) 〉 distri- 
bution and the maximum absorber speed for which γ ( v 1 ; T ) (and 

δ( v 1 ; T )) was calculated was the 0.999 quantile of the Maxwell–

Boltzmann speed distribution. 

The calculations were carried out using the computer cluster of 

Institute of Physics of Rennes. The calculation time increases with 

increasing j a value for a P( j a ) line due to increasing number of ba- 

sis states. It amounts to a few hours for the P(2) line and up to a 

few days for, e.g. the P(14) line. The full determination of the line- 

shape parameters for all lines between rotational states populated 

at the considered temperatures would thus be in principle doable 

with only some more human time investment. However, since the 

purpose of the study is to demonstrate the general procedure and 

to investigate its broader implications, we restrict ourselves to the 

two P(2) and P(8) lines. 

Table 1 presents the line-shape parameters obtained from ab 

initio calculations cast into parametrization of the HTP adopted in 

the 2016 edition of the HITRAN database. Pressure-independent 

HTP parameters, γ 0 , δ0 , γ 2 , δ2 , ˜ νVC , were obtained in units of 

cm 

−1 /atm by evaluating Eqs. (3) , (10) for n = n 0 (T 0 /T ) and mul- 

tiplying the result by (2 πc) −1 , where n 0 is the Loschmidt con- 

stant, T 0 = 273 . 15 K and c is the speed of light in vacuum. The 

parameters are provided at four temperatures, together with coef- 

ficients allowing to approximate them at other temperatures with 

a linear function: δ′ 
0 
( Eq. (A.2) ), and with a power-law function: 

n γ0 ( Eq. (A.1) ) and κ ( Eq. (A.3) ). The details of the approximation 

scheme are provided in Appendix A , following Ref. [38] . 

Table 1 

HTP parameters of the P(2) and P(8) line within the parametrization adopted in the 

2016 edition of HITRAN: γ 0 , pressure half-width; n γ0 
, temperature depedence co- 

efficient of γ 0 ; δ0 , pressure shift; δ
′ , temperature dependence coefficient of δ0 ; γ 2 , 

speed-dependence of pressure half-width; δ2 , speed-dependence of pressure shift; 

˜ νVC , frequency of velocity-changing collisions; κ , temperature dependence coeffi- 

cient of ˜ νVC ; η, correlation parameter. The parameters n γ0 
, κ and η are dimension- 

less. All the other parameters are expressed in 10 −3 cm 

−1 / atm . The approximation 

scheme for temperature dependence of the parameters is described in Appendix A . 

Line Param. 
T ref 

50 K 150 K 296 K 400 K 

P(2) 

γ 0 252.2 109.8 65.68 34.16 

n γ0 
0.760 0.754 0.759 0.758 

γ 2 31.02 14.16 8.494 4.268 

δ0 −8 . 61 −2 . 6 −1 . 48 −0 . 812 

δ′ 0.105 0.0156 0.0035 0.00103 

δ2 2.15 0.014 −0 . 14 −0 . 132 

˜ νVC — 10.50 — —

κ — 1.16 — —

η — −0 . 045 — —

P(8) 

γ 0 202.0 79.99 47.90 27.08 

n γ0 
0.856 0.799 0.71 0.641 

γ 2 16.62 6.759 5.988 4.739 

δ0 −18 . 4 −6 . 76 −3 . 55 −1 . 51 

δ′ 0.19 0.043 0.0111 0.00297 

δ2 −1 . 15 −0 . 318 −0 . 113 0.00305 

˜ νVC — 36.46 — —

κ — 0.861 — —

η — 0.231 — —

Fig. 2 shows the ab initio (solid line) and approximate values 

(dashed line) of the HTP parameters. For the P(8) line γ 0 values, 

the differences between ab initio and approximate values stay be- 

low 1% in the whole temperature range considered here. For the 

P(2) line the agreement is even better and discrepancies are not 

larger than 0.1%, except in the lowest temperature range, i.e. below 

150 K. This can be seen to be consistent and indicative of how well 

the appropriate cross sections, see Fig. 1 , themselves agree with 

the power-law dependence. The temperature dependence of γ 2 is 
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Fig. 2. Temperature dependence of pressure-independent line-shape parameters of P(2) and P(8) lines: (a) pressure half-width γ 0 , (b) pressure shift δ0 , (c) speed-dependence 

of pressure half-width γ 2 , (d) speed-dependence of pressure shift δ2 , (e) frequency of velocity-changing collisions ˜ νVC , (f) correlation parameter η. The vertical dashed lines 

delimit the temperature ranges and the circles mark the line-shape parameters at the reference temperatures defined in the 2016 edition of the HITRAN database. The black 

dashed curves show the results of applying linear approximation, Eq. (A.2) , in panels (b, d, f) and power-law approximation, Eqs. (A .1) , (A .3) , in panels (a, c, e). The horizontal 

dashed lines in (d) and (f) mark the zero level. 

not explicitly included in the 2016 edition of the HITRAN database, 

with only the values at reference temperatures being given, but it 

can also be seen in Fig. 2 c that it is well described by power-law 

dependence. The approximate γ 2 values match the ab initio values 

within 1% above 100 K for the P(2) line and above 200 K for the 

P(8) line, while at lower temperatures the discrepancies reach sev- 

eral percent for both lines. It should be noted at this point that the 

effect on the line shapes of these several-percent approximation 

errors of γ 2 is negligible compared to the effect of the quadratic 

approximation itself. We fitted ˜ νVC values to a power law with 

exponent κ in the whole temperature range based on the refer- 

ence value of ˜ νVC evaluated at 150 K. The error of approximation 

is within 4% in the whole range for the P(2) line. For the P(8) line, 

the perfect agreement at the reference temperature worsens to 10% 

and 20% at higher and lower edges of temperature range, respec- 

tively. For both lines approximation errors of δ0 stay below 10% 

and only increase beyond that value at temperatures below 100 K. 

For δ2 , the relative error between the full quantum and the ap- 

proximation is not a relevant quantity to discuss as δ2 is close (or 
even equal) to zero. The approximated and reference δ2 values dif- 
ferences are however found to be small and the error made when 

using the approximation would have a negligible influence on the 

actual line shape. 

The spectroscopic cross sections used in Fig. 1 and in all sub- 

sequent calculations are available in the supplementary material 

[dataset] [66] . Also included are the HTP parameters for tempera- 

tures from 30 K to 800 K in step of 10 K, i.e. the data for solid lines 

in Fig. 2 , and the contents of Table 1 . 

We estimate the accuracy of the calculations by comparing our 

γ 0 and δ0 values with the ones reported in [27,30] . Luo et al. 

[27] provided broadening and shift parameters for P and R branch 

transitions up to rotational level j = 24 , whereas the overall more 

accurate results of Wehr et al. [30] are available only for P( j a ) 

lines with j a = 1 , 2 , 5 , 7 , 10 , 13 , 16 . Table 2 presents the comparison 

for the P(2) line at the experimental temperatures. The pressure 

broadening parameters γ 0 were found to all agree at sub-percent 

level, but for pressure shifts δ0 the observed discrepancies were 

larger, reaching to about 3% for two of the considered tempera- 

Table 2 

Comparison of pressure broadening γ 0 and shift δ0 coefficients 

calculated in this work and measured by Wehr et al. [30] for the 

P(2) line. The values in the table are in 10 −3 cm 

−1 / atm unless 

specified differently in the parentheses. 

Param. T (K) Wehr Calc. Diff. Diff. (%) 

γ 0 

323.9 60.99(5) 61.34 −0 . 35 −0 . 57 

294.5 65.33(3) 65.94 −0 . 61 −0 . 93 

258.7 72.53(5) 72.75 −0 . 22 −0 . 30 

236.4 77.81(4) 77.89 −0 . 08 −0 . 10 

214.1 83.89(5) 83.95 −0 . 06 −0 . 07 

δ0 

323.8 −1 . 37(4) −1 . 39 0.02 −1 . 38 

295.0 −1 . 46(2) −1 . 49 0.03 −1 . 94 

258.7 −1 . 70(4) −1 . 64 −0 . 06 3.24 

236.4 −1 . 82(3) −1 . 77 −0 . 05 3.00 

214.0 −1 . 90(3) −1 . 91 0.01 −0 . 68 

tures. The shifts are in general considered more difficult to calcu- 

late accurately because of their higher sensitivity to the shape of 

the potential, slower convergence with total angular momentum 

J tot and their lower absolute values. The last factor is especially 

important for the fundamental band transitions considered here, 

which are characterized by very weak pressure shifts. As an ex- 

ample of relatively slow convergence of Im (σ 1 
0 ) with J tot , at E kin = 

300 cm 

−1 the required J tot value for 1% accuracy was 328, but for 

Re (σ 1 
0 
) it was only 109. Comparing the calculated pressure broad- 

ening of the P(8) line at 296 K equal to 47 . 90 × 10 −3 cm 

−1 / atm 

with the value of 46 . 96 × 10 −3 cm 

−1 / atm measured by Luo et al. 

[27] , we see a discrepancy of 2%, which is to be expected con- 

sidering that broadening of other transitions measured both by 

Luo et al. [27] and Wehr et al. [30] was found to be underesti- 

mated by the former by a similar amount. Because the variations 

in pressure shift of P-branch lines for j a values between 7 to 13 

are smaller than 1% [30] , which is less than the disagreement be- 

tween δ0 values of Luo et al. [27] and Wehr et al. [30] , we compare 

our value of P(8) line pressure shift of −3 . 56 × 10 −3 cm 

−1 / atm 

with the pressure shift of the P(7) line from Ref. [30] equal to 

−3 . 51 × 10 −3 cm 

−1 / atm . The difference between these values is 
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−1 . 4% , which confirms the accuracy of our calculated pressure 

shift coefficient for the P(8) line. 

4. Validity of the HTP approximations 

4.1. Validity of the quadratic approximation 

Fig. 3 shows the ab initio speed dependence of the line- 

shape parameters and their approximation (see Appendix A ) with 

quadratic and hypergeometric functions at 296 K. The quadratic 

speed dependence was derived from ab initio dependence based 

on Eq. (6) and the hypergeometric speed dependence was obtained 

with Eq. (A.6) from power-law fits of spectroscopic cross sections 

shown in Fig. 1 . As described in Appendix A , Eq. (A.4) , different 

power-law dependencies of spectroscopic cross sections on colli- 

sion energy give rise to different speed dependence of pressure 

broadening and shift. Quadratic speed dependence of �( v 1 ), �( v 1 ) 

is associated with square-root energy dependence of cross sec- 

tions, whereas hypergeometric speed dependence allows for an ar- 

bitrary exponent in power-law dependence. As evidenced by the 

fitted exponents provided in Table A.1 , square-root law ( α = 1 / 2 

in Eq. (A.4) ) would fail at modeling the cross sections in Fig. 1 . 

Hypergeometric model can be therefore expected to better ac- 

count for speed dependence of broadening and shift. For the P(2) 

line broadening this improvement is confirmed, but for the P(8) 

line broadening the quadratic model better matches the ab initio 

data. For line shifts the situation is reverse. This shows that bet- 

ter physical justification of the power law [67] and more accurate 

modeling of σ q 

λ
(E) cross sections it offers, does not simply trans- 

late to improved performance of the hypergeometric model over 

the quadratic model. The work of Lance et al. [68] on C 2 H 2 -Xe 

line shapes and the recent developments by Gamache and Vispoel 

[69] suggest that a sum of hypergeometric functions or a higher 

order polynomial model would be required to unequivocally im- 

Table 3 

Integrated absolute-value percent differences between ab inito , quadratic (quad) and 

hypergeometric (hg) speed dependence. The residuals were weighted by Maxwell–

Boltzmann speed distribution and divided by thermally-averaged values of the pa- 

rameters at 296 K. All the values are given in percents. 

Param. 
P(2) P(8) 

quad hg quad hg 

γ 2.8 0.2 0.8 1.5 

δ 0.8 3.0 1.7 1.6 

prove on the quadratic approximation. The level of disagreement 

between different models is quantified and summarized in Table 3 . 

In order to study the influence of the quadratic approximation 

on the line shapes, we have simulated several profiles, see Fig. 4 . 

The three selected pressures – 10, 40 and 300 Torr – correspond to 

�0 / �D ratios of about 0.13, 1.0, 3.9. The top panel shows the SDBBP 

with ab initio speed dependence (aiSDBBP), which we treat here 

as the reference line-shape model following its success in describ- 

ing the line shapes of a variety of molecular systems, see refer- 

ences in [26] , and CO-Ar in particular [29] . The remaining profiles 

are: HTP (qHTP), HTP with ab initio speed dependence (aiHTP) and 

SDBBP with quadratic speed dependence (qSDBBP). The top panel 

profiles and profile differences in lower panels are normalized to 

the peak value of aiSDDBP at each pressure. The lack of appre- 

ciable differences between aiHTP - aiSDBBP and qHTP - qSDBBP 

curves shows that the differences between quadratic and ab initio 

speed dependence are not large enough to affect the comparison 

between hard-collision and billiard ball model. That is to say, the 

effects of quadratic and hard-collision approximations are additive 

and considering them separately here is justified. The differences 

(qHTP −aiHTP) between the quadratic HTP and ab initio HTP ob- 

tained using the HTP in conjunction with Eqs. (5) and (6) exhibit 

the expected increase with increasing pressure and qualitatively 

Fig. 3. Speed-dependent broadening and shift of P(2), (a, c), and P(8), (b, d), lines at 296 K. Black lines show the speed dependence obtained by evaluating Eq. (5) directly 

on the cross sections; blue lines show the hypergeometric speed dependence described by Eq. (A.6) evaluated with power-law fit coefficients from Table A.1 ; red lines show 

quadratic speed dependence described by Eq. (A.7) evaluated with coefficients obtained from Eq. (6) . On panel (a) the black and blue curves overlap and are indistinguishable. 

Maxwell–Boltzmann speed distribution of CO at 296 K is shown as a dashed curve. (For interpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 
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Fig. 4. P(2) line (left column) and P(8) line (right column) simulated line-shape profiles at 296 K. Top row shows the SDBBP with ab initio speed dependence (aiSDBBP) 

normalized to the peak value of the profile at each pressure. Lower rows show the differences between HTP (qHTP), HTP with substituted ab initio speed dependence (aiHTP), 

SDBBP with quadratic speed dependence (qSDBBP) and aiSDBBP. The differences between profiles were normalized by dividing them by the peak value of aiSDBBP profile at 

the same pressure. The frequency axis in each plot is in units of full-width at half-maximum (FWHM) of the aiSDBBP. 

follow the results from Table 3 ; the P(8) line speed dependence is 

more faithfully modeled by quadratic speed dependence than the 

P(2) line. Notably, for the P(8) line the combined effect of quadratic 

and hard-collision approximations reduces the residuals relative to 

only hard-collision approximation, see the qHTP −aiSDBBP curve, 

showing strong correlation between �2 and νVC . The accuracy 

of the quadratic approximation is on the order of a single per- 

cent, which is similar to the level of disagreement between hard- 

collision and billiard ball models (qHTP −qSDBBP). This shows that 

for these CO-Ar lines a more accurate description of both effects 

would be required for an overall better agreement with ab initio 

line shapes. 

4.2. Validity of the approximation of the velocity-changing model 

The HTP, GHM profile and SDBBP can all be derived by us- 

ing the generalized Waldmann-Snider equation [50] to express the 

molecular line shape in terms of φ( ω, v 1 ), the velocity distribution 

of the optical coherence associated with the transition: 

f MB ( v 1 ) = 

[
−ı (ω − ω 0 − k · v 1 ) − ˆ S 

]
φ(ω, v 1 ) , (13) 

where f MB ( v 1 ) is the equilibrium (Maxwell) velocity distribution, 

k · v 1 describes the Doppler shift and ω , ω 0 are, respectively, the 

angular frequency of the incident radiation and of the transition. 

In both the uncorrelated hard-collision model and the SDBBP the 

collision operator is of the form: 

ˆ S = −�(v 1 ) − ı �(v 1 ) + νVC ̂
 M , (14) 

where ˆ M ≡ ˆ M BB is the hard-sphere kernel (billiard-ball kernel) for 

the SDBBP and ˆ M ≡ ˆ M HC is the hard-collision kernel. Analogously 

to the correlated hard-collision model, see Section 2.2 , the influ- 

ence of velocity-changing and dephasing collisions can be taken 

into account in the billiard ball model by substituting νVC with 

νopt . In this case, both the SDBBP and HTP collision operator can 

be expressed as: 

ˆ S = −�(v 1 ) − ı �(v 1 ) + νopt ̂  M . (15) 

In the GHM, the collision operator is given by: 

ˆ S φ(ω, v 1 ) = −ω A 〈 φ(ω, v 1 ) 〉 − ω R [ φ(ω, v 1 ) − 〈 φ(ω, v 1 ) 〉 ] , (16) 

where 〈 . . . 〉 denotes integration over f MB ( v 1 ), ω A = �0 + ı �0 and 

ω R is a complex coefficient chosen to minimize the error of ap- 

proximating the collision operator by only two complex numbers. 

In order to obtain a closed-form formula for ω R , the coefficient is 

expanded in powers of k · v 1 and the expansion is truncated to re- 
tain only the first-order term in k . This leads to identification of ω R 

with the collision integral for the flow of optical coherence, which 
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in terms of ω 

00 
0 

(q ) and ω 

11 
1 

(q ) , Eq. (9) , is given by: 

ω R = n 

[ 
2 

3 
M 2 ω 

11 
1 (q ) 

∗ + M 1 ω 

00 
0 (q ) 

∗
] 
. (17) 

Reducing ω R to a term linear in concentration also results in a 

closed-form solution of Eq. (13) with the GHM collision operator, 

Eq. (16) . The GHM line-shape profile is formally equivalent [32] to 

speed-independent HTP, i.e. correlated Rautian-Sobel’man profile. 

With νGHM 

opt defined as νGHM 

opt = ω R − ω A , leading to Eq. (10) , this 

equivalence allowed us to identify the GHM line-shape parame- 

ters with �0 , �0 and νopt parameters and express in their terms 

the νVC and η parameters used in the HTP, Eqs. (11) , (12) . Using 

the same νGHM 

opt in both SDBBP and HTP lets us directly compare 

the effects of different treatments of velocity-changing collisions 

on the line shapes via different kernels ˆ M . Contrary to the hard- 

collision model of the HTP, the billiard ball kernel is based on the 

actual interaction potential, depends on the pertuber-to-absorber 

mass ratio, pre-collision velocity and the scattering angle, and has 

been shown previously to describe well the velocity-changing col- 

lisions of CO and Ar [29] . Eq. (13) is solved numerically in SDBBP, 

either with a simple diagonalization method [70] or with an itera- 

tive method [71] . 

Velocity-changing collisions interrupt the free molecular flow 

of the absorber and cause a reduction of the Doppler width. 

Additionally, they homogenize the speed distribution of the ab- 

sorber, leading to a reduced influence of speed-dependent broad- 

ening and shift on the line-shapes [72] . In the two lowest pres- 

sures shown in Fig. 4 , 10 Torr and 40 Torr, the dominant effect is 

the reduction of the Doppler width. The panels in Fig. 4 labeled 

qHTP −qSDBBP quantify the difference in modeling the Dicke ef- 

fect by the two profiles. Despite a large difference between ˜ νVC 
values for the two lines, 19 . 5 × 10 −3 cm 

−1 / atm for the P(8) line 

and 4 . 61 × 10 −3 cm 

−1 / atm for the P(2) line, the amplitudes of line- 

shape profile differences are close to each for both lines. The large 

difference between these ˜ νVC values does not indicate the relative 
strength of the Dicke effect but it is an artifact of the adopted pro- 

cedure for obtaining νHTP 
opt (v 1 ) from νGHM 

opt , Eqs. (11) , (12) . Indeed, 

the parameter actually determining the degree of collisional nar- 

rowing in the HTP is Re νGHM 

opt (v 1 ) = νVC − η�(v 1 ) , whose speed- 

averaged value is equal to 8 . 49 × 10 −3 cm 

−1 / atm for the P(2) line 

and 9 . 99 × 10 −3 cm 

−1 / atm for the P(8) line. 

At the highest plotted pressure, 300 Torr, the Doppler width is 

completely reduced and the differences between qHTP and qSDBBP 

profiles are indicative of the strength of the competition between 

dephasing and velocity-changing collisions [72] . HTP is known to 

overestimate the effect of velocity-changing collisions and with the 

speed-dependent broadening in CO-Ar narrowing the lines, this 

should lead to the qHTP lines being broader than the qSDBBP lines. 

This effect is found to be negligible for the P(2) line and clearly vis- 

ible for the P(8) line. The contrast between the lines is surprising, 

considering that the γ 2 values, see Table 1 , and the 〈 Re νHTP 
opt (v 1 ) 〉 

values are similar for both lines. We have found the reason for the 

excessive broadening to be the speed dependence of νopt intro- 

duced into the HTP by the η parameter. Evaluating the HTP with 

speed-independent νopt reduced the peak-to-peak differences for 

the P(8) line at 300 Torr to 0.13%. 

Close analysis of the definition of ω R reveals the interpreta- 

tion of the η parameter within the GHM. The decomposition of 

ω R given by Eq. (17) into two terms, one of them proportional to 

ω 

00 
0 

(q ) and the other one to ω 

11 
1 

(q ) , comes from the fact that the 

ω R collision integral is associated with the molecular velocity vec- 

tor, which can be expressed as a combination of center-of-mass 

velocity and relative velocity vectors. The part associated with rel- 

ative motion, viz. (2 / 3) M 2 ω 

11 
1 

(q ) , is responsible for the velocity- 

changing contribution to the ω R integral, whereas the part associ- 

ated with center-of-mass motion, M 1 ω 

00 
0 

(q ) , cannot contribute to 

Fig. 5. Comparison between collision frequencies for the P(2) line: νdiff (1) (blue), 

calculated from the classical model of Boushehri et al. [73] for the mass dif- 

fusion constant D; νdiff (2) (red), based on quantum dynamics on isotropic 

part of the interaction potential [59] ; Re νGHM 
opt from Eq. (10) (yellow); νopt from 

Wehr’s [29] SDBBP fits (black circle); the contribution to Re νGHM 
opt from the ω 

11 
1 (q ) 

integral (green); the Re ω R frequency from Eq. (17) (gray). (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version 

of this article.) 

velocity changes and it is responsible for the dephasing contribu- 

tion [74,75] . Expressing νGHM 

opt , Eq. (10) , in terms of �0 + ı �0 , 

νGHM 

opt = (2 / 3) nM 2 (ω 

11 
1 (q )) 

∗ − M 2 (�0 + ı �0 ) , (18) 

and comparing it to Eq. (7) for νHTP 
opt , we can associate the HTP 

parameters νVC and η with the quantities defined within the 

quantum-mechanical GHM method. The frequency of velocity- 

changing collisions νVC corresponds to the complex conjugate of 

(2 / 3) nM 2 ω 

11 
1 

(q ) and the correlation parameter η to M 2 . The GHM 

identification shows the η = M 2 parameter to be a purely kinetic 

factor, which is the same for all the lines for a given absorber- 

perturber pair and which does not account for all the correla- 

tion between velocity-changing and dephasing collisions. The GHM 

distinguishes a dephasing-only contribution in the form of ω A = 

�0 + ı �0 but no analogous velocity-changing-only contribution is 

defined, since both ω 

11 
1 

(q ) and νGHM 

opt also contain a dephasing con- 

tribution. It is worth noting that in the case of CO-Ar adopting the 

value of M 2 = 0 . 59 as that of η would lead to larger speed de- 

pendence of νHTP 
opt (v 1 ) , Eq. (7) , and larger deviations of HTP high- 

pressure line shapes from SDBBP line shapes. 

Similarly as in [32] for the H 2 -He system, Fig. 5 presents the 

temperature dependence of the collision frequencies involved in 

describing the effects of velocity-changing collisions on spectral 

line shapes. νdiff (1) is the velocity-changing collision frequency 

deduced from the mass diffusion coefficient D : 

νdiff = 

v 2 p 
2 D 

, (19) 

for which the value of D was calculated based on the classi- 

cal model and reference data of Boushehri et al. [73] . νdiff (2) 

was obtained from quantum scattering calculation of momentum- 

transfer cross section on the isotropic part of the CO-Ar interac- 

tion potential [59] in the vibrational ground state, i.e. by evaluat- 

ing Eq. (8) for CO treated as a structureless particle scattered by an 

isotropic potential. The νopt value (black circle) is the one obtained 

by Wehr et al. [29] from SDBBP fits to experimental data, labeled 

as ν in [29] . The GHM collision frequencies, Re νGHM 

opt , Re ω R and 

Re (2 / 3) nM 2 ω 

11 
1 

(q ) , were calculated as described in the current ar- 

ticle. Contrary to the results for H 2 -He [32–34] , we see a clear dif- 

ference between the plotted collision frequencies, illustrating that 

these are distinct quantities. Both Re ω R and Re (2 / 3) nM 2 ω 

11 
1 

(q ) 

frequencies are significantly larger than νdiff (1) and νdiff (2), ow- 

ing to both the small rotational constant of CO and anisotropy of 
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Fig. 6. Relative speed-dependence of GHM and HTP complex Dicke parameters at 

296 K. Blue and red lines correspond to, respectively, P(2) and P(8) transitions. 

Solid lines show the values for νopt (v 1 ) ≡ νGHM 
opt (v 1 ) , Eq. (21) , and dashed lines 

for νopt (v 1 ) ≡ νHTP 
opt (v 1 ) , Eq. (7) . 〈 νopt ( v 1 ) 〉 is the Maxwell–Boltzmann speed aver- 

age of the complex Dicke parameter with 〈 νGHM 
opt (v 1 ) 〉 = 〈 νHTP 

opt (v 1 ) 〉 . The Maxwell–

Boltzmann speed distribution of CO at 296 K is shown as a gray dashed curve. (For 

interpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 

CO-Ar potential increasing the rate of collisional dephasing as com- 

pared to H 2 -He. Compared to H 2 -He, the CO-Ar colliding system is 

closer to various atmospheric molecular systems when considering 

rotational constant values and anisotropy of the interaction poten- 

tial. As a consequence the presented conclusions are expected to 

hold for these systems also. The Re νGHM 

opt frequency and νopt fre- 

quency obtained from SDBBP fits were found to be much smaller 

than νdiff’s (see Fig. 5 ). 

By analogy with the expression for speed-dependent broaden- 

ing and shift, Eq. (5) , we can formally define a speed-dependent 

collision integral ω 

11 
1 

(q ; v 1 ) as [34] : 

ω 

11 
1 (q ; v 1 ) = 

μ

k B T 

∫ ∞ 

0 

v 3 r σ
q 

λ=1 
(E kin = μv 2 r / 2) f (v r | v 1 ) d v r , (20) 

which can be used to define the speed-dependent νGHM 

opt (v 1 ) as: 

νGHM 

opt (v 1 ) = 

2 

3 
nM 2 ω 

11 
1 (q ; v 1 ) ∗ − M 2 [�(v 1 ) + ı �(v 1 )] , (21) 

which properly reduces to thermally-averaged νGHM 

opt after integrat- 

ing over absorber’s speed distribution. Fig. 6 compares νGHM 

opt (v 1 ) 
defined in Eq. (21) and νHTP 

opt (v 1 ) defined in Eq. (7) . The reason for 
the strong speed dependence of νGHM 

opt (v 1 ) as compared to �( v 1 ) 

or �( v 1 ), see Fig. 3 , lies in the definition of the speed-dependent 

collision integral ω 

11 
1 

(q ; v 1 ) , which is independent of the specific 

molecular system under consideration. This is most apparent when 

comparing Re νGHM 

opt (v 1 ) and �( v 1 ) for the P(2) line. The cross sec- 

tion Re σ 1 
1 involved in determining Re ω 

11 
1 (q ; v 1 ) and the cross sec- 

tion Re σ 1 
0 

involved in determining �( v 1 ) are of similar magnitude 

for the P(2) line, see Fig. 1 , but Re σ 1 
0 

cross section is weighted 

by v r in Eq. (5) whereas Re σ 1 
1 cross section is weighted by v 3 r in 

Eq. (20) . This is also the main factor causing the large difference 

between νHTP 
opt (v 1 ) , in which the speed-dependence is solely de- 

termined by the quantity η(�(v 1 ) + ı �(v 1 )) , and νGHM 

opt (v 1 ) . The 
speed dependence of νHTP 

opt (v 1 ) is additionally reduced relative to 
νGHM 

opt (v 1 ) because the value of η determined from Eq. (12) is 

smaller than that of M 2 . A notable feature of Re νGHM 

opt (v 1 ) at low 

absorber speeds seen in Fig. 6 is its negativity, which makes it dif- 

ficult to assign an intuitive physical interpretation to the quantity. 

It has been noted previously by Pine [2] within the frame- 

work of classical Boltzmann equation that evaluating profiles based 

on the hard-collision model with speed-dependent νopt invalidates 

the assumptions of the model, specifically the detailed balance for 

separate collision channels is not satisfied. Similarly, the ω R pa- 

rameter in the GHM is in general dependent on velocity, but the 

closed-form formula is obtained only when it is taken to be a 

speed-independent collision integral, see Eq. (17) . Considering ad- 

ditionally the obvious failure of νHTP 
opt (v 1 ) to reproduce the ab initio 

speed dependence, see Fig. 6 , the incomplete accounting for cor- 

relations by the η parameter and the inconsistency between high- 

pressure HTP and SDBBP line shapes exacerbated by νopt ’s speed 

dependence, it seems more reasonable to evaluate the HTP with 

νVC set to thermal average of the complex Dicke parameter νGHM 

opt 

and η set to zero. 

4.3. Quadratic speed dependence from temperature dependence 

For a simple power-law dependence of pressure broadening 

and shift cross sections on relative speed (or collision energy), 

the thermally-averaged values of line-shape parameters and their 

speed dependence can be expressed analytically (see Appendix A ) 

[67,68] . The resulting expressions can be manipulated to obtain ap- 

proximate quadratic or hypergeometric speed-dependent param- 

eters from the temperature dependence of averaged parameters, 

Eqs. (A .8) , (A .9) . These relations form the basis of the method pro- 

posed by Lisak et al. [37] to alleviate the problem of numerical 

correlation between �2 , �2 and νVC , η in multispectrum fits [76] . 

In this method, �2 and �2 parameters are fixed in the fit to the 

approximate values to facilitate retrieval of accurate νVC , η val- 

ues. We examine the agreement of such approximate parameters 

with the values obtained directly from the ab initio data. Fig. 7 

shows the results of the comparison. Black lines show the ref- 

erence γ 2 and δ2 values obtained from applying Eq. (6) to the 

ab initio speed dependence. Blue lines show the results of ap- 

plying Eq. (A.8) directly to the ab initio widths and shifts, repre- 

senting the best-case scenario. Yellow lines show the more likely 

case, in which the temperature dependence is known from a fit 

of an analytical dependence to a set of points. For both γ 0 and 

δ0 , we used the approximate form adopted in the 2016 edition of 

the HITRAN database, i.e. linear for δ0 , Eq. (A.11) , and power-law 

for γ 0 , Eq. (A.10) . Additionally, seeing that power-law dependence 

approximately matches the cross sections in Fig. 1 and the line- 

shape parameters in Fig. 2 , which implies hypergeometric speed 

dependence, we have attempted a different method of arriving at 

quadratic-speed-dependent parameters. We have used Eq. (A.9) on 

ab initio temperature dependence to determine the parameter α
describing hypergeometric speed dependence and evaluated the 

implied hypergeometric speed-dependence at v 1 = v p to obtain γ 2 

and δ2 from Eq. (6) . The results are shown in red in Fig. 7 . 

The agreement between ab initio -derived speed-dependent pa- 

rameters (black) and either one of two methods (blue and red 

curves) applied directly to ab initio temperature dependence does 

not consistently favor any one of them. The indirect hypergeomet- 

ric method (red) shows excellent agreement in the case of P(2) 

line broadening, which matches the agreement of power-law fit to 

the broadening cross sections in Fig. 1 , and converges to the ab 

initio -derived parameters at high temperatures. The same method 
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Fig. 7. Quadratic-speed-dependent coefficients obtained by: directly using Eq. (6) on ab initio speed-dependent widths and shifts (black); directly using Eq. (A.8) on ab initio 

temperature-dependent widths and shifts (blue); using Eq. (A.9) to obtain hypergeometric speed dependence from temperature dependence of ab initio widths and shifts 

and then using Eq. (6) on such speed dependence (red); using analytical formulas, Eqs. (A .10) , (A .11) , for temperature derivatives of approximate (exponential or linear) 

temperature dependence of widths and shifts (yellow). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 

article.) 

applied to the P(8) line results in �2 values differing by as much as 

28% from ab initio -derived ones. On the other hand, direct differen- 

tiation (blue) offers better agreement with P(2) line shift and P(8) 

line broadening in the temperature range most easily accessible for 

laboratory measurements, but the P(2) line broadening is shifted 

by about 25% from the ab initio -derived values in the same temper- 

ature range. Speed-dependent shifts obtained from linear temper- 

ature dependence of pressure shifts (yellow) perform worse than a 

simple approximation by a constant value would, which provides 

an additional point in favor of the double-exponential model of 

Gamache and Vispoel [69,77] . 

The direct (blue and yellow) and indirect methods (red) assume 

that σ q 

λ
(E) cross sections are described by a square-root function, 

for the former, or a single power law, for the latter. These as- 

sumptions are fulfilled only to a limited degree for the CO-Ar lines 

shown here, as seen in Fig. 1 . Examining σ q 

λ
(E) reported for other 

molecular systems, see Table 1 in [26] for references, we can ex- 

pect these simple approximations to be inaccurate in other cases 

as well. Another indirect evidence for the cross sections not fol- 

lowing a single power-law dependence is also given by a large im- 

provement in accuracy when using the double-exponential model 

in modeling temperature dependence of γ and δ [69,77] . Nev- 

ertheless, despite their serious limitations, either of these simple 

methods we have evaluated can be useful in roughly estimating 

the importance of speed-dependent effects and providing initial 

guesses for a multispectrum fitting routine. 

5. Conclusions 

We have described and demonstrated a procedure for obtain- 

ing a full set of HTP line-shape parameters in a broad temper- 

ature range based on purely ab initio calculations utilizing an 

accurate interaction potential. A comparison with experimental 

data [27,30] has shown the accuracy of pressure broadening coef- 

ficients to be at sub-percent level and of pressure shift coefficients 

to be at 1%–3% level for the chosen two benchmark lines of CO 

perturbed by Ar. For the Dicke effect, this is the first ab initio cal- 

culation of νopt for a system exhibiting collision dynamics typical 

of Earth atmospheric species. 

Based on the ab initio parameters, we examine the approxi- 

mations of the HTP. In particular, we compare the quadratic and 

hypergeometric approximations of speed-dependence, finding no 

consistent improvement of one over another. We examine how dis- 

crepancies between ab initio and approximate �( v 1 ) translate into 

actual line-shape residuals, finding small but significant deviations 

even when the approximated value of �( v 1 ) deviates only by a 

few percent from the actual value. We examine the hard-collision 

model of velocity-changing collisions as adopted in the HTP. In par- 

ticular, by comparing the HTP line shapes with SDBBP line shapes 

in different collisional regimes, we show that at high pressure the 

HTP overestimates the effect of velocity-changing collisions on the 

P(8) line shape. We provide the interpretation of νVC and η param- 

eters in terms of GHM quantities and explain the large difference 

between speed dependence of νopt in HTP and GHM. We show that 

in contrast to H 2 -He lines [32–34] , for CO-Ar there is a substantial 

disagreement between mass transport and optical coherence trans- 

port coefficients. This behavior is also expected to occur for other 

atmospheric species with closely-lying rotational states. Finally, we 

examine the accuracy of the approximation schemes for temper- 

ature dependence of line-shape parameters adopted in the 2016 

edition of the HITRAN database and the accuracy of a previously 

proposed scheme for deriving speed-dependent parameters from 

temperature dependence of averaged parameters. We find the ap- 

proximate speed-dependent widths to be accurate within around 

30% when obtained from power-law temperature dependence of 

pressure widths. In contrast, describing temperature dependence of 

pressure shifts by a linear function causes the approximate speed- 

dependent shifts to be up to a few tens of times larger in absolute 

value than the actual speed-dependent shifts. 

The described procedure of obtaining the HTP line-shape pa- 

rameters is directly applicable to other linear molecule-atom sys- 

tems such as CO 2 -Ar [78] . It can be extended in a straightforward 

manner to linear-linear systems [54] , such as C 2 H 2 -N 2 [79] , al- 

though the higher density of rotational states would make it nec- 

essary to use an approximate method [80] for the determination 
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of the S-matrix, such as the coupled states method [81] , due to 

higher computational cost. The procedure will be further validated 

by performing calculations on other systems and comparing them 

with accurate experimental measurements. In particular, there are 

ongoing works on applying the GHM method to previously mea- 

sured [82] second-overtone transitions of CO-Ar and to the more 

common diatom-diatom collisions represented by CO-N 2 . 
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Appendix A. Approximate temperature and speed dependence 

of line-shape parameters 

In order to provide temperature dependence of line-shape pa- 

rameters, the 2016 edition of the HITRAN database divides the 

whole temperature range into four subranges: 0 K–100 K, 100 K–

200 K, 200 K–400 K, 400 K–∞ and assigns to each subrange a refer- 

ence temperature: T (1) 
ref 

= 50 K , T (2) 
ref 

= 150 K , T (3) 
ref 

= 296 K , T (4) 
ref 

= 

400 K . Values of γ 0 and δ0 are provided at each reference tem- 

perature, which combined with n (i ) γ0 
and δ′ 

0 
(i ) coefficients can be 

used to approximate collisional broadening and shift at different 

temperatures with, respectively, power-law and linear functions: 

γ (i ) 
0 

(T ) = γ0 

(
T (i ) 
ref 

)(
T (i ) 
ref 

/T 
)n (i ) γ0 , (A.1) 

δ(i ) 
0 

(T ) = δ0 
(
T (i ) 
ref 

)
+ δ′ 

0 (i ) 
(
T − T (i ) 

ref 

)
, (A.2) 

Table A1 

Power-law fit coefficients, Eq. (A.4) , of spectroscopic 

cross sections from Fig. 1 . 

Line Cross section σλ,0 ( ̊A 
2 / cm 

−α ) α

P(2) 

Re (σ 1 
0 , 0 ) 356.4 −0.262 

Re (σ 1 
1 , 0 ) 389.5 −0.267 

Im (σ 1 
0 , 0 ) 5.77 −0.207 

Im (σ 1 
1 , 0 ) 4.16 −0.167 

P(8) 

Re (σ 1 
0 , 0 ) 251.0 −0.246 

Re (σ 1 
1 , 0 ) 447.2 −0.320 

Im (σ 1 
0 , 0 ) 70.6 −0.498 

Im (σ 1 
1 , 0 ) 51.9 −0.506 

where the index i denotes the temperature range. The ˜ νVC param- 

eter is also approximated with a power law but based only on a 

single exponent κ , for the whole range and a reference value of 

˜ νVC at T 
(2) 
ref 

: 

˜ νVC (T ) = ˜ νVC 

(
T (2) 
ref 

)(
T (2) 
ref 

/T 
)κ

. (A.3) 

The temperature dependence of γ 2 and δ2 is not explicitly mod- 

eled by HITRAN 2016, but the values of the parameters are pro- 

vided at the four reference temperatures. The correlation parame- 

ter η is assumed to be temperature-independent and provided at 

T (2) 
ref 

. The values of γ 0 , n γ0 , δ0 , δ
′ 
0 
, ˜ νVC and κ for the P(2) line and 

P(8) line of CO-Ar are given in Table 1 . In addition the supplemen- 

tary material [dataset] [66] contains power-law coefficients for γ 2 

( n γ2 ) and linear coefficients for δ2 ( δ
′ 
2 
) and η ( η′ ). 

Power-law temperature dependence of line-shape parameters 

can be obtained by assuming power-law form of spectroscopic 

cross sections, 

σ q 

λ
(E kin ) = σ q 

λ, 0 
E αkin . (A.4) 

For the P(2) line of CO-Ar fundamental band, Wehr et al. [28] has 

previously obtained fit parameters Re (σ 1 
0 , 0 

) = 361 Å 

2 / cm 

−α and 

α = 0 . 250 . The difference between these values and ours, shown 

in Table A.1 , mostly comes from the different values of collision 

energy at which the fit was cut off, which was E kin = 10 cm 

−1 for 

[28] and E kin = 50 cm 

−1 for our fit. 

Evaluating analytically the Boltzmann integrals from Eqs. (4) , 

(9) with spectroscopic cross sections obeying the power law, 

Eq. (A.4) , we obtain [67,68] : 

�0 (T ) = nσ q 

λ, 0 
k α+1 / 2 
B 

√ 

8 

πμ
˜ �(α + 2) T α+1 / 2 , (A.5) 

where ˜ � is the gamma function. The exponent α is related to 

the temperature-dependence exponent n γ0 from Eq. (A.1) by α = 

1 / 2 − n γ0 and to the exponent n from Ref. [37] by α = (n − 1) / 2 . 

Similarly, for speed-dependent parameters evaluating Eq. (5) for 

power-law cross section results in [14,49,67] : 

�(v 1 ; T ) = 

�0 (T ) 

(β + 1) α+1 / 2 
M 

(
−α − 1 / 2 , 

3 

2 
, −β

v 2 1 
v 2 p 

)
, (A.6) 

where M is the confluent hypergeometric function [83 , Sec. 13.2] 

and β = m 2 /m 1 . The commonly used quadratic speed depen- 

dence [84] can be obtained for α = 1 / 2 [83 , Eq. 13.2.2]: 

�(v 1 ; T ) = �0 (T ) + �2 (T ) 

(
v 2 1 
v 2 p 

− 3 

2 

)
, (A.7) 

implying unphysical kinetic energy square-root law for cross 

sections. 

The preceding relations, Eqs. (A .5) and (A .7) , can be used to 

derive quadratic and hypergeometric speed-dependent parameters 

from temperature dependence of �0 and �0 [37] . The �2 (or �2 ) 
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parameter is given by: 

�2 (T ) = ζT 
d�0 (T ) 

d T 
, (A.8) 

where ζ = (2 / 3) β/ (1 + β) , and α exponent is given by: 

α(T ) = 

T 

�0 

d�0 (T ) 

d T 
− 1 

2 
. (A.9) 

As applied to the form of temperature dependence adopted in the 

2016 edition of the HITRAN databse, Eqs. (A .1) , (A .2) , this results in 

analytical formulas for quadratic speed-dependent width and shift: 

γ (i ) 
2 

(T ) = ζ (−n + 1) γ0 

(
T (i ) 
ref 

)(
T (i ) 
ref 

/T 
)n (i ) γ0 , (A.10) 

δ(i ) 
2 

(T ) = ζ
[
δ0 

(
T (i ) 
ref 

)
+ δ′ 

0 (i ) 
(
2 T − T (i ) 

ref 

)]
. (A.11) 
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a b s t r a c t 

The β-corrected Hartmann–Tran profile (HTP) constitutes an approximation of the partially correlated 

quadratic speed-dependent billiard-ball profile (SDBBP) easily applicable in calculations. We extend the 

approach originally developed for self-perturbed molecules [Wcisło et al. J. Quant. Spectrosc. Radiat. 

Transf. 177, 75–91 (2016)] to systems with a wide range of perturber-to-absorber mass ratios, includ- 

ing those relevant for atmospheric studies. This approach combines the computational simplicity of the 

HTP with the more physically justified rigid-sphere model for velocity-changing collisions. It is important 

for the analysis of high-resolution spectra influenced by the Dicke-narrowing effect. The β-corrected HTP 

enables high quality analytical representation of experimental spectra without incurring the high com- 

putational cost of more advanced line-shape models. This correction is directly applicable to any other 

line-shape model based on the hard-collision model for velocity-changing collisions. 

© 2019 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

For an accurate description of spectral line shapes of isolated 

molecular transitions in the gas phase, it is typically required to 

go beyond [1,2] the Voigt profile, which ignores the influence of 

the speed-dependence of collisional broadening and shift [3,4] as 

well as velocity-changing (VC) collisions [5–8] on the line shapes. 

It has been shown in several publications that the choice of the 

VC collision model and the resulting spectral line-shape profile 

is of fundamental importance in the analysis of high-resolution 

spectra [9,10] . Following Lance et al. [2] and Pine [11] , in the 

Hartmann–Tran profile (HTP) [12] , which was recommended for 

high-accuracy spectroscopic applications [13] and implemented in 

the 2016 edition of the HITRAN database [14,15] , the hard-collision 

(HC) model [7,8] for VC collisions is used. It assumes that the ac- 

tive molecule after the collision has a velocity randomly selected 

from the Maxwellian distribution. However, it was shown that the 

HC model does not satisfactorily reproduce line shapes with a 

prominent Dicke narrowing [5] caused by VC collisions, e.g. molec- 

ular hydrogen transitions [10] . The simplest physically justified 

model for the VC collisions is the rigid-sphere model (also called 

∗ Corresponding author. 

E-mail addresses: konefal@fizyka.umk.pl (M. Konefał), piotr.wcislo@fizyka.umk.pl 

(P. Wcisło). 

the billiard ball (BB) model) [16–18] , which takes into account the 

mass ratio of colliding molecules and models the relative impor- 

tance of speed- and direction-changing collisions [10,18–20] . The 

rigid-sphere model is used in the billiard-ball profile [16] and the 

speed-dependent billiard-ball profile (SDBBP) [18] . The perturber- 

to-absorber mass ratio α is a crucial parameter in determining the 

respective influence of velocity- and speed-changing collisions on 

the line shapes. Moreover, it is important to emphasize that cal- 

culations of a ratio of speed- and velocity-changing collision rates 

as well as a collision kernel based on the rigid-sphere model are 

in good agreement with classical molecular dynamics simulations 

(CMDS) [10,19,21] . 

In this work, we propose a correction to the frequency of VC 

collisions, νVC , of the HC model adopted in the HTP, in order to 

achieve percent-level agreement between the corrected HTP and 

the SDBBP. This approach was first proposed in Ref. [15] for H 2 

spectra and was called the β correction. Typically when the origi- 

nal HC model is used to interpret experimental data, the obtained 

νVC scales non-linearly with pressure, which is not physical. The 

reason for it is that the HC model oversimplifies the actual de- 

scription of the velocity changes. The correction reduces the non- 

linearity of the HC-based νVC with pressure. It allows finding a 

single νVC /pressure coefficient in multispectrum fit analysis of ex- 

perimental data [22,23] , which results in fidelity of spectra repre- 

sentation comparable to the one of the rigid-sphere model but at 

https://doi.org/10.1016/j.jqsrt.2019.106784 
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the same time keeps the low computational cost of the Hartmann–

Tran algorithm. Here, we extend this approach to other molecular 

systems characterized by α from 0 to 5. It should be noted that the 

β correction does not add any extra fitted parameter to the HTP. 

The proposed correction is important considering the recent 

rapid developments of ultra-accurate spectroscopic measurements, 

where accuracy is no longer limited only by experimental imper- 

fections but also by the use of oversimplified line-shape models. 

The latter contribution is currently the dominant factor limiting 

the improvement of the accuracy of spectroscopic data. The cor- 

rection will allow increasing the accuracy of line shape modeling 

in various fields of optical metrology, such as Doppler-broadening 

thermometry [24,25] . 

2. Velocity-changing collisions 

The velocity-changing collisions reduce the mean free path of 

an active molecule and lead to the Dicke narrowing [5] of Doppler 

broadened spectral lines. One of the simplest models describing 

the VC collisions is the HC model, which is the one adopted in the 

HTP. In the HC model the velocity after the collision is randomly 

chosen from the Maxwell distribution f m 

( � v ) of the active molecule 

velocity � v . The corresponding HC kernel 

f HC 
(
�
 v ← 

�
 v ′ 
)

= νVC f m 

( � v ) (1) 

describes the rate of velocity changes from the velocity before the 

collision � v ′ to the velocity after the collision � v . A more physically 

justified description of the VC collisions is given by the BB model 

[16–18] . The BB collision model is based on the assumption that 

the molecular interaction potential can be approximated by a hard- 

sphere wall, see e.g. Refs. [10,26] . The BB kernel is given by the 

following analytical formula [27] : 

f BB 
(
�
 v ← 

�
 v ′ 
)

= νVC f D 
3 

32 πv 2 m 

( 1 + α) 
5 / 2 

α2 

1 √ 

v 2 − 2 vv ′ cos θ + v ′ 2 

× exp 

(
− (1 − α) 2 

4 α

v ′ 2 

v 2 m 

− (1 + α) 2 

4 α

v 2 

v 2 m 

− (1 + α)(1 − α) 

2 α

vv ′ 

v 2 m 

× cos θ + 

αsin 
2 θ

v 2 − 2 vv ′ cos θ + v ′ 2 
v 2 v ′ 2 
v 2 m 

)
, (2) 

where νVC = v 2 m 

/ 
(
2 D 

(0) f D 
)
[17,18] is the effective frequency of the 

VC collisions, v m 

is the most probable speed of the active molecule 

and 

D 

(0) = 

3 

8 

√ 

k B T 

2 πμ

1 

Nσ 2 
(3) 

is the first-order mass diffusion coefficient for rigid spheres, f D = 

D/D 

(0) and D is the exact mass diffusion coefficient for the rigid 

spheres [17] . The notation in Eqs. (2) and (3) is as follows: α = 

m p /m a is the perturber-to-absorber mass ratio, μ = m a m p / (m a + 

m p ) is the reduced mass of the collision pair, θ is the scattering 

angle between the velocity vectors � v and � v ′ , σ is the average of the 

rigid-sphere diameter of the absorber and the perturber, N is the 

number density of the perturber, k B is the Boltzmann constant and 

T is temperature. As shown in Ref. [10,26] , the BB collision kernel 

is in a good agreement with the CMDS collision kernel, provided 

that σ in Eq. (3) is chosen so that the hard-sphere wall intersects 

the short-range repulsive part of the actual potential at the mean 

collision energy. 

3. Correction of νVC in the HTP 

In Ref. [12] , an algorithm for evaluating the partially- 

correlated quadratic speed-dependent hard-collision profile (pCqS- 

DHCP) [11] with the computational time comparable to that of 

the standard Voigt profile was introduced. The IUPAC Task Group 

[13,14] recommended to call this fast algorithm the Hartmann–

Tran profile and demonstrated its utility by applying it to the anal- 

ysis of water spectra. In Refs. [12,28] the HTP was applied to spec- 

tral analysis of other molecules. The way of storing the HTP param- 

eters in the HITRAN2016 database was presented in Ref. [15] and 

recently extended to the double-power-law representation of the 

temperature dependencies of the line-shape parameters [29] . The 

HTP is described by the following set of parameters: 

HTP ( �D , �0 , 	0 , �2 , 	2 , νVC , η, 	ν) , (4) 

where �D is the Doppler half-width, �0 and 	0 are, respectively, 

the pressure-induced broadening and shift, �2 and 	2 are the pa- 

rameters that quantify the speed dependence of the broadening 

and shift, νVC is the frequency of VC collisions, η is the correla- 

tion parameter and 	ν is the detuning from the line center, ν0 , at 

zero pressure. 

The limited reliability of the description of VC collisions given 

by Eq. (1) and adopted in the HTP can be improved by correcting 

νVC in the way proposed in Ref. [15] . Here, we follow this approach 

by replacing νVC in Eq. (4) with νVC multiplied by a simple ana- 

lytical function of the νVC / �D ratio. This function, called the β cor- 

rection, is chosen to make the HTP as close as possible to a profile 

in which the VC collisions are described by a much more realistic 

BB model ( Eq. (2) ). We determine the β-correction function for a 

wide range of perturber-to-absorber mass ratios α. 

The β correction is determined as follows. The SDBBP [18] and 

the HTP are simulated in a wide range of pressures correspond- 

ing to χ = νVC / �D from 0.01 to 100 and to α from 0 to 5. We 

limit our study to α = 5 as it covers most of the mass ratios of 

typical atmospheric systems. For the calculations of the reference 

SDBBP we use the diagonalization [18,30–33] and iterative [34] ap- 

proaches. Following Ref. [15] we simulate the SDBBP and HTP with 

the same set of the line-shape parameters, setting �0 , 	0 , �2 , 	2 

to zero, keeping �D constant and varying νVC = χ · �D . Afterwards, 

the SDBBP and HTP simulated in this way are compared. In order 

to best reproduce the SDBBP by the HTP we fit the value of νVC in 

the HTP. In these fits, we minimize the maximum absolute value of 

the difference between the two profiles: | SDBBP − HTP | . This pro- 
cedure is repeated to cover the considered here ranges of χ and α. 

Subsequently, we find values of βα( χ ) defined as the ratio of νVC 

fitted in the HTP to the original νVC used in the simulations with 

the SDBBP. 

Determination of the β correction is performed including only 

the Doppler broadening and velocity-changing collisions, in order 

to get a universal β-correction function, which is independent of 

the differences in collisional dephasing affecting various molecules 

and lines. It was shown in Ref. [15] , that when �0 , 	0 , �2 , 	2 are 

different from zero, the β-corrected HTP gives a significantly bet- 

ter approximation of the SDBBP than the ordinary HTP. We call the 

β-corrected HTP simply the βHTP. We propose to use the βHTP in 

which νVC in the HTP is replaced by βα( χ ) νVC as an approxima- 

tion of the SDBBP: 

SD BBP ( . . . , νVC , . . . ) ≈ βHTP ( . . . , νVC , . . . ) = HTP ( . . . , βα(χ ) νVC , . . . ) . 

(5) 

As the BB collision operator depends on the mass ratio of col- 

liding molecules, we model the β correction as a mass ratio func- 

tion. In Fig. 1 , a comparison between the simulated SDBBP and HTP 

with and without the β correction is shown. A full dot, for a given 

χ and α, is obtained by taking the maximum of the absolute value 

of the difference between the simulated profiles ( | SDBBP − HTP | ) 
and divided by the HTP value at its maximum. Open dots show 

the same difference but in the case when the value of νVC in the 

HTP is adjusted in a way to make the βHTP as close as possible to 
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Fig. 1. Dependence of the maximum of the absolute value of the difference be- 

tween simulated profiles |SDBBP-HTP| divided by the HTP value at its maximum on 

χ = νVC / �D . Full dots show the results for the HTP without the β correction and 

open dots show the results for the HTP with the β correction. Black, red and blue 

colors correspond to calculations for α = 0.1, 1.0 and 2.5, respectively (note loga- 

rithmic scale of horizontal axis). (For interpretation of the references to colour in 

this figure legend, the reader is referred to the web version of this article.) 

the simulated SDBBP. Black, red and blue colors correspond to α
equal to 0.1, 1.0 and 2.5, respectively. 

The shape of | SDBBP − HTP | / HTP strongly depends on χ : (i) at 

low χ—the low-pressure limit—the impact of νVC on the line- 

shape profile is negligible and the line-shape profile is dominated 

by the Doppler broadening, (ii) at medium χ—the Dicke narrowing 

and the Doppler broadening are comparable and the model for the 

VC collisions plays the most pronounced role, (iii) at high χ—the 

high-pressure limit—the Dicke narrowing dominates the Doppler 

width and the line-shape converges to the Lorentz profile [5,8,18] , 

independent of the model for the VC collision operator. In the pro- 

posed approach, the application of the β correction in HTP allows 

a fivefold reduction of the difference between the two profiles in 

the medium pressure range. 

4. Analytical representation of the β correction and its 

applicability 

We introduce the β-correction as a function of two arguments: 

χ and α, determined in a two-dimensional fitting approach. In the 

first step, in order to find the best mathematical representation of 

β with respect to χ for every considered α, we look for a function 

which best reproduces numerical values of β calculated in the way 

described in Section 3 . 

The observed dependence of the β-correction function on χ
can be approximated by the following expression: 

βα(χ ) = A α tanh ( B α log 10 χ + C α) + D α. (6) 

In the second step, this function is independently fitted to numeri- 

cal values of βα( χ ) for various α in order to find values of param- 

eters. We do it in a way to obtain the smallest difference between 

the SDBBP and βHTP when applying numerical and analytical val- 

ues of βα( χ ), see Fig. 4 . Next, we determine analytical expressions 

for each of these parameters, which are provided below: 

A α = 0 . 0534 + 0 . 1585 e -0.4510 α, (7a) 

B α = 1 . 9595 − 0 . 1258 α + 0 . 0056 α2 + 0 . 0050 α3 , (7b) 

C α = −0 . 0546 + 0 . 0672 α − 0 . 0125 α2 + 0 . 0 0 03 α3 , (7c) 

D α = 0 . 9466 − 0 . 1585 e -0.4510 α. (7d) 

Fig. 2. Upper panel : The analytical β-correction function given by Eq. (6) is plot- 

ted as black lines (note logarithmic scale of the horizontal axis). Green dots are 

the numerical calculations of β . Both quantities, χ and α, are dimensionless. The 

horizontal blue line indicates the correction value taken from Eq. (8) , see text for 

details. Lower panel : Relative differences between numerical and analytical values of 

the βα ( χ ) νVC product according to Eq. (5) . (For interpretation of the references to 

colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 2 shows numerical β values (green dots) for χ ranging 

from 0.01 to 100 and for α from 0 to 5. The black lines correspond 

to the phenomenological β-correction function. At high χ the β- 

correction function goes to 1 as at high pressure the VC collisions 

lead to the same Lorenztian shape of the Doppler component for 

any reasonable VC colllision operator [5,8,18] . On the other hand, 

at low χ the β correction converges to the low pressure limit 

which is different for collisional operators with different α [35] . 

The lower panel of Fig. 2 shows the relative differences between 

numerical and analytical values of the βα( χ ) νVC product, which is 

the quantity entering into the βHTP according to Eq. (5) . It is es- 

pecially important to minimize this differences at higher χ values, 

in order to minimize the discrepancies between numerical and an- 

alytical values of βα( χ ), as shown in Fig. 4 . We want to emphasize 

that the β-correction function is a phenomenological function and 

it does not have a strict physical meaning. However, it can be seen 

as a quantity which tells how many hard VC collisions are needed 

to give a similar effect to BB collisions at given α. Finally, in Fig. 3 

we present the functions given by Eqs. (7a) –(7d) for A α , B α , C α
and D α (linear plots) together with numerical values (discrete data 

points). 

In Fig. 4 , we demonstrate how well the determined here β- 

correction function, Eq. (6) , is able to improve the HTP. The rel- 

ative differences between the SDBBP and the βHTP are plotted as 

open dots when the numerical values of β are taken, and as lines 

when applying analytical values of β according to Eq. (6) . The ana- 

lytical β-correction function captures well the behavior of numer- 

ical calculations. Although the analytical formula performs worse 

for χ > 4, it still provides a significant improvement over the un- 

corrected HTP. The presented analytical function is a compromise 

between the simplicity of mathematical expressions and the agree- 

ment with numerical calculations. The β-correction function has 

been successfully applied in spectral analysis of lines of helium 

perturbed H 2 [36] and of pure D 2 lines [37] . 

In Ref. [38] , the relation between the effective frequency of the 

VC collisions in the soft collision model νSC 
opt and in the HC model 
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Fig. 3. Overview of the parameters of the β-correction function as a function of α. 

Numerical values of A α are plotted as red circles, B α as blue squares, C α as green tri- 

angles and D α as purple diamonds. Analytical functions of these parameters, given 

by Eq. (7a) - (7d) , are plotted as lines in corresponding colors. (For interpretation of 

the references to colour in this figure legend, the reader is referred to the web ver- 

sion of this article.) 

Fig. 4. The relative differences between the SDBBP and the HTP simulated with the 

same set of parameters (note logarithmic scale of the horizontal axis). This figure 

partially reproduces Fig. 1 . Black, red and blue colors correspond to α = 0.1, 1.0 

and 2.5, respectively. Open dots represent the difference between the two profiles 

when numerical values of β are used and lines represent the same difference when 

analytical β values based on Eq. (6) are applied. (For interpretation of the references 

to colour in this figure legend, the reader is referred to the web version of this 

article.) 

νHC 
opt in the Doppler limit was shown to be 

νHC 
opt 

νSC 
opt 

= 

2 

3 

1 

π − 2 
≈ 0 . 584 . (8) 

This relation was derived at low pressure regime from the expres- 

sion given by Rautian and Sobel’man [8] describing simultaneous 

influence of the soft and hard collisions on the Doppler broaden- 

ing. As the soft collisions are eqiuvalent to the BB collisions with α
= 0, Eq. (8) corresponds to the β correction value at its zero limit, 

which found numerically equals: β0 (0) ≈ 0.576. This value is about 

1.4% lower than the result in Eq. (8) , see Fig. 2 . This difference is 

likely a consequence of different approaches to residual minimiza- 

tion used in this work and in Ref. [38] . Here, the residuals were 

minimized over the entire line, whereas in Ref. [38] only at the 

maximum residual value. 

Calculated values of the β-correction function parameters for 

selected molecular systems are listed in Table 1 . The values were 

calculated based on Eqs. (7a) –(7d) . 

Table 1 

Values of the β-correction function parameters for selected molecular systems. 

System α A α B α C α D α

CO 2 -N 2 1.57 0.1314 1.7954 0.0213 0.8686 

CO 2 -O 2 1.38 0.1384 1.8099 0.0151 0.8616 

CO-N 2 1.00 0.1543 1.8444 0.0004 0.8457 

CO-O 2 0.88 0.1599 1.8566 -0.0050 0.8401 

HF-N 2 0.71 0.1684 1.8749 -0.0131 0.8316 

HF-O 2 0.63 0.1726 1.8838 -0.0172 0.8274 

HCl-N 2 1.30 0.1415 1.8166 0.0123 0.8585 

HCl-O 2 1.14 0.1481 1.8309 0.0062 0.8519 

CH 4 -N 2 0.57 0.1759 1.8906 -0.0203 0.8241 

CH 4 -O 2 0.50 0.1798 1.8987 -0.0241 0.8202 

5. Conclusions 

In this paper a simple analytical correction for the frequency 

of VC collisions, νVC , of the HC model adopted in the HTP is pre- 

sented. The HC model overestimates the frequency of VC collisions 

in real molecular systems, as it was shown for H 2 perturbed by ar- 

gon in Ref. [10] or by helium in Ref. [20] , as well as in the case of 

VC collisions described by the Fokker-Planck operator [8,38] . Pre- 

sented, the β-correction function applied to the HTP reduces the 

disagreement between the HTP and the more physically justified 

but more computationally demanding SDBBP [16,18,32] to the per- 

cent level, enabling more accurate reproduction of molecular spec- 

tra. 

In this paper, we propose the β-correction function, which is 

a function of χ = νVC / �D and four heuristic parameters depen- 

dent on the perturber-to-absorber mass ratio α. Application of the 

β correction is of particular significance for studies involving line 

shapes characterized by a large Dicke narrowing effect and involv- 

ing multi-spectrum fitting analysis by a line-shape profile assum- 

ing the HC model. This correction allows one to maximize the 

agreement between the HC-based model and experimental spec- 

tra with linear dependence of νVC on pressure. Its implementation 

does not add any extra fitted parameter and has a negligible influ- 

ence on the computation time of the line profile. 
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We report the most accurate, to the best of our knowledge,
measurement of the position of the weak quadrupole S(2)
2–0 line in D2. The spectra were collected with a frequency-
stabilized cavity ringdown spectrometer (FS-CRDS) with
an ultrahigh finesse optical cavity (F = 637000) and oper-
ating in the frequency-agile, rapid scanning spectroscopy
(FARS) mode. Despite working in the Doppler-limited
regime, we reached 40 kHz of statistical uncertainty and
161 kHz of absolute accuracy, achieving the highest accu-
racy for homonuclear isotopologues of molecular hydrogen.
The accuracy of our measurement corresponds to the fifth
significant digit of the leading term in quantum electrody-
namics (QED) correction. We observe 2.3σ discrepancy
with the recent theoretical value. © 2020 Optical Society of
America

https://doi.org/10.1364/OL.389268

Molecular hydrogen, in the view of its simplicity, is well suited
for testing quantum electrodynamics (QED) for molecules
[1,2] as well as for searching for new physics beyond the stand-
ard model such as new forces [3] or extra dimensions [4].
Furthermore, molecular hydrogen possesses a wide structure
of ultranarrow rovibrational transitions [5] with different sen-
sitivities to the proton charge radius and proton-to-electron
mass ratio. Therefore, the recent large progress in both theo-
retical [1,2,6] and experimental [7–11] determinations of the
rovibrational splitting in different isotopologues of molecular
hydrogen makes it a promising system for adjusting several
physical constants [12,13]. The most accurate measurements
were performed for the HD isotopologue with absolute accuracy
claimed to be 20 kHz [14] and 80 kHz [8] for the R(1) 2–0 line.
Such accuracy was obtained by saturating the transition and
measuring the sub-Doppler structure. These two results [8,14]

differ, however, by almost 1 MHz. Recently, it was reported [7]
that the uncertainty from Ref. [14] was underestimated due to
a complex hyperfine structure and should be 50 kHz. Although
HD possesses electric dipole transitions, they are extremely
weak, and a high-finesse optical cavity (with finesse of the order
of 105) is necessary to build a sufficiently large intracavity power
and saturate the transitions. Homonuclear isotopologues (due
to the symmetry of molecules) do not possess even weak electric
dipole lines in the ground electronic state, and direct studies of
the rovibrational structure were performed on the quadrupole
transitions, which are almost 3 orders of magnitude weaker than
the dipole lines used in HD. For this reason, their transitions
were not saturated and measurements were performed with
the cavity-enhanced Doppler-limited techniques. The most
accurate measurements for the D2 isotopologue were performed
for the first overtone [the S(2) line] and reached an absolute
accuracy of 500 kHz [10] and 400 kHz [11]. For the case of the
H2 isotopologue, the most accurate measurements that directly
probe the rovibrational lines reached an accuracy of 6.6 MHz
[15] (performed for second overtone), and the measurement
based on the subtraction of the energies of two electronic transi-
tions provided the energy of the fundamental band lines with an
accuracy of 4.5 MHz [16,17].

In this Letter, we report the most accurate measurement
of the position of the weak quadrupole S(2) 2–0 line in D2.
The spectra were collected with a frequency-stabilized cav-
ity ringdown spectrometer (FS-CRDS) linked to an optical
frequency comb (OFC) referenced to a primary frequency
standard [18,19]. We developed an ultrahigh finesse optical
cavity (F = 637000), and we implemented frequency-agile,
rapid scanning spectroscopy (FARS) [20], which allowed us
to reduce the absorption noise from 3× 10−10 cm−1 in our
previous study [11] to 8× 10−12 cm−1 in the present work.
In spectra analysis, we used the speed-dependent billiard-ball

0146-9592/20/071603-04 Journal © 2020 Optical Society of America
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Fig. 1. Frequency-stabilized cavity ringdown spectrometer FS-
CRDS referenced to the primary frequency standard UTC (AOS).
Light from a continuous-wave external cavity diode laser (cw-ECDL)
is polarization split into two beams. One of them is used for PDH
locking of the ECDL frequency to the cavity mode and to determine its
absolute frequency by measuring the heterodyne beat with the OFC.
EOMPDH modulates the phase of light to create the PDH error signal.
Second beam probes the gas sample inside the cavity by ringdown
decay signals initiated by an acousto-optic modulator (AOMSWITCH).
The cavity length is actively stabilized to the iodine stabilized Nd:YAG
laser. The EOMFARS, also referenced to the UTC (AOS), is used for
fast full-spectrum scanning by stepping a laser sideband to successive
optical cavity modes. FR, Faraday rotator; GEN, generator; DM,
dichroic mirror; Pol, polarizer; PD, photodiodes.

profile (SDBBP) [21], whose parameters were determined
in Ref. [11] based on the analysis that merged both ab initio
calculations and high-pressure measurement. This allowed us
to reduce the systematic effects related to collisional perturba-
tion to the shapes of molecular lines [15]. Despite operating in
the Doppler-limited regime, we reached 40 kHz of statistical
uncertainty and 161 kHz of absolute accuracy of the S(2) 2–0
transition energy determination, achieving the highest accuracy
for homonuclear isotopologues of molecular hydrogen and

only 3.2 times lower accuracy compared to the most accurate
sub-Doppler measurements in HD [7] whose line intensities are
almost 3 orders of magnitude stronger [7,22]. The accuracy of
our measurement corresponds to the fifth significant digit of the
leading term in QED correction. We observe 2.3σ discrepancy
between our experimental and most recent theoretical value [2].

The experimental setup is shown in Fig. 1. The enhance-
ment cavity of the FS-CRDS spectrometer is length-stabilized
with respect to the I2-stabilized Nd:YAG laser operating at
1064 nm to prevent the thermal drift of the cavity modes.
The fractional frequency stabilities measured at 1 s are below
7× 10−13 for Nd:YAG laser and OFC, and below 4× 10−12

for a continuous-wave external cavity diode laser (cw-ECDL)
and cavity modes (see Fig. 3 in Ref. [18] for details). The
deuterium sample has a purity of 99.96%. The length of the
cavity is 73.5 cm, which corresponds to a free spectral range
(FSR) of 204 MHz. We use an acousto-optic modulator
(AOMYAG) arranged in a double-pass configuration to con-
trol the cavity length and, hence, tune the laser frequency on
a denser grid than the FSR spacing. We measure the absolute
frequency of the laser with an OFC, which is referenced to the
Coordinated Universal Time (UTC), the primary time standard
provided by the Astro-Geodynamic Observatory in Borowiec
(Poland) [18].

In this work, we improved the previous experimental setup
[11] by developing a cavity with much higher finesse and imple-
menting the FARS technique [20]. We improved the finesse
of the previous cavity [11] from F = 4× 104 to 6.4× 105;
hence, the light-molecule interaction path increased by more
than 1 order of magnitude. It corresponds to an ultranarrow
mode width of 320 Hz (0.5 ms ringdown decay time), and,
to our knowledge, it is the highest finesse used in molecular
spectroscopy measurements. The intracavity optical power was
5.8 W, which is several orders of magnitude apart from the line
saturation regime. We implemented the FARS technique by
using an electro-optic modulator (EOMFARS, see Fig. 1), which
rapidly tunes the frequency of the modulator sideband over
successive modes of the optical cavity (15 GHz tuning range).
On average, we acquired approximately 230 spectral points per
full scan and 7000 scans per every pressure (this corresponds to
approximately 50 MHz frequency step and 11 GHz scan range).
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Fig. 2. Upper panel, 2–0 S(2) line of D2 at 10 pressures from 1 to 20 Torr (black points are the experimental spectra, and red lines are the fitted pro-
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Table 1. Standard Uncertainty Budget to
Experimental Determination of the Frequency of the
S(2) 2–0 Transition in D2

a

Uncertainty Contribution
u(ν0) (kHz)
1 to 20 Torr

u(ν0) (kHz)
1 to 40 Torr

1. Line shape profile 111 222
2. Statistics, 1σ 96 40
3. Instrumental systematic shift [18] 47 47
4. Etalons 46 21
5. Temperature instability 5 5
6. Relativistic asymmetry [27] 3 3
7. Laser source stability < 1 < 1
8. Pressure gauge nonlinearity 1 1
Standard combined uncertainty 161 231

aMiddle and right column show uncertainties estimated for the fitted
datasets of 1–20 Torr and 1–40 Torr, respectively.

Excluding experimental setup and gas sample preparations,
the measurement time per each pressure took on average 24 h.
With a standard FS-CRDS method, the frequency tuning takes
much longer time than an individual ringdown decay (the decay
time is approximately 0.5 ms, and we recorded seven decay
times per every ringdown event, while the laser tuning, cavity
mode searching and Pound-Drever-Hall (PDH) relocking takes
from few seconds up to a minute) [11]. Therefore, the imple-
mentation of the FARS technique allowed us to considerably
reduce the experimental dead time related to laser tuning and
relocking. Furthermore, the ability to quickly jump over the
cavity modes allowed us to completely reverse the sequence of a
measurement cycle, and, instead of averaging the signal at every
frequency point until reaching the Allan variance minimum, we
scan the whole line spectrum in a subsecond time and average
consecutive spectra, which considerably reduces the common
experimental noise of the spectrum background. We developed
an active feedback loop for cavity temperature stabilization
that ensures 10 mK stability including temperature gradients
[23], which reduces the slow drifts of a spectrum baseline and
collisional line shape parameters.

The experimental setup developments allowed us to reach
37-fold lower noise-equivalent absorption level comparing to
our previous experiment [11] [see the fit residuals in Fig. 2 and
the comparison with the previous experiment in Fig. 3(a)] and,
hence, move the experiment into the regime of much lower pres-
sures where the systematic uncertainties related to collisional
effects are much smaller. We collected the spectra of the S(2) 2–0
line in D2 at 18 pressures from 1 to 40 Torr (see Fig. 2). In this
figure, we show the spectra only for 10 pressures ranging from
1 to 20 Torr, which were used for our final determination of the
line position. It was shown in Ref. [15] that simple fits of the
spectra with symmetric line profile and linear extrapolation of
the line position to the zero-pressure limit results in a systematic
error that comes from the fact that the effective line position
does not scale linearly with pressure. The reason is that the actual
shapes of D2 lines are asymmetric, mainly due to strong speed
dependence of the collisional shift. To reduce the influence of
this asymmetry, in our analysis, we used one of the most physi-
cally justified line shape models describing the collisional effects,
SDBBP, whose parameters are derived from ab initio quantum-
scattering calculations, and some of them were adjusted to the
high-pressure spectra (see Ref. [11] for details). The spectra for
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Fig. 3. (a) Residuals from the best fits of line shape models to
experimental spectra of the S(2) 2–0 line of D2 for the case of the
present work for 4.9 Torr (black line) and the previous work [11] for
984.4 Torr (blue line). The goal of this figure is not to compare the
systematic structure of the residuals but the level of the noise before
and after experimental improvements reported here. The acquisition
time is similar in both cases. (b) Comparison of our determination of
the energy of the S(2) 2–0 transition obtained with SDBBP fit [red
point, 0 kHz value corresponds to 187,104,300.40(17) MHz] with
the best previous experimental result (blue line [11]) and theoretical
prediction (gray line [2]); the blue and gray shadows are the corre-
sponding uncertainties. To show how the determined line position
and its uncertainty depend on the choice of experimental conditions,
we repeated the fitting analysis for different upper limits of the used
pressure range (see black points). Due to numerical expense of the
SDBBP evaluation, we did this test with its approximated version, i.e.,
the beta-corrected speed-dependent hard-collision profile (βSDHCP)
[24,25]. Although the line position determination with βSDHCP is
systematically shifted from our ultimate value (by 179 kHz at 20 Torr
upper limit), it properly shows the dependence of line position deter-
mination and its statistical uncertainty (black error bars) on the upper
limit of the pressure range. The green error bars are total uncertainties.
(c) Dependence of the total combined standard uncertainty of line
position determination (red points) on the used pressure range of
experimental data. The gray line is the systematic part determined
from four fits with perturbed values of the fixed line shape parameters
(orange points) and approximated with linear function. The statistical
part was determined as a standard uncertainty of the fitted line position
(green points).

all the pressures were fitted simultaneously, enforcing the same
value of unperturbed line position and linear scaling of the line
shape parameters, including the pressure shift. In contrast to
the ordinary multispectrum fit approach [26], all six collisional
line shape coefficients [11] (i.e., the pressure broadening and
shift, speed-dependence of the broadening and shift, and the
real and imaginary parts of the complex Dicke parameter) and
the Doppler broadening were fixed in experimental spectra
fitting (this enforced also a proper linear scaling of the line
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shape parameters with pressure). Besides what is common to all
pressures line position, for each pressure, we also fitted separate
values of the line area, linear baseline, and the amplitude and
phase of a baseline etalon [11]. To estimate the influence of
the fixed collisional line shape parameters, we repeated the fits
with varied values of the collisional line shape parameters by
a conservative amount of 10% [11]. In Figs. 3(b) and 3(c), we
show how the line position determination and different sources
of uncertainties depend on the pressure range taken in the
analysis. For every point in these plots, we fitted all the spectra
from the lowest pressure to the upper limit of the pressure range
specified on the horizontal axis. When only the low-pressure
range is taken into account, the uncertainty is dominated by the
statistical contribution, and the uncertainty due to collisional
effects is negligible. In the opposite regime, in which all the
pressures are included, the uncertainty is dominated by the con-
tribution of the collisional perturbation of the line. The smallest
combined uncertainty is reached when the two dominating
uncertainty sources (i.e., statistics and line shape profile) are
equal, which approximately corresponds to the upper limit of
the pressure range equal to 20 Torr [see Fig. 3(c)]. In Table 1,
we show the uncertainty budget. Our ultimate determination
of the D2 2–0 S(2) line frequency is 187,104,300.40(17) MHz
(wavenumber 6241.1276670(54) cm−1). In Fig. 3(b), we show
a comparison of our result with the recent theoretical value [2],
6241.127617(21) cm−1, and the two previous experimental
results combined [10,11], 6241.127647(11) cm−1. The dif-
ference between theory and our results is 2.3σ . The leading
term in QED correction to the D2 2–0 S(2) line frequency is
−0.033167(18) cm−1 [2]; hence, our experimental determi-
nation allows this correction to be tested at the fifth meaningful
digit. Furthermore, our uncertainty is sufficiently small to test
two other higher-order QED corrections and the finite nuclear
size correction (see Table V in Ref. [2]).

We demonstrated an accurate measurement of the frequency
of the weak S(2) 2–0 line in deuterium. We reached the accuracy
of 161 kHz by merging the FARS technique with a ultrahigh
finesse cavity. The reported here value of the line position differs
from previous experimental determination [11] by 600 kHz
(1.6σ ) and from theoretical value [2] by 1500 kHz (2.3σ ).
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a b s t r a c t 

We demonstrate a new method for populating line-by-line spectroscopic databases with beyond-Voigt 

line-shape parameters, which is based on ab initio quantum scattering calculations. We report a com- 

prehensive dataset for the benchmark system of He-perturbed H 2 (we cover all the rovibrational bands 

that are present in the HITRAN spectroscopic database). We generate the entire dataset of the line-shape 

parameters (broadening and shift, their speed dependence, and the complex Dicke parameter) from fully 

ab initio quantum-scattering calculations. We extend the previous calculations by taking into account the 

centrifugal distortion for all the bands and by including the hot bands. The results are projected on a 

simple structure of the quadratic speed-dependent hard-collision profile. We report a simple and com- 

pact formula that allows the speed-dependence parameters to be calculated directly from the generalized 

spectroscopic cross sections. For each line and each line-shape parameter, we provide a full temperature 

dependence within the double-power-law (DPL) representation, which makes the dataset compatible with 

the HITRAN database. The temperature dependences cover the range from 20 to 10 0 0 K, which includes 

the low temperatures relevant for the studies of the atmospheres of giant planets. The final outcome 

from our dataset is validated on highly accurate experimental spectra collected with cavity ring-down 

spectrometers. The methodology can be applied to many other molecular species important for atmo- 

spheric and planetary studies. 

© 2020 Elsevier Ltd. All rights reserved. 

1. Introduction 

The collisional line-shape effects, including the beyond-Voigt ef- 

fects [1–8] , play an important role in atomic and molecular physics 

[9–13] . On one hand, they give access to studying the molecular in- 

teractions [14–16] and dynamics [17] , but on the other hand they 

can affect the accuracy of optical metrology based on molecular 

spectroscopy [18] . In particular, insufficient modeling of the line- 

∗ Corresponding author. 

E-mail addresses: piotr.wcislo@fizyka.umk.pl , piotr.wcislo@umk.pl (P. Wcisło). 

shape effects can limit the accuracy of simulations of atmospheric 

measurements of the Earth [19] and other planets [20] and even 

modify the retrieved opacity of exoplanetary atmospheres [21,22] . 

To address this problem, a new relational structure [23] was in- 

troduced into the most widely used line-by-line spectroscopic 

database, HITRAN [24] , allowing the beyond-Voigt line-shape ef- 

fects to be represented [25] . It is, however, remarkably challeng- 

ing to populate the entire database (all the molecules and their 

isotopologues over a great spectral range and thermodynamic con- 

ditions) with purely experimental beyond-Voigt line-shape param- 

eters, not only due to a large number of transitions to be mea- 

sured at different conditions and different spectral ranges, but 

https://doi.org/10.1016/j.jqsrt.2020.107477 

0022-4073/© 2020 Elsevier Ltd. All rights reserved. 
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also due to strong numerical correlations between the line-shape 

parameters. 

In this article, we demonstrate a new method for populating 

line-by-line spectroscopic databases with beyond-Voigt line-shape 

parameters that is based on ab initio quantum scattering calcu- 

lations. We report a comprehensive dataset for the benchmark 

system of He-perturbed H 2 lines. We cover all the rovibrational 

bands (with their branches) that are present in HITRAN. We gener- 

ate the values of the line-shape parameters (broadening and shift, 

their speed dependence, and the complex Dicke parameter) from 

fully ab initio quantum-scattering calculations. We extend the cal- 

culations of the generalized spectroscopic cross sections reported 

in Refs. [15,26] by taking into account the centrifugal distortion 

for all the bands and by including the hot bands. We extrapo- 

late the ab initio results to populate very weak lines, i.e., higher 

overtones, v ′ ≥ 6 , higher rotational numbers, J ′ ≥ 8 , and high- v ′ 
hot bands, v ′ ≥ 6 ; following the standard HITRAN notation, we de- 

note the final and initial states of a transition with primes and 

double primes, respectively. The results are projected on a simple 

structure of the quadratic speed-dependent hard-collision (qSDHC) 

profile [27–29] that is consistent with the recently recommended 

HITRAN parametrization [30] . We also report a simple and com- 

pact formula that allows the speed-dependence parameters (within 

the quadratic model) to be calculated directly from the general- 

ized spectroscopic cross sections, which considerably speeds up 

the calculations and makes them numerically more stable. For each 

line and each line-shape parameter we provide a full tempera- 

ture dependence within the double-power-law (DPL) representa- 

tion, which was recently recommended for the HITRAN database 

[30] . The results are valid for a wide temperature range from 20 to 

10 0 0 K, with the 50–200 K range prioritized (in this range the DPL 

fits have 10 times larger weights), which is relevant for the stud- 

ies of the atmospheres of giant planets. The final outcome from 

our dataset is validated on highly accurate experimental spectra 

collected with cavity ring-down spectrometers [31] demonstrating 

sub-percent agreement. Incorporation of beyond-Voigt line-shape 

parameters reported in this paper together with their DPL temper- 

ature dependences into the HITRAN database is possible thanks to 

the recently developed flexible relational structure of HITRAN [23] . 

The complex structure of this dataset is easily accessible for non- 

expert HITRAN users thanks to the HITRAN Application Program- 

ming Interface (HAPI) [32] that automatically generates spectra at 

the desired spectral range and thermodynamic conditions chosen 

by the user. 

The atmospheres of the giant planets in the Solar System are 

greatly dominated by a mixture of molecular hydrogen and atomic 

helium. Moreover, atmospheres of some types of super-Earth exo- 

planets are predicted to be dominated by the H 2 -He mixture [21] . 

The spectroscopic studies of giant planet atmospheres are naturally 

based on the main isotopologue of molecular hydrogen [33] . How- 

ever, although the abundance of hydrogen deuteride is 4–5 orders 

of magnitude smaller, HD is noticeable in the spectroscopic stud- 

ies of giant planets [20,33] due to the much larger intensity of the 

dipole transitions compared to the weak quadrupole lines in H 2 . 

In total, four combinations of collision partners should be consid- 

ered to provide a complete reference data for the planetary stud- 

ies: self-perturbed H 2 , He-perturbed H 2 , H 2 -perturbed HD and He- 

perturbed HD. In this article, we consider the simplest benchmark 

case of He-perturbed H 2 . 

In Section 2 , we discuss the general methodology of generat- 

ing beyond-Voigt line-shape parameters from ab initio calculations. 

Section 3 illustrates the methodology on the examples of two rovi- 

brational lines in He-perturbed H 2 . The full comprehensive dataset 

for He-perturbed H 2 is discussed in Section 4 and the complete 

dataset is provided in the supplementary material [34] . 

2. Methodology of generating datasets of the beyond-Voigt 

line-shape parameters based on the ab initio calculations 

A typical approach to populating the HITRAN database with 

the beyond-Voigt line-shape parameters [24,32] uses the data that 

were obtained from fitting the advanced profiles to the high- 

quality experimental spectra [25,35–39] , see the red boxes in the 

flowchart in Fig. 1 . It is a challenging task to populate the entire 

database with the purely experimental approach due to the large 

number of transitions required to be accurately measured at dif- 

ferent conditions. Another difficulty is related to strong numerical 

correlations between the line-shape parameters, which often re- 

sults in large systematic errors in the retrieved line-shape param- 

eters. The numerical correlation can be considerably reduced by 

implementing the multispectrum fitting approach [40–42] which 

is, however, very demanding from a technical point of view and is 

still difficult to automatically apply to large experimental datasets. 

In this article, we present a new methodology for populating 

the spectroscopic databases based on ab initio calculations. A key 

factor that enables development of this approach was a demon- 

stration that the fully ab initio quantum-scattering calculations 

can reproduce the shapes of the high-quality collision-perturbed 

experimental spectra at the subpercent level [31] , including the 

deep non-Voigt regime (by subpercent agreement we mean that 

the root-mean-square error of the ab initio model relative to pro- 

file peak (rRMSE) calculated within ±FWHM is smaller than 1%). 

The flowchart in Fig. 1 illustrates our methodology (see the yel- 

low boxes). The chain of the ab initio calculations starts with the 

quantum-chemical calculations of the PESs [14,15] . In the second 

step, the PESs are used to perform the quantum-scattering calcu- 

lations by solving the close-coupling equations, which provide the 

scattering S-matrices as a function of relative kinetic energy of the 

collision, E kin . The S-matrices allow us to calculate the generalized 

spectroscopic cross-sections, σ q 

λ
(E kin ) , that describe the collision 

perturbation of the optical coherence associated with the consid- 

ered molecular transition. This approach also allows for the cal- 

culations of off-diagonal generalized spectroscopic cross-sections. 

Thus, for instance, the well-known case of overlapping lines could 

be considered. However, in this study we limit the discussion to 

the case of isolated lines, which is relevant for the molecular sys- 

tem considered here at pressures typical for the atmospheres of 

gas giants. We consider two types of generalized cross-sections 

that differ by the rank of the velocity tensor, λ. For the zero 
rank, λ = 0 , σ q 

λ
describes perturbation of internal motion of the 

Fig. 1. Diagram illustrating our approach to generating the experimentally validated 

ab initio dataset of the beyond-Voigt line-shape parameters and its incorporation 

into the HITRAN database. The red arrows show the usual way of populating the 

database based on experimental spectra analysis only. (For interpretation of the ref- 

erences to color in this figure legend, the reader is referred to the web version of 

this article.) 
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molecule, and its real and imaginary parts have spectroscopic in- 

terpretation of the pressure broadening and shift cross-sections 

(PBXS and PSXS, respectively) [43–46] . For λ = 1 , σ q 

λ
describes 

perturbation of translational motion (including the correlations 

with dephasing and state-changing collisions) and it has spectro- 

scopic interpretation of the complex Dicke cross-section (its real 

and imaginary parts are denoted as RDXS and IDXS, respectively) 

[26,47–50] . q is the tensor rank of the spectral transition operator 

(equal to 1 and 2 for dipole and quadrupole lines, respectively). In 

principle, σ q 

λ
should also be labeled with the quantum numbers 

specifying the ground and excited levels of the transition (a diago- 

nal cross-section in Liouville space); for the sake of notation clar- 

ity we skip them in this article. The two complex cross sections, 

σ q 
0 

and σ q 
1 
, allow us to calculate the collisional quantities that are 

needed for modeling the beyond-Voigt shapes of molecular lines, 

as depicted in the third yellow box in Fig. 1 . The basic quantities 

are the collisional broadening, γ , and shift, δ, of molecular lines 

expressed as a function of active molecule speed, v , which can be 

calculated as [3,51] 

γ (v ) + iδ(v ) 

= 

1 

2 πc 

1 

k B T 

2 √ 

πv v p 

∫ ∞ 

0 

dv r v 2 r e 
− v 2 + v 2 r 

v 2 p sinh 

( 

2 vv r 
v 2 p 

) 

σ q 
0 
(v r ) , (1) 

where v p and v r are the most probable speed of the perturber 

distribution and relative absorber-perturber speed, respectively. k B 
and T are the Boltzmann constant and temperature. Two other 

line-shape parameters, which quantify the rate of the velocity- 

changing collisions, are the real, ˜ νr 
opt , and imaginary, ˜ ν i 

opt , parts of 

the complex Dicke parameter, ˜ νopt , which is calculated as 

˜ νopt = ˜ νr 
opt + i ̃  ν i 

opt = 

1 

2 πc 

1 

k B T 
〈 v r 〉 M 2 

×
∫ ∞ 

0 

dx xe −x 
[ 
2 

3 
xσ q 

1 
(E kin = xk B T ) − σ q 

0 
(E kin = xk B T ) 

] 
, (2) 

where M 2 = m 2 / (m 1 + m 2 ) , and m 1 and m 2 are the masses of the 

active and perturbing molecules (or atoms), 〈 v r 〉 = 

√ 

8 k B T /πμ is 

the average relative speed and μ is the reduced mass of the col- 

liding partners. The variable of integration, x, is a dimensionless ki- 

netic energy of a collision, x = E kin / (k B T ) . The quantities expressed 

by Eqs. (1) and (2) [i.e., γ (v ) , δ(v ) , ˜ νr 
opt and ˜ ν

i 
opt ] carry all the 

collisional information that comes from our ab initio calculations 

and enters the beyond-Voigt line-shape models. The details of the 

line-shape calculations based on these quantities can be found in 

Ref. [6,52,53] . 

From the perspective of spectroscopy applications and populat- 

ing the HITRAN database, the full speed dependences, given by Eq. 

(1) , and full ab initio line-shape models [53] are far too complex 

to be stored in the database and are computationally too demand- 

ing to be used to analyze large sets of molecular spectra. There- 

fore, following Ref. [30] , we project the full ab initio line-shape 

model on a simple structure of the quadratic speed-dependent 

hard-collision model (qSDHC) [27–29] , in which the speed depen- 

dence is approximated with a quadratic function [54] 

γ (v ) + iδ(v ) ≈ γ0 + iδ0 + ( γ2 + iδ2 ) 
(
v 2 / v 2 m 

− 3 / 2 
)
, (3) 

where v m 

is the most probable absorber speed. The speed- 

averaged broadening and shift, γ0 and δ0 , are calculated as real 
and imaginary parts of a simple average of σ q 

0 
over the Maxwellian 

E kin distribution [3,51] 

γ0 + iδ0 = 

1 

2 πc 

1 

k B T 
〈 v r 〉 

∫ ∞ 

0 

dx xe −x σ q 
0 
(E kin = xk B T ) . (4) 

Alternatively, γ0 and δ0 can be calculated by averaging γ (v ) and 
δ(v ) over the Maxwell distribution of active molecule speed, v , 
yielding exactly the same result as Eq. (4) . The two parameters 

quantifying the speed dependence of the broadening and shift, 

γ2 and δ2 , are calculated by demanding that the slope of the 

quadratic approximation equals the slope of the actual speed de- 

pendences at v = v m 

[53] , 

γ2 + iδ2 = 

v m 

2 

d 

dv ( 
γ (v ) + iδ(v ) ) | v = v m . (5) 

Following the generalized Hess method [4,48,50] , we directly take 

the complex Dicke parameter, ˜ νopt = ˜ νr 
opt + i ̃  ν i 

opt , as a complex rate 

of the velocity-changing collisions in the qSDHC model [30] . In 

the cases of molecules for which the Dicke narrowing is pro- 

nounced, we recommend the use of the β correction [25,55] that 

improves the hard-collision approximation without increasing the 

cost of the line-shape computations. Note that the β correction is 

a generic concept valid for any molecular system and does not re- 

quire any additional parameter to be stored (it depends only on 

the perturber-to-absorber mass ratio [55] ). In total, the most gen- 

eral form of the qSDHC profile requires six line-shape parameters 

to be stored: 

γ0 , δ0 , γ2 , δ2 , ̃  νr 
opt , ̃  ν i 

opt . (6) 

The recent approach adopted in HITRAN [30] allows the tempera- 

ture dependences of all the six line-shape parameter to be repre- 

sented with the double-power-law (DPL): 

γ0 (T ) = g 0 (T ref /T ) 
n + g ′ 0 (T ref /T ) n 

′ 
, 

δ0 (T ) = d 0 (T ref /T ) 
m + d ′ 0 (T ref /T ) m 

′ 
, 

γ2 (T ) = g 2 (T ref /T ) 
j + g ′ 2 (T ref /T ) j 

′ 
, 

δ2 (T ) = d 2 (T ref /T ) 
k + d ′ 2 (T ref /T ) k 

′ 
, 

˜ νr 
opt (T ) = r (T ref /T ) 

p + r ′ (T ref /T ) p 
′ 
, 

˜ ν i 
opt (T ) = i (T ref /T ) 

q + i ′ (T ref /T ) q 
′ 
, 

(7) 

where T ref = 296 K. The full parametrization of the collisional line- 

shape effects requires 24 coefficients per single line, i.e., four co- 

efficients per each of the six line-shape parameters, see Eq. (7) . It 

should be noted that Eq. (7) represent the most general case of 

the DPL representation adopted in HITRAN [30] . For many molecu- 

lar systems, not all the collisional effects are important at the con- 

sidered accuracy level and, for a given experimental temperature 

range, a simple single-power law suffices. In such cases, one of the 

two approaches will be adopted in HITRAN. Either a single-power 

law and a smaller number of line-shape parameters will be stored 

(e.g., γ0 and δ0 for the simple Voigt profile or γ0 , δ0 , γ2 and δ2 
for the quadratic speed-dependent Voigt profile) or the full DPL 

parametrization will be adopted but some of the 24 coefficients 

will be set to zero. 

In this article, we show that our approach based on ab initio 

calculations allows us to fully benefit from the DPL parametriza- 

tion given by Eq. (7) . We generated a comprehensive dataset of 

the beyond-Voigt line-shape parameters for a system for which 

all the six line-shape parameters are necessary to represent the 

shapes of molecular lines (i.e., He-perturbed H 2 ) and we use the 

DPL parametrization to represent these parameters in a wide tem- 

perature range, see Section 3.3 for details. 

The HITRAN DPL parametrization, see Eq. (7) and Ref. [30] , does 

not use the exact form of the Hartmann-Tran profile (HT profile) 

[56] but its modified version, the qSDHC profile. The main dif- 

ference between these profiles is that for the description of the 

velocity-changing collisions the HT profile uses the frequency of 

the velocity-changing collisions, ˜ νvc , and the correlation parame- 

ter, η (first introduced by Rautian and Sobelmann [2] ), while the 

qSDHC profile uses an explicit parametrization with the real, ˜ νr 
opt , 

and imaginary, ˜ ν i 
opt , parts of the complex Dicke parameter. The 

major advantage of the parametrization used in this work [30] is 

that it avoids singularities in temperature dependences of the com- 

plex Dicke parameter that may appear when the HT parametriza- 

tion is used [30] . Another advantage of the qSDHC profile is that it 
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does not require to introduce unphysical speed dependence of the 

complex Dicke parameter, in contrast to the original formulation 

of the HT profile. For details refer to the Appendices A and B in 

Ref. [30] ; see also Ref. [57] . 

Hartmann proposed a different approach to populating spectro- 

scopic databases with line-shape parameters based on ab initio cal- 

culations [58] (see also Section 2 in Ref. [30] ). In his approach, the 

ab initio line-shape parameters are used with one of the sophis- 

ticated line-shape models to generate reference shapes in a wide 

range of pressures, and then the reference spectra are fitted with 

some simpler phenomenological model. In his scheme the fitted 

line-shape parameters lose their physical meaning but, in principle, 

the shapes of molecular lines should better agree with experiment. 

Similar tests were done before, for instance see Ref. [59] (in that 

work, due to a lack of ab initio parameters, a sophisticated line- 

shape model was used with parameters determined experimen- 

tally). Recently, this approach was tested for the requantized Clas- 

sical Molecular Dynamics Simulations corrected with the use of ex- 

perimental spectra [60] . However, in the case of the He-perturbed 

H 2 lines considered here, the difference between the qSDHC profile 

and the more sophisticated ones are much smaller than the differ- 

ence with experimental data. Hence that approach [58] would not 

improve the accuracy of the dataset reported here. 

3. Illustration of the methodology for the case of 2-0 Q(1) and 

3-0 S(1) lines 

In this section, we use an example of two rovibrational lines 

in He-perturbed H 2 to illustrate the methodology described in 

Section 2 and shown in Fig. 1 . We consider the 2-0 Q(1) and 

3-0 S(1) quadrupole lines that were recently accurately measured 

with the cavity enhanced techniques [31] ; in this article we refer 

to them as reference lines. These measurements were used for ac- 

curate validation of the ab initio collisional line-shape calculations 

[31] and more recently these spectra were used for validation of 

improved quantum-scattering calculations that include centrifugal 

distortion [61] . 

3.1. Ab initio quantum scattering calculations 

The H 2 -He PES is three-dimensional, i.e., it depends on the dis- 

tance between the center of mass of the hydrogen molecule and 

the helium atom, R, the distance between the two hydrogen atoms, 

r, and the angle between the intra- and intermolecular axes, θ . The 
quantum-scattering calculations [15,26] that we used to generate 

the line-shape parameter dataset are based on the recent state- 

of-the-art PES that is an extension of the PES published by Bakr, 

Smith and Patkowski [14] (this PES will be referred to as BSP). 

The BSP PES was calculated using the coupled-cluster method with 

single, double and perturbative triple (CCSD(T)) excitations, tak- 

ing into account also the contributions from the higher coupled- 

cluster excitations. It was determined for ten intramolecular sepa- 

rations, between 1.1 and 1.75 a 0 , which was shown to be insuf- 

ficient for the detailed studies of processes involving the vibra- 

tionally excited H 2 molecule (see Section 2 of Ref. [46] and Ap- 

pendix C of [15] for details). This issue was addressed in the sec- 

ond version of this PES, BSP2, which extended the range of ab ini- 

tio data points to r ∈ [ 0 . 65 , 3 . 75 ] a 0 . The final version of this PES, 

BSP3 [15] , which was used in this work, has improved asymptotic 

behavior of the H 2 -He interaction energy at large R . The quantum 

scattering calculations based on the BSP3 PES were recently tested 

on highly accurate cavity-enhanced measurements of the shapes 

of He-perturbed H 2 2-0 Q(1) and 3-0 S(1) lines [31] resulting in 

unprecedented agreement between experimental and theoretical 

collision-induced line shapes. Furthermore, the BSP3 PES was em- 

Fig. 2. Examples of the generalized spectroscopic cross sections for the case of 2-0 

Q(1) and 3-0 S(1) lines in helium-perturbed H 2 , see the red and black lines, respec- 

tively. The four panels show the pressure broadening (PBXS), pressure shift (PSXS), 

and real (RDXS) and imaginary (IDXS) parts of the complex Dicke cross-sections as a 

function of collision energy. The gray line is the Maxwell-Boltzmann distribution at 

296 K in arbitrary units. (For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 

ployed in the studies of purely rotational lines of He-perturbed iso- 

topologues of molecular hydrogen: D 2 [47,62] and HD [63,64] . 

For the purpose of dynamical calculations [15,26] , the three- 

dimensional H 2 -He PES is projected over Legendre polynomials, P ξ
[15,26,46] : 

V (R, r, θ ) = 

∑ 

ξ

v ξ (R, r) P ξ ( cos θ ) . (8) 

In the case of homonuclear molecules like H 2 , the ξ index takes 

only even values. Due to the small overall anisotropy of the H 2 -He 

PES, only the first four ξ values are retained throughout the cal- 

culations. The v ξ (R, r) terms are averaged over rovibrational wave- 

functions of the unperturbed molecule, χv ,J (r) , leading to the ra- 

dial coupling terms, A ξ , v ,J, v ′ ,J ′ (R ) , which enter the close-coupled 

equations. At room temperature the vibrational coupling ( v � = v ′ ) 
can be neglected [15,26] . The influence of the centrifugal distor- 

tion (the J dependence of the radial coupling terms) was usu- 

ally neglected in the scattering calculations for the rovibrational 

transitions [15,26] , as it was suggested that this effect might be 

masked due to the large contribution from the vibrational dephas- 

ing [46] . However, it was shown recently [61,64] that if one aims 

for sub-percent accuracy of the line-shape parameters, the cen- 

trifugal distortion of the potential energy surface must be taken 

into account. Therefore, the J-dependence of the radial coupling 

terms A ξ , v ,J, v ,J ′ (R ) was included in the following analysis. 

The scattering calculations were performed using the recently 

developed BIGOS code [65] for a wide range of relative kinetic en- 

ergies. The BIGOS code solves the coupled equations in the body- 

fixed frame of reference using the renormalized Numerov’s algo- 

rithm [66] . Calculations were carried out for intermolecular dis- 

tances ranging from 1 to 200 a 0 and three asymptotically closed 

levels were kept in the basis set. Fig. 2 presents an example of the 

generalized spectroscopic cross sections for the 2-0 Q(1) and 3-0 

S(1) lines. 

3.2. Speed dependence of the broadening and shift, and the quadratic 

approximation 

The calculations of the γ0 , δ0 , ˜ νr 
opt and ˜ ν i 

opt parameters are 

straightforward and require only performing the averaging (with 

proper weights) of the generalized spectroscopic cross sections 

over the Maxwell distribution of the relative kinetic energy of 

a collision, see Eqs. (2) and (4) . Calculations of the speed- 

dependence parameters, γ2 and δ2 , are, in principle, more com- 

plex and require a few additional steps. First, the ab initio speed- 

dependent broadening and shift are calculated from Eq. (1) ; Fig. 3 
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Fig. 3. Examples of the speed dependences of the broadening, γ , and shift, δ, pa- 

rameters. The red and black lines correspond to the 2-0 Q(1) and 3-0 S(1) lines in 

helium-perturbed H 2 , respectively. The solid lines show the full ab initio results and 

the dotted lines show the quadratic approximations. The dash-dotted lines show 

the corresponding speed-averaged values. The calculations were done for T = 296 K 

(upper panels) and 200 K (lower panels); the corresponding Maxwell-Boltzmann 

distributions (in arbitrary units) are plotted as a gray lines. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web ver- 

sion of this article.) 

shows the result for the case of the 2-0 Q(1) and 3-0 S(1) lines. The 

full speed dependences are approximated with a quadratic func- 

tion, see Eq. (3) . The choice of how the γ2 and δ2 parameters are 

determined is not unique [67,68] . In our methodology we demand 

that the slopes of the ab initio and quadratic speed dependences 

are equal at the most probable speed, see Eq. (5) . This approach 

is very efficient from a computational perspective. The derivative 

from Eq. (5) can be done analytically before the integration in 

Eq. (1) and, hence, the γ2 and δ2 parameters can be evaluated di- 

rectly by averaging the σ q 
0 
cross section with proper weights 

γ2 + iδ2 = 

1 

2 πc 

1 

k B T 

v p √ 

π
e −y 2 

×
∫ ∞ 

0 

(
2 x cosh (2 xy ) −

(
1 

y 
+ 2 y 

)
sinh (2 xy ) 

)
× x 2 e −x 2 σ q 

0 
(x v p ) dx, (9) 

where x = v r / v p and y = v m 

/ v p , with v r , v m 

and v p being the rel- 
ative absorber to perturber speed, most probable absorber speed 

and most probable perturber speed, respectively. Note that y = 

√ 

α, 

where α is the perturber-to-absorber mass ratio. The quadratic ap- 

proximations for the 2-0 Q(1) and 3-0 S(1) transitions are shown 

in Fig. 3 as dotted lines. The results from Fig. 3 were calculated for 

T = 296 K. The accuracy of the quadratic approximation depends 

on the choice of transition and line-shape parameter. In the cases 

considered in Fig. 3 , the approximation works better for the γ pa- 

rameter. 

3.3. Temperature dependences of the line-shape parameters 

The values of the six collisional line-shape parameters, γ0 , δ0 , 
γ2 , δ2 , ˜ ν

r 
opt and ˜ ν

i 
opt , were calculated in the temperature range 

from 20 to 10 0 0 K using Eqs. (4) , (9) and (2) . The examples of 

these results, for the case of our reference lines, are shown in 

Fig. 4 . To represent these temperature dependences in the HITRAN 

database, we use the recently recommended DPL approximation 

[30] for all the six line-shape parameters, see Eq. (7) . The DPL fits 

were done for the 20 − 10 0 0 K temperature range enforcing ten 

times larger fitting weights for the prioritized temperature range 

from 50 to 200 K (see the gray shadows in Fig. 4 ), which is rele- 

vant for the atmospheres of giant planets. The examples of the DPL 

Table 1 

Examples of the complete records from our DPL line-shape parameter dataset for 

the cases of the Q(1) 2-0 and S(1) 3-0 lines in H 2 perturbed by He. Coefficients 1 

and 2 are in cm 

−1 atm 

−1 . Exponents 1 and 2 are dimensionless. All the DPL coeffi- 

cients are defined by Eq. (7) , following the original formulation from Ref. [30] . 

Q(1) 2-0 line 

Coefficient 1 Coefficient 2 Exponent 1 Exponent 2 

γ0 (T ) g 0 = 0 . 29611 g ′ 0 = −0 . 29076 n = −0 . 30724 n ′ = −0 . 31188 

δ0 (T ) d 0 = 1 . 29146 d ′ 0 = −1 . 27385 m = 0 . 617 m 

′ = 0 . 622 

γ2 (T ) g 2 = 0 . 114102 g ′ 2 = −0 . 111618 j = 0 . 2396 j ′ = 0 . 2453 

δ2 (T ) d 2 = 0 . 091305 d ′ 2 = −0 . 083861 k = −0 . 0013 k ′ = −0 . 0383 ˜ νr 
opt (T ) r = 0 . 04277 r ′ = −0 . 00417 p = 0 . 6856 p ′ = −0 . 1236 ˜ ν i 
opt (T ) i = −0 . 27435 i ′ = 0 . 26376 q = 0 . 07106 q ′ = 0 . 05273 

S(1) 3-0 line 

Coefficient 1 Coefficient 2 Exponent 1 Exponent 2 

γ0 (T ) g 0 = 0 . 012847 g ′ 0 = −0 . 001465 n = −0 . 11276 n ′ = −0 . 92775 

δ0 (T ) d 0 = 1 . 87405 d ′ 0 = −1 . 84585 m = 0 . 61066 m 

′ = 0 . 61600 

γ2 (T ) g 2 = 0 . 0493132 g ′ 2 = −0 . 0440504 j = −0 . 34485 j ′ = −0 . 38797 

δ2 (T ) d 2 = 1 . 5985 d ′ 2 = −1 . 5867 k = −0 . 01288 k ′ = −0 . 01602 ˜ νr 
opt (T ) r = 0 . 05173 r ′ = −0 . 01689 p = 0 . 6530 p ′ = 0 . 2554 ˜ ν i 
opt (T ) i = −0 . 4136 i ′ = 0 . 39691 q = 0 . 08613 q ′ = 0 . 06746 

fits are shown in Fig. 4 as green lines. The DPL approximation per- 

forms best when the temperature dependence is monotonic; when 

an extremum is clearly seen then the accuracy is worse, see the 

δ0 panels in Fig. 4 . The amplitude of the residuals for most of the 

cases is smaller than 1% ; their exact values are taken into account 

in the estimations of the line-shape parameter uncertainties re- 

ported in our dataset, see the supplementary materials [34] . 

3.4. Examples of a complete dataset record 

In Table 1 , we show examples of complete records from our 

line-shape parameter dataset for the cases of the two reference 

lines. All the coefficients are defined by Eqs. (7) , following the orig- 

inal formulation from Ref. [30] . A set of 24 coefficients per a single 

molecular transition is required for a full DPL description of the six 

line-shape parameters. The values of the coefficients gathered in 

Table 1 are directly taken from the fits shown in Fig. 4 . Note that 

at T = T ref , Eqs. (7) simplify and a given line-shape parameter is 

simply a sum of the corresponding Coefficient 1 and Coefficient 2; 

for instance γ0 (T ref ) = g 0 + g ′ 0 . 

3.5. Experimental validation 

In this section, we show experimental validation of our line- 

shape parameter dataset for the cases of the two reference lines. 

We use the experimental data reported in Ref. [31] . The 2-0 Q(1) 

line was measured in the Grenoble laboratory at nine pressures 

from 0.39 to 1.05 atm and at a temperature of 294.2 K. The 3-0 

S(1) line was measured in the Hefei laboratory at four pressures 

from 0.36 to 1.35 atm and at temperature of 296.6 K. The experi- 

mental spectra are shown as black dots in Fig. 5 . Both experiments 

are based on high-finesse cavity ring-down spectrometers; the ex- 

perimental details are given in Ref. [31] . 

It was demonstrated in Ref. [31] that the synthetic profiles 

based on the fully ab initio calculations agree exceptionally well 

with the experimental profiles without fitting any of the line-shape 

parameters. The relative root mean square error (rRMSE) averaged 

over the pressures calculated within ±FWHM around the line cen- 

ter was 0.33% and 0.99% for the 2-0 Q(1) and 3-0 S(1) lines, re- 

spectively [31] . Recently, the agreement with these experimental 

profiles was confirmed with an improved theoretical approach that 

includes the centrifugal distortion in the quantum-scattering cal- 

culation; rRMSE was 0.38% and 0.86% for the 2-0 Q(1) and 3- 

0 S(1) lines, respectively [61] . In this section, we show that we 

can reach an almost equally good agreement if we replace the 
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Fig. 4. Examples of the temperature dependences of the six collisional line-shape parameters, γ0 , δ0 , γ2 , δ2 , ˜ νr 
opt and ˜ ν

i 
opt , for the cases of the Q(1) 2-0 and S(1) 3-0 lines 

in H 2 perturbed by He. The black and green lines are the ab initio results and DPL approximations, respectively. The small panels show the residuals from the DPL fits. The 

vertical axes for all the panels (including residuals) are in 10 −3 cm 

−1 atm 

−1 . The gray shadows indicate the temperature range prioritized in the DPL fits; this temperature 

range is relevant for the atmospheres of giant planets. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 

article.) 

Fig. 5. Comparison of the synthetic spectra of the He-perturbed H 2 lines generated from our DPL HITRAN-format line-shape dataset (red lines) with experimental spectra 

(black points) collected with cavity ring-down spectrometers. Temperatures for the experimental and synthetic spectra are 294.2 K and 296.6 K for the 2-0 Q(1) and 3-0 S(1) 

lines, respectively. The red lines below the profiles show the differences between the experimental and synthetic spectra; rRMSE is the corresponding relative root mean 

square error calculated within ±FWHM around line center (relative means that RMSE is divided by the absorption coefficient at the line peak). (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version of this article.) 

full ab initio model with the approximate approach presented in 

this article, consistent with the HITRAN-format DPL parametriza- 

tion [30] . The approximation is twofold. First, the full line-shape 

model [31,53,69] is replaced with a quadratic speed-dependent 

hard-collision (qSDHC) model. Second, the full ab initio tempera- 

ture dependences are approximated with DPL. The comparison is 

shown in Fig. 5 . The average rRMSE is 0.46% and 0.93% for the 2-0 

Q(1) and 3-0 S(1) lines, respectively. It should be emphasized that 

none of the line-shapes were fitted in this comparison (all of them 

were taken from our dataset). For this comparison, we only fitted 
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the line area, baseline, background slope and line center (all the 

pressures were fitted simultaneously and the fitted line center was 

constrained to be the same for all the pressures). The profiles from 

Fig. 5 were calculated using the β correction [25,55] to the qSDHC 

profile, see Section 2 for details. Without the β correction, the av- 

erage rRMSE considerably deteriorates and equals 1.43% and 1.08% 

for the 2-0 Q(1) and 3-0 S(1) lines, respectively. 

4. Comprehensive dataset of beyond Voigt line-shape 

parameters for the helium-perturbed H 2 lines 

In this section, we discuss the main result of the present paper, 

i.e., the complete dataset of the beyond-Voigt line-shape parame- 

ters for the He-perturbed H 2 rovibrational lines. We provide a full 

set of the line-shape parameters for all the 3480 H 2 rovibrational 

electric quadrupole lines present in the HITRAN database [24] . For 

our basic set of 321 lines (that contains the strongest lines) we 

directly perform ab initio calculations of the generalized spectro- 

scopic cross sections, see Section 3.1 . For all the other lines (higher 

overtones, high-J lines and high- ν ′ hot bands) we extrapolate the 

ab initio data. The majority of the extrapolated data concerns the 

hot bands. In this work, we extended the ab initio calculations from 

Refs. [15,26] by taking into account the centrifugal distortion for 

all the bands and by including the hot bands. We also performed 

ab initio calculations for several dozen other lines with high ν or 

J numbers, which we use to adjust and validate our extrapolation 

scheme. 

We use our ab initio generalized spectroscopic cross sections to 

calculate the line-shape parameters and their temperature depen- 

dences within the HITRAN DPL parametrization [30] . Our ab initio 

calculations of the cross sections were performed for: 

• 105 lines from the Q-branches ( J ′′ ranging from 1 to 7; Q(0) is 

forbidden) from the ν ′ − ν′′ bands, with ν ′′ = 0 , ..., 4 and �ν = 

ν′ − ν′′ = 1 , ..., 5, 
• 126 lines from the S-branches ( J ′′ ranging from 0 to 5) from the 

ν′ − ν′′ bands, with ν ′′ = 0 , ..., 5 and �ν = ν ′ − ν′′ = 0 , ..., 5, 
• 90 lines from the O-branches ( J ′′ ranging from 2 to 7) from the 

ν′ − ν′′ bands, with ν ′′ = 0 , ..., 4 and �ν = ν ′ − ν′′ = 1 , ..., 5. 

For each of these 321 lines, we employ the methodology intro- 

duced in Section 2 to populate a complete dataset record defined 

by Eqs. (7) and illustrated in Table 1 . 

In Fig. 6 , we show an example of the vibrational, ν ′ , and rota- 
tional, J ′′ , quantum number dependences of the line-shape param- 

eters generated from our dataset at 150 K and 296 K (the plots do 

not show the raw ab initio data, but the line-shape parameters al- 

ready reconstructed from our HITRAN-format DPL dataset). We ob- 

serve a strong dependence of all the six line-shape parameters on 

the vibrational number ν ′ , and much weaker dependence on the 

rotational number J ′′ , which is consistent with the phenomeno- 

logical dataset for self-perturbed H 2 [25] . In Fig. 7 , we show the 

results for different hot bands; the colors indicate the change of 

the vibrational quantum number �ν = ν ′ − ν′′ . In contrast to the 
simplest assumption that for a fixed �ν the line-shape parameters 

should hardly depend on ν ′′ (this was assumed, for instance, in the 

phenomenological database for the self-perturbed H 2 [25] ), we ob- 

serve a strong dependence on ν ′′ , especially for small �ν for the 

γ0 parameter. 

The rovibrational lines in H 2 are exceptionally weak; the 

strongest line at T = T ref = 296 K is the 1-0 S(1) line with a line in- 

tensity of 3 . 2 × 10 −26 cm/molecule. The intensity quickly decreases 

with J ′′ and ν′ . For instance, the intensity of the 1-0 S(5) line is as 
small as 2 . 2 × 10 −29 cm/molecule, and the intensity of the 5-0 S(1) 

line is 0 . 95 × 10 −29 cm/molecule. At lower temperatures that are 

relevant for giant planet atmospheres, the line intensity decreases 

with J ′′ and ν′ even faster. For this reason, we limit our full line- 

shape calculations based on the ab initio generalized spectroscopic 

cross sections to J ′ < 8 and ν ′ < 6 . For the completeness of the 

dataset, we extrapolate our calculations for higher J ′′ and ν′ lines 
that are present in HITRAN (in fact, in this procedure we com- 

bine extrapolation and interpolation). The extrapolation scheme is 

as follows. For every branch (O, Q and S), we calculated the val- 

ues of the line-shape parameters for one high- ν ′ line per cold/hot 
band, i.e., we performed additional ab initio calculations for the 

following lines: Q(1) 9- x, S(1) 9- x, O(3) 9- x, with x = 0 , ..., 5. We 

assumed in our extrapolation that the proportions of the values 

of the line-shape parameters between the 9-0 and 5-0 bands for 

other J ′′ are the same as for the three cases mentioned above (i.e., 

Fig. 6. An excerpt from our dataset illustrating the structure of the dataset and the examples of the vibrational and rotational dependences of all six line-shape parameters. 

The line-shape parameters are determined for the He-perturbed H 2 rovibrational lines at T = 150 and 296 K; refer to red and black colors, respectively. All the parameters 

are expressed in units of 10 −3 cm 

−1 atm 

−1 . The values of the line-shape parameters shown in this plot are not directly taken from ab initio calculations, but reconstructed 

from the DPL relations, Eqs. (7) , based on the coefficients from our dataset [34] . (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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Fig. 7. An excerpt from our dataset illustrating the values of the beyond-Voigt line-shape parameters for different hot bands. The left and right sides of the figure show the 

results for the Q(1) and S(1) lines, respectively. All the parameters are expressed in units of 10 −3 cm 

−1 atm 

−1 . The values of the line-shape parameters shown in this plot are 

not directly taken from ab initio calculations, but reconstructed from the DPL relations, Eqs. (7) , based on the coefficients from our dataset [34] . The data for ν ′ = ν ′′ + �ν ≥ 6 

come from extrapolation. 

the same within each branch). In the next step, we interpolated the 

line-shape parameters for the bands between 5-0 and 9-0 using a 

quadratic function fitted (separately for every J ′′ ) to 4-0, 5-0 and 
9-0 data. The same approach was applied to extrapolate the data 

for hot bands. To populate the dataset for higher J ′′ , we performed 

fully ab initio calculations for the six high- J ′′ transitions belonging 
to the 2-0 band: O(10), O(13), Q(8), Q(11), S(8) and S(11) lines. We 

constrained the same proportions of the line-shape parameters be- 

tween J ′′ = 5 , 8 and 11 (10 and 13 for O branches) for other bands, 

and we interpolated the values of the line-shape parameters be- 

tween J ′′ = 5 and 11 (13 for the O bands) with a quadratic func- 

tion. For J ′′ > 11 ( J ′′ > 13 for the O bands) we used linear extrapo- 

lation based on the last two J ′′ . This approach (based on the data 
for the 2-0 band) was used to extrapolate the data for higher J ′′ for 
all cold and hot bands. The scheme of data interpolation and ex- 

trapolation described above was implemented directly to the raw 

ab initio data before fitting the DPL temperature dependences. The 

reason for this is that the four DPL coefficients are strongly corre- 

lated with each other, and even for neighboring J ′′ and ν′ quantum 

numbers their fitted values can be very different despite similar 

temperature dependences. 

Due to a strong numerical correlation between the DPL coeffi- 

cients, the uncertainties of the DPL coefficients do not suffice and 

a full covariance matrix would be needed. For this reason, we do 

not report an individual uncertainty for every DPL coefficient, but 

a single uncertainty for the entire DPL function for a given line- 

shape parameter. The uncertainty consists of two contributions, the 

first one comes from the DPL approximation, and the second one 

from ab initio calculations. We calculate the DPL contribution as 

a standard deviation of the difference between the full ab initio 

values of the line-shape parameter and their DPL approximation 

calculated in the range from 50 to 200 K, see the small panels 

in Fig. 4 . We estimate the uncertainty of our ab initio calculations 

at 1%. 

The complete dataset of the line-shape parameters within the 

DPL representation [30] for the He-perturbed H 2 lines is given in 

the supplementary materials [34] ; the definition of the reported 

coefficients is given by Eqs. (7) . The lines are ordered with increas- 

ing transition energy. The above described format of the uncertain- 

ties reported in this work does not fit the standard HITRAN uncer- 

tainty codes. For this reason, the error codes in HITRAN will be set 

to unreported (code = 0). Nevertheless, all the uncertainties are re- 

ported in the supplementary materials [34] in the columns labelled 

DPL-err . In the supplementary materials [34] , we also provide the 

source ab initio data that were used to generate the DPL dataset, 

i.e., the generalized spectroscopic cross sections and line-shape pa- 

rameters as a function of temperature. 

5. Conclusion 

We demonstrated a methodology for populating line-by-line 

spectroscopic databases with beyond-Voigt line-shape parameters 

that is based on ab initio quantum scattering calculations. We pro- 

vided a comprehensive dataset for the benchmark system of He- 

perturbed H 2 (we cover all the rovibrational bands that are present 

in HITRAN). We extended the previous quantum-scattering calcu- 

lations by taking into account the centrifugal distortion for all the 

bands and by including the hot bands. The results were projected 

on a simple structure of the quadratic speed-dependent hard- 

collision profile. For each line and each line-shape parameter, we 

provided a full temperature dependence within the double-power- 

law (DPL) representation. The temperature dependences cover the 

range from 20 to 10 0 0 K, which also includes the low tempera- 

tures relevant for the studies of the atmospheres of giant plan- 

ets. We demonstrated that the synthetic spectra generated from 

our dataset agree with highly accurate experimental spectra col- 

lected with cavity ring-down spectrometers at a subpercent accu- 

racy level. The methodology can be applied to many other molec- 

ular species important for atmospheric and planetary studies. 
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